


MATHEMATICAL 

AND 

PHYSICAL PAPERS. 



fLonfton : C. J. CLAY AND SONS, 
CAMBRIDGE UNIVERSITY PRESS WAREHOUSE, 
AVK MARIA LANE. 



aramtriTjfle: DEIGHTON, BELL, AND CO. 
Hcipjifl F. A. brookhaus. 



8£Sg¥5^UTIOAL 


AND 

PHTY&rCfkL PAPERS 

VOLUME III. 

ELASTICITY, HEAT, ELECTROMAGNETISM. 


BY 

SIR WILLIAM THOMSON, LL.D., D.O.L.. F.RS 

PROFESSOR OP NATURAL PHILOSOPHY IN THE UNIVERSITY OF OLAHOOW, 

AND FELLOW OF ST PETER*S COLLEGE, CAMBRIDGE. 


COLLECTED FROM DIFFERENT SCIENTIFIC PERIODICALS FROM 
MAY ; 1841 , TO THE PRESENT TIME . 


WITH SUPPLEMENTARY ARTICLES WRITTEN FOR THE 
PRESENT VOLUME, AND HITHERTO UNPUBLISHED. 


LONDON: 

0. J. CLAY AND SONS, 

CAMBRIDGE UNIVERSITY PRESS WAREHOUSE. 

1890 


[All Rights reserved.] 



(Tambri&flf : 

PHINTED BY C. J. CIiAY, M.A. AND SONS, 
AT THE UNIVERSITY PRESS. 



PREFACE TO VOL. III. 


In this third volume which consists chiefly of Articles 
relating' to Elasticity and Heat, I have not found it 
convenient to follow the chronological order of Vols. I. 
and II. 

A printed volume containing my Baltimore Lectures 
on Molecular Dynamics and the Wave Theory of Light 
with Appendices, of which a limited edition has already 
been published in papyro-grapli by the Johns Ilopkins 
University, will contain also some later articles relating 
to those subjects, and will I hope be published soon. 

A concluding volume of the present series will I hope 
contain, in chronological order, all that remain of my 
Mathematical and Physical Papers. 

I take this opportunity of expressing my thanks to 
Messrs Adam and Charles Black, for their kindness in 
permitting the Articles on Elasticity and Heat from the 
Encyclopaedia Britannioa, to be included in the present 
volume. 

WILLIAM THOMSON. 


Peterhouse Lodge, Cambridge. 
June 2 , 1890 . 
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Art. XCII. Elasticity and Heat. 

[Reprint, by permission, of articles contributed to the Ninth Edition (1878) 
of the Encyclopaedia BHtannica .] 

PART I. ELASTICITY. 

[This article is founded upon, and has incorporated within it, these two papers 
— “ A Mathematical Theory of Elasticity,” Trans. Roy . Roc. April 24, 1856, 
and “ On the Elasticity and Viscosity of Metals,” Proc. Roy . Roc. May 18, 
1865.] 
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1. Elasticity of matter is that property in virtue of which 
a body requires force to change its bulk or shape, and requires a 
continued application of the force to maintain the change, and 
springs back when the force is removed, and, if left at rest without 
the force, does not remain at rest except in its previous bulk and 
shape. The elasticity is said to be perfect, when the body always 
requires the same force to keep it at rest, in the same bulk and 
shape and at the same temperature, through whatever variations 
of bulk, shape, and temperature it be brought. A body is said 
to possess some degree of elasticity if it requires any force to 
keep it in any particular bulk or shape. It is convenient to 
discuss elasticity of bulk and elasticity of shape sometimes sepa- 
rately and sometimes jointly. 

2. Every body has some degree of elasticity of bulk. If a 
body possesses any degree of elasticity of shape it is called a 
solid; if it possesses no degree of elasticity of shape it is called 
a fluid. 

3. All fluids possess elasticity of bulk to perfection. Pro- 
bably so do all homogeneous solids, such as crystals and glasses. 
It is not probable that any degree of fluid pressure (or pressure 
acting equally in all directions) on a piece of common glass, or 
rock crystal, or of diamond, or on a crystal of bismuth, or of 
copper, or of lead, or of silver, would make it denser after the 
pressure is removed, or put it into a condition in which at any 
particular intermediate pressure it would be denser than it was 
at that pressure before the application of the extreme pressure. 
Malleable metals and alloys, on the other hand, may have their 
densities considerably increased and diminished by hammering 
and by mere traction. By compression between the dies used in 
coining, the density of gold may be raised from 19*258 to 19*367, 
and the density of copper from 8*535 to 8*916*; and Mr M'Far- 
lane’s experiments quoted below (§ 78), show a piece of copper 
wire decreasing in density from 8*91 to 8*835 after successive 
simple tractions, by which its length was increased from 287 centi- 
metres to 317 centimetres, while its modulus of rigidity decreased 
from 443 to 426 million grammes per square centimetre. Later ex- 
periments, recently made for this article by tbe same experimenter, 

* Seventh Annual Report of the Deputy-Matter of the Mint, p. 48, quoting as 
authority Percy's Metallurgy of Copper. London, 1861. 

1—9 
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havo shown augmentation of density from 8 - 85 to 8*95, produced 
by successive tractions which elongated a piece of copper wire 
from weighing 16*4 grammes per metre to weighing 13 - 5 grammes 
per metre, the wire having been first annealed by heating it to 
redness in sand, and allowing it to cool slowly. Augmentation of 
density by traction is a somewhat surprising result, but not alto- 
gether so when we consider that the wire had been reduced to 
an abnormally small density by the previous thermal treatment 
(the “annealing”). The common explanations of these changes 
of density in metals, which attributes them to porosity, is pro- 
bably true ; by porosity being understood a porous structure with 
such vast numbers of the ultimate molecules in the portions of 
the solid substance between pores or interstices that these portions 
may be called homogeneous in the sense that a crystal or a liquid 
can be called homogeneous (compare § 40 below). 

4. The elasticity of shape of many solids is not perfect; it 
is not known whether it is perfect for any. It might be expected 
to be perfect for glass and rock crystal and diamond and other 
hard, brittle, homogeneous substances; but experiment proves 
that at all events for glass it is not so, and shows on the contrary 
a notable degree of imperfection in the torsional elasticity of glass 
fibres. It might be expected that in copper and soft iron and 
other plastic metals the elasticity of shape would be very imper- 
fect; experiment shows, on the contrary, that in copper, brass, 
soft iron, steel, platinum, provided the distortion does not exceed 
a certain limit in each case, elasticity of shape is remarkably 
perfect, much more perfect than in glass. It is quite probable 
that even in the softer metals — zinc, tin, lead, cadmium, potassium, 
sodium, &c. — the elasticity of shape may be as perfect as in the 
metals mentioned above, but within narrower limits as to degree 
of distortion. Accurate experiment is utterly wanting, to discovor 
what is the degreo of imperfection, if any, of the elasticity of any 
metal or alloy, when tested within sufficiently narrow limits of 
distortion. 

5. The “viscosity of metals ” described below (§§ 21 — 25) does 
not demonstrate any imperfectness of elasticity according to the 
definition of § 1, which is purely statical. The viscosity of solids 
may (for all we yet know by experiment) depend, as does the 
viscosity of fluids, upon a resistance varying with the velocity of 
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the change, and vanishing when the velocity of the change is zero, 
that is to say, when the body is at rest in any configuration ; if 
so, the elasticity of the substance concerned is perfect within 
the limits of the experiment in question. If, on the other hand 
(as the discovery of elastic “ fatigue ” described in § 30 below seems 
to indicate may be to somo degree the case), the loss of energy 
from the vibrations in the experiments described, is due to a 
dependence of the elastic resilient force upon previous conditions 
of the substance in respect. to strain, the “viscosity” would be 
continuous with a true imperfectness of static elasticity. Here, 
then, we have a definite question which can be answered by 
experiment only : — Consider a certain definite stress applied to a 
solid substance; as, for example, a certain “couple” twisting a 
wire or rod ; or a certain weight pulling it out, or compressing it 
lengthwise ; or a certain weight placed on the middle of a beam 
supported by trestles under its ends. Let the weight be applied 
and removed a great many times, and suppose it to be seen that 
after each application and removal of the stress the body comes to 
rest in exactly the same configuration as after the previous appli- 
cation or removal of the stress. If now the body be left to itself 
with the stress removed, and if it bo found to remain at rest in 
the same configuration for minutes, or hours, or days, or years 
after the removal of the stress, a part of the definition of perfect 
elasticity is fulfilled. Or, again, if the stress be applied, and 
kept applied with absolute constancy, and if the body remain 
permanently in a constant configuration, another item of the defi- 
nition of perfect elasticity is proved. When any such experiment 
is made on any metal, unless some of the softer metals (§ 4) is 
to be excepted, there is certainly very little if any change of 
configuration in the circumstances now supposed. The writer 
believes, indeed, that nothing of the kind has hitherto been 
discovered by experiment, provided the stress has been consider- 
ably less than that which would break or give a notable permanent 
twist, or elongation, or bend, to the body ; that is to say, provided 
the action has been kept decidedly within the limits of the body’s 
elasticity as commonly understood (§§ 7 — 20 below). Mr J. T. 
Bottomley, with the assistance of a grant of money from the British 
Association, has commenced making arrangements for secular ex- 
periments on the elasticity of metals, in the tower of the University 
of Glasgow, to answer this question in respect to permanence or 
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non-permanence through minutes, or hours, or days, or years, or 
centuries. If several gold wires are hung side by side, one of 
them bearing the smallest weight that will keep it approximately 
straight, another wire bearing ^ of tho breaking weight, another 
wire bearing ^ of the breaking weight, and so on ; the one of 
them bearing of the breaking weight will probably, in the 
courso of a few hours or days, show very sensiblo elongation. 
Will it go on becoming longer and longer till it breaks, or will 
the time -curve of its elongation l\p asymptotic ? Even with 
considerably less than 1 $ of the breaking weight there will pro- 
bably be a continually augmenting elongation, but with asymptotic 
time-curve indicating a limit beyond which the elongation never 
goes, but which it infinitely nearly reaches in an infinite time. 
It is not probable that a gold wire stretched by ^ of its present 
breaking weight, or by £ of its present breaking weight, or even 
by | of its prosent breaking weight, would break in a thousand 
or in a million years. The existence of gold ornaments which 
havo been found in ancient tombs and cities, and have preserved 
their shapes for thousands of years without running down glacier- 
wise (as does brittle pitch or sealing-wax in the course of a few 
years in moderately warm climates), seems to prove that for gold 
(and therefore leaves no doubt also for many other metals) the 
time-curve is asymptotic, if indeed there is any slow change of 
shape at all after the application of a moderate stress well within 
the limits of elasticity. Egyptian and Greek statues, Etruscan 
vases, Egyptian obelisks, and other stone monuments with their 
engraved hieroglyphics, flint implements and boulders, and moun- 
tains with the geological evidence wo have of their antiquity, 
prove for stones, and pottery, and rocks of various kinds, a per- 
manence for thousands and millions of years of resistance to 
distorting stress. 

6. The complete fulfilment of the definition of perfect elas- 
ticity, is not proved by mere permanence of the extreme con- 
figurations assumed by the substance, when a stated amount of 
the stress is alternately applied and removed. This condition 
might be fulfilled, and yet the amount of elastic force might be 
different with the same palpable configuration of the body during 
gradual augmentation and during gradual diminution of the stress. 
That it is so in fact is proved by the discovery of viscosity referred 
to below (§ 31) ; but it is not yet proved that if, after increasing 
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the stress to a certain definite amount, the body is brought to 
rest in the same palpable configuration as before, the amounts of 
stress required to hold it in this configuration are different in 
the two cases. If they are, (§1) the elasticity is imperfect ; if 
they are not, the elasticity is perfect within the limits of the 
experiment (compare § 36 below). 

7. Limits of Elasticity — Elasticity of Shape. — The degree 
of distortion within which elasticity of shape is found is essentially 
limited in every solid. Within sufficiently narrow limits of dis- 
tortion every solid shows elasticity of shape to some degree— some 
solids, to perfection, so far as wc know at present. When the 
distortion is too great, the body cither breaks or receives a per- 
manent bend — that is, such a molecular disturbance that it does 
not return to its original figure when the bending force is 
removed. If the first notable dereliction from perfectness of 
elasticity is a breakage, the body is called brittle, — if a permanent 
bend, plastic or malleable or ductile. The metals are generally 
ductile ; some metals and metallic alloys and compounds of 
metals with small proportions of other substances, are brittle; 
some of them brittle only in certain states of temper, others it 
seems essentially brittle. The steel of before the days of Bessemer 
and Siemens is a remarkable instance. When slowly cooled from 
a bright red heat, it is remarkably tough and ductile. When 
heated to redness and cooled suddenly by being plunged in oil or 
water or mercury, it becomes exceedingly brittle and hard (glass- 
hard, as it is called), and to ordinary observation seems incapable 
of taking a permanent bend (though probably careful observation 
would prove it not quite so). The definition of steel used to be 
approximately pure iron capable of being tempered glass-hard, and 
again softened to different degrees by different degrees of heat. 
Now, the excellent qualities of iron made by Bessemer’s and 
Siemens’s processes are called steel, and are reckoned best when in- 
capable of being tempered glass-hard, the possibility of brittleness 
supervening in the course of any treatment which the metal may 
meet with in its manufacture, being an objection against the use of 
what was formerly called steel for ship’s plates, ribs, stringers, &c., 
and for many applications of land engineering, even if the material 
could be had in sufficient abundanoe. 

8. Limits of Elasticity (continued) — Elasticity of BuUc. 
— If we reckon by the amount of pressure, there is probably no 
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limit to the elasticity of bulk in the direction of increase of pres- 
sure for any solid or fluid ; but whether continued augmentation 
produces continued diminution of bulk towards zero without limit, 
or whether for any or every solid or fluid there is a limit towards 
which it may be reduced in bulk, but smaller than which no 
degree of pressure, however great, can condense it, is a question 
which cannot be answered in the present state of science. Would 
any pressure, however tremendous, give to gold a density greater 
than 19'6, or to - copper a density greater than 9*0, after the 
pressure is removed (§ 3 above) ? Whether the body be fluid 
or a continuous non-porons solid, it probably recovers its original 
density, however tremendously it may have been pressed, and 
probably shows perfect elasticity of bulk (§ .3 above) through the 
whole range of positive pressure from zero to infinity, provided 
the pressure has been equal in all directions like fluid pressure. 
As for negative pressure, we have no knowledge of what limit, 
if any, there may be to the amount of force which can be applied 
to a body pulling its surface out equally in all directions. The 
question of how to apply the negative pressure is inextricably 
involved with that of the body’s power to resist. The upper 
part of the mercury of a barometer, adhering to the glass above 
the level corresponding to the atmospheric pressure, is a familiar 
example of what is called negative pressure in liquids. Water 
and other transparent liquids show similar phenomena, one 
of which is the warming of water above its boiling-point in an 
open glass or metal vessel varnished with shellac. Attempts to 
produce great degrees of this so-called negative pressure, are 
baffled by what seems an instability of the equilibrium which 
supervenes when the negative pressure is too much augmented. 
It is a very interesting subject for experimental inquiry to find 
how high mercury or water or any other liquid can be got to 
stand above the level corresponding to the atmospheric pressure 
in a tall hermetically scaled tube, and by how many degrees a 
liquid can, with all precautions, be warmed above its boiling-point. 
In each case it seems to be by a minute bubble forming and 
expanding somewhere at the boundary of the liquid, where it is 
in contact with the containing vessel, that the possible range of 
the negative pressure is limited, judging from what we see when 
we carefully examine a transparent liquid, or the surface of 
separation between mercury and glass* in any such experiment. 
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The contrast of the amounts of negative pressure practically 
obtainable or obtained hitherto in such experiments on liquids 
(which are at the most those corresponding to the weight of a 
few metres of the substance), with that obtainable in the case 
of even the weakest solids, is remarkable; and as for the strongest, 
consider for instance (§ 22 below) 17 nautical miles of steel piano- 
forte wire hanging by one end. When a cord, or rod, or wire of 
any solid substanco hangs vertically, the negative pressure (for 
example, 23,000 atmospheres in the case just cited) in any trans- 
verse section is equal to the weight of the part hanging below it. 
It is an interesting question not to be answered by any experi- 
ment easily made or even devised, — How much would the longi- 
tudinal pull which can be applied to a cord, rod, or wire without 
breaking it, be augmented (probably augmented, but possibly 
diminished) by lateral pull applied all round the sides so as to 
give equal negative pressure in all directions ? 

9. Limits of Elasticity (continued) — Elasticity of Shape 
for Distortions not Uniform through the Substance, and for Com- 
pound Distortions; and Elasticity corresponding to Co-existent 
Distortion and Change of Bulk : — 

Example 1 . — A round wire twisted, or a cylindrical shaft 
transmitting revolutional motion in machinery, presents, as we 
shall see (§ 64 below), an instance of simple distortion, but to dif- 
ferent degrees in different parts of the substance, increasing from the 
axis where it is zero, uniformly to the surface where it is greatest. 

Example 2. — Elongation of a wire or rod by direct pull, is 
(§ 23 below) an instance of a compound distortion co-existing with 
a rarefaction of the substance, both distortion and rarefaction being 
uniform throughout. 

Example 3. — Shortening of a column by end pressure is an 
instance of a similar compound distortion combined with conden- 
sation of the substance, both distortion and condensation being 
uniform throughout. 

Example 4. — Flexure of a round wire or of a bar, or beam, or 
girder, of any shape of normal section, by opposite bending couples 
applied at the two ends, is an instance in which one-half of the 
substance is stretched, and the other half shortened with exactly 
the samft combination of distortions and changes of bulk as in 
examples 2 and 3. The strain is uniform along the length of the 
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bar, but varies in the cross section in simple proportion to distance 
from a certain line (§ 62 below) through the centre of gravity of the 
sectional area, which, in the case of a round bar, is the diameter 
perpendicular to the plane of curvature. 

The limits of elasticity in the cases of these four examples are 
subjects of vital importance in practical mechanics, and a vast 
amount of careful and accurate observation and experiment, which 
has given much valuable practical information regarding them, 
has been gone through by engineers, in their necessary dealings 
with questions regarding strength of materials. Still there is 
great want of definite scientific information on the subject of 
limits of elasticity generally, and particularly on many elementary 
questions (§ 21 below), which force themselves upon us when we 
endeavour to analyze the molecular actions concerned in such 
cases as the four examples now before us. Some principles of 
much importance for guidance in practical as well as in theoretical 
deductions from observations and experiments on this subject, 
were set forth twenty-nine years ago by Professor James Thomson, 
in an article published in the Cambridge and Dublin Mathematical 
Journal for November 1848. Nothing is to be gained either in 
clearness or brevity by any other way of dealing with it than 
reproducing it in extenso. It is accordingly given here, with a 
few changes made in it with its author’s concurrence. 

It constitutes the following §§ 10 — 20. 

“ On the strength of materials, as influenced by the existence or 
non-existence of certain mutual strains* among the particles com- 
posing them. By James Thomson, M.A., College, Glasgow. 

10. “My principal object in the following paper is to show 
that the absolute strength of any material composed of a sub- 
stance possessing ductility (and few substances, if any, are entirely 
devoid of this property) may vary to a great extent, according to 
the state of tension or relaxation in which the particles have been 
made to exist when the material as a whole is subject to no 
external strain. 

11. “Let, for instance, a round bar of malleable iron, or a 
piece of iron wire, bo made red hot, and then be allowed to cool. 

* [Note added Nov. 1877. More nearly what is now called stress than what is 
now called strain is meant by “ strain ” in this article, which was written before 
Bankine’s introduction of the word stress, and distinct definition of the word strain 
(seo chap. i. of Mathematical Theory below).] 
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Its particles may now be regarded as being all completely relaxed. 
Let, next, one end of tho bar be fixed, and the other be made to 
revolve by torsion, till the particles at the circumference of the 
bar are strained to the utmost extent of which they can admit, 
without undergoing a permanent alteration in their mutual con- 
nexion*. In this condition, equal elements of the cross section 
of the bar afford resistances proportional to the distances of the 
elements from the centre of the bar; since the particles are dis- 
placed from their positions of relaxation through spaces which are 
proportional to the distances of the particles from the centre. The 
couple which the bar now resists, and which is equal to the sum 
of tho couples due to the resistances of all the elements of the 
section, is that which is commonly assumed as the measure of the 
torsional strength of the bar. For future reference, this couple 
may be denoted by L, and the angle through which it has twisted 
the free end of the bar by ®. 

12. “ The twisting of tho bar may, however, be carried still 

farther, and during the progress of this process the outer particles 
will yield in virtue of their ductility, those towards the interior 
successively reaching their elastic limits, until, when the twisting 
has been sufficiently continued, all the particles in the section, 
except those quite close to the centre, have been strained beyond 
their elastic limits. Hence, if we suppose "J* that no change in the 
hardness of the substance composing the material has resulted 
from the sliding of its particles past one another, and that there- 

* “I here assume the existence of a definite ‘elastic limit,’ or a limi t within 
which, if two particles of a substance be displaced, they will return to their original 
relative positions when the disturbing force is removed. The opposite conclusion, to 
which Mr Hodgkinson seems to have been led by some interesting experimental 
results, will bo considered at a more advanced part of this paper.” 

t [Note added October 1877. This supposition may be true for some solids ; 
it is certainly not true for solids generally. A piece of copper or of iron taken in a 
soft and unstrained condition certainly becomes "harder” when strained beyond 
its first limits of elasticity, that is to say, its limits of elasticity become wider; 
and a similar result will probably be found in ductile metals generally. Thus the 
resistance of the outer elements will be greater than those of the inner elements in 
the case described in the text, until the torsion has been pushed so far as to bring 
about the greatest hardness in all the elements at any considerable distance from 
the axis. It may be that before this condition has been attained the hardening of 
the outer elements will have been overdone, and they may have begun to lose 
strength, and to have become friable and fissured. The principle set forth in the 
text is not, however, vitiated by the incorrectness of a supposition introduced merely 
for the sake of numerical illustration.] 
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fore all small elements of the section of the bar afford , the same 
resistance, no matter what their distances from the centre may 
he, it is easy to prove that the total torsional resistance of the 
bar is £ of what it was in tho former case ; or, according to the 
notation already adopted, it is* now $L. 

13. “If, after this, all external stress be removed from the 
bar, it will assume a position of equilibrium, in which the outer 
particles will be strained in the direction opposite to that in which 
it was twisted, and the inner ones in the same direction as that of 
the twisting, the two sets of opposite couples thus produced among 
the particles of the bar balancing one another. It is easy to show 
that the line of separation between the particles strained in one 
direction and those in the other is a circle whose radius is f of 
the radius of the bar. The particles in this line are evidently 

* “ To prove this, let r be the radius of the bar, 77 the utmost force of a unit of 
area of the soction to resist a strain tending to make tho particles slide past one 
another, or to resist a shearing strain, as it is commonly called. Also, let the 
section of the bar be supposed to be divided into an infinite number of concentric 
annular elements, — the radius of any one of these being denoted by x and its area 
by 2 -irxdx. 

“ Now, when only the particles at tho circumference are strained to the utmost, 
and when, therefore, the forces on equal areas of the various elements are pro- 
portional to the distances of the elements from tho centre, we have 77 ^ for the 

force of a unit of area at the distance of x from the centre. Hence the total 
tangential force of the element is 

= 2 wxdx . 77 - , 
r 9 

and the couple due to the same element is 

x 1 

=x . 2 -irxdx . 77 - =. 2 iri) - . x a dx ; 

and therefore the total couple, which has been denoted above by Z>, is 

1 f r 

— 2tt?7 - I z?dx, 

r Jo 

that is L = I itt/i* ( a ). 

Next, when the bar has been twisted so much that all the particles in its section 
afford their utmost resistance, we have the total tangential force of the element 
2 wxdx . 77, and the couple due to the same element 

—x. 2 wxdx . 77 = 2ttt7 • &*dx. 

Hence the total couple due to the entire section is 

= 2 tT 77 I X^dXsziTTTjT 9 . 

J 0 

But this quality is | of the value of L in formula (a). That is, the couple which 
the bar resists in this case is JZ,, or $ of that which it resisted in the former case.” 
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subject to no strain* when no external couple is applied. The 
bar with its new molecular arrangement may now be subjected, as 
often as we pleasef, to the couple §L without undergoing any 
farther alteration. Its strength to resist torsion, in the direction 
of the couple L has therefore been considerably increased. Its 
strength to resist torsion in the opposite direction has, however, 
by the same process, been much diminished; for as soon as its 
free extremity has been made to revolve backwards through an 
angle J of # ® from the position of equilibrium, the particles of 
the circumference will have suffered the utmost distortion of 
which they can admit without undergoing permanent alteration. 
Now, it is easy to prove that the couple required to produce a 
certain angle .of torsion is the same in the new state of the bar 
as in the old§. Hence the ultimate strength of the bar when 
twisted backwards is represented by a couple amounting to only 
\L. But, as we have seen, it is when the wire is twisted 
forwards. That is, then, The wire in its new state has twice as 
much strength to resist torsion in one direction as it has to resist it 
in the other. 

14. “ Principles quite similar to the foregoing, are applicable 

* “ Or at least they are subject to no strain of torsion , either in the one direction 
or in the other; though they may be subject to a strain of compression or ex- 
tension in the direction of the length of the bar.” [That they are so is proved by 
experiments made for the present article by Mr Thomas Gray in October 1877 .] 
“ This, however, does not fall to be considered in the investigation of the text.” 

t “ This statement, if not strictly, is at least extremely nearly true, since from 
the experiments made by Mr Fairbairn and Mr Hodgkinson oil cast-iron (see 
various Reports of the British Association ), we may conclude that the metals are 
influenced only in an extremely slight degree by time. Were the bars composed 
pf some substance, such as sealing wax, or hard pitch, possessing a sensible amount 
of viscidity, the statement in the text would not hold good. ” 

t [Note added October 1877. This assumes that the limits of elasticity in a 
subst an ce which has been already strained beyond its limits of elasticity are equal 
on the two sides of the shape which it has when in equilibrium without disturbing 
force — a supposition which may be true or may not be true. Experiment is 
urgently needed to test it ; for its truth or falseness is a matter of much importance 
in the theory of elasticity.] 

g “ To prove let the bar be supposed to be divided into an infinite number 
of elementary concentric tubes (like the so-called annual rings of growth in trees). 
To twist each of these tubes through a certain angle, the same couple will be 
required, whether the tube is already subject to the action of a couple of any 
moderate amount in either direction or not. Hence, to twist them all, or, what 
is the same thing, to twist the whole bar, through a certain angle, the same couple 
will be required whether the various elementary tubes be or be not relaxed, when 
the bar as a whole is free from external strain.” 
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in regard to beams subjected to cross strain. As, however, my 
chief object at present is to point out the existence of such 
principles, to indicate the mode in which they are to be applied 
and to show their great practical importance in the determination 
of the strength of materials, I need not enter hilly into their 
application in the case of cross strain. The investigation in this 
case closely resembles that in the case of torsion, but is move com- 
plicated on account of the different ultimate resistances afforded 
by any material to tension and to compression, and on account of 
the numerous varieties in the form of section of beams which 
for different purposes it is found advisable to adopt. I shall 
therefore merely make a few remarks on this subject. 

15. “If a bent bar of wrought iron or other ductile material 
be straightened, its particles will thus be put into such a state 
that its strength to resist cross strain, in the direction towards 
which it has been straightened, will be very much greater than 
its strength to resist it in the opposite direction; each of these two 
resistances being entirely different from that which the same bar 
would afford were its particles all relaxed when the entire bar is 
free from external strain. The actual ratios of these various 
resistances depend on the comparative ultimate resistances af- 
forded by the substance to compression and extension, and also, in 
a very material degree, on the form of the section of the bar. I 
may, however, state that in general the variations in the strength 
of a bar to resist cross strain, which are occasioned by variations 
in its molecular arrangement, are much greater even than those 
which have already been pointed out as occurring in the strength 
of bars subjected to torsion. 

16. “What has already been stated is quite sufficient to 
account for many very discordant and perplexing results which 
have been arrived at by different experimenters on the strength 
of materials. It scarcely ever occurs that a material is presented 
to us, either for experiment or for application to a practical use, 
in which the particles are free from great mutual strains. Pro- 
cesses have already been pointed out by which we may at pleasure 
produce certain peculiar strains of this kind. These, or other 
processes producing somewhat similar strains, are used in the 
manufacture of almost all materials. Thus, for instance, when 
malleable iron has received its final conformation by the process 
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termed cold swaging, that is, by hammering it till it is cold, the 
outer particles exist in a state of extreme compression, and the 
internal ones in a state of extreme tension. The same seems to 
bo the case in cast iron when it is taken from the mould in which 
it has been cast. The outer portions have cooled first, and have 
therefore contracted, while the inner ones still continued expanded 
by heat. The inner ones then contract as they subsequently cool, 
and thus they, as it were, pull the outer ones together. That is, 
in the end the outer ones are in a state of compression and the 
inner ones in the opposite condition. 

17. “The foregoing principles may servo to explain the true 
cause of an important fact observed by Mr Eaton Hodgkinson in 
his valuable researches in regard to the strength of cast iron 
( .Report of the British Association for 1837, p. 362)*. He found, 
that, contrary to what had been previously supposed, a strain, 
however small in comparison to that which would occasion rupture, 
was sufficient to produce a set, or permanent change of form, in the 
beams on which ho experimented. Now this is just what should be 
expected in accordance with the principles which I have brought 
forward ; for if, for some of the causes already pointed out, various 
parts of a beam previously to the application of an external force 
have been strained to the utmost, when, by the application of such 
force, however small, they are still farther displaced from their 
positions of relaxation, they must necessarily undergo a permanent 
alteration in their connection with one another, an alteration 
permitted by the ductility of the material ; or, in other words, 
the beam as a whole must take a set. 

18. “ In accordance with this explanation of the fact observed 
by Mr E. Hodgkinson, I do not think we are to conclude with him 
that ‘ the maxim of loading bodies within the clastic limit has no 
foundation in nature.’ It appears to me that the defect of elas- 
ticity, which he has shown to occur even with very slight strains, 
exists only when the strain is applied for the first time ; or, in 
other words, that if a beam has already been subjected to a con- 
siderable strain, it may again be subjected to any smaller strain 
in the same direction without its taking a set. It will readily be 

* For further information regarding Mr Hodgkinson’s views and experiments 
see his communications in the Transaction s of the Sections of the British Association 
for tho years 1843 (p. 23) and 1844 (p. 25), and a work by him, entitled Experi- 
mental Researches on the Strength and other properties of Cast Iron, 8vo. 1846. 
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seen, however, from Mr Hodgkinson’s experiments, that the term 
‘ elastic limit/ as commonly employed, is entirely vague, and must 
tend to lead to erroneous results. 

19. “ The considerations adduced seem to me to show clearly 
that there really exist two elastic limits for any material, between 
which the displacements or deflexions, or what may in general be 
termed the changes of form, must be confined, if we wish to avoid 
giving the material a set, or, in the case of variable strains, if we 
wish to avoid giving it a continuous succession of sets which would 
gradually bring about its destruction ; that these two clastic limits 
are usually situated one on the one side and the other on the 
opposite side of the position which the material assumes when 
subject to no external strain, though they may be both on the 
same side of this position of relaxation* ; and that they may there- 
fore with propriety be called the superior and the inferior limit of 
the change of form of the material for the particular arrangement 
which has been given to its particles ; that these two limits are not 
fixed for any given material, but that, if the change of form be 
continued beyond either limit, two new limits will, by means of 
an alteration in the arrangement of the particles of the material, be 
given to it in place of those which it previously possessed ; and 
lastly, that the processes employed in the manufacture of materials 
are usually such as to place the two limits in close contiguity with 
one another, thus causing the material to take in the first instance 
a set from any strain, however slight, while the interval which may 
afterwards exist between the two limits, and also, as was before 
stated, the actual position assumed by each of them, are determined by 
the peculiar strains which arc subsequently applied to the material. 

20. “The introduction of new, though necessary, elements 
into the consideration of the strength of materials may, on the one 


* Thus if the section of a beam be of some such form as 
that shown in either of the accompanying figures, the one rib 
or the two ribs, as the case may be, being very weak in com- 
parison to the thick part of the beam, it may readily occur 
that the two clastic limits of deflexion may be Bituated both 
on the same side of the position assumed by the beam when 
free from external force. For if the beam has been sup- 
ported at its extremities and loaded at its middle till the 
rib AB has yielded by its ductility so as to make all its parti- 
cles oxort their utmost tension, and if the load be now gradually removed, the 
particles at 13 may come to be compressed to the utmost before the load has been 
entirely removed. 
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hand, seem annoying from rendering the investigations more com- 
plicated. On the other hand, their introduction will really have 
the effect of obviating difficulties, by removing erroneous modes of 
viewing the subject, and preventing contradictory or incongruous 
results from being obtained by theory and experiment. In all 
investigations, in fact, in which wo desire to attain or to approach 
nearly to truth, we must take facts as they actually are, not as we 
might be tempted to wish them to be for enabling us to dispense 
with examining processes which arc somewhat concealed and 
intricate but are not the less influential from their hidden 
character.” 

21. Passing now to homogeneous matter (§ 38 below), homo- 
geneously strained (chap. ri. of Math. Theory below), we are met 
by physical questions of great interest regarding limits of elasticity. 
Supposing the solid to be homogeneously distorted in any par- 
ticular way to nearly the limit of its elasticity for this kind of 
distortion, will the limits be widened or narrowed by the super- 
position of negative or positive pressure equal in all directions 
producing a dilatation or a condensation ? It seems probable that 
a dilatation would narrow the limits of elasticity, and a condensa- 
tion widen them. This, however, is a mere guess : experiment 
alone can answer the question. Take again a somewhat less 
simple case. A wire is stretched by a weight to nearly its limits 
of longitudinal elasticity; a couple twisting it is applied to its 
lower end — Will this either cause the weight to run down and give 
the wire a permanent set, or break it ? Probably, — yes ; but 
experiment only can decide. The corresponding question with 
reference to a column loaded with a weight may have the same 
answer, but not necessarily so; experiment again is wanting. A 
wire hanging stretched by a light weight, merely to steady it, 
is twisted to nearly its limit of torsional elasticity by a couple 
of given magnitude applied to its lower end ; the stretching weight 
is increased — Will this cause it to yield to the couple and take a 
permanent set ? Probably, — yes. [Certainly yes, for steel piano- 
forte wire experimented on by Mr M'Farlane to answer this 
question since it was first put in type for the present article.] 
If so, then the limits of torsional elasticity of a wire bearing a 
heavyweight are widened by diminishing or taking off the weight; 
and no doubt it will follow continuously that a column twisted 
T. III. * 91 
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by opposing couples at its two ends will have its limits of torsional 
elasticity widened by the application of forces to its two ends, 
pressing them towards one another. Experiments to answer these 
questions would certainly reward the experimenter with definito 
and interesting results. 

22. Narrowness of Limits of Elasticity. — Solids . — The 
limits of elasticity of metals, stones, crystals, woods, arc so narrow 
that the distance between any two neighbouring points of the 
substance never alters by more than a small proportion of its 
own amount without the substance either breaking or experiencing 
a permanent set, and therefore the angle between two lines meeting 
in any point of the substance and passing always through the 
same matter is never altered by more than a small fraction of the 
radian*, before the body either breaks or takes a permanent set. 
By far the widest limits of elasticity hitherto discovered by ex- 
periment, for any substance except cork, india-rubber, jellies, arc 
those of steel pianoforte wire. Take, for example, the pianoforte 
wire at present in use for deep-sea soundings. It is No. 22 of the 
Birmingham wire gauge, its density is 7 ’727, it weighs *034 
gramme per centimetre, or 6”298 kilogrammes per nautical mile 
of 1852‘3 metres, and therefore its sectional area and diameter arc 
”00044 square centimetre and ”0244 centimetre. It bears a weight 
of 106 kilogrammes, which is equal in weight to about 31 kilo- 
metres of its length, and when this weight is alternately hung on 
and removed the length of the wire varies by g 1 ^ of its amount. 
While this elongation takes place there is a lateral shrinking, as 
we shall see (§ 47 below), of from \ to of the same amount. 

23. Consider now in the unstrained wire two linos through 
the substance of the wire at right angles to one another in 
any plane through or parallel to the axis of the wire in directions 
equally inclined to this line. When the wire is pulled lengthwise 
the two vertical angles bisected by the length of the wire become 
acute, and the other two obtuse by a small difference, as illustrated 
in the diagram (fig, 2), where the continuous lines represent a 
portion of the unpullcd wire, and the dotted lines the samo 
portion of the wire when pulled. The change in each of the 
angles would be of the radian in virtue of the elongation were 

* The radian is tlie angle whose ore is equal to radius ; it is equal to 57° *29 
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there no lateral shrinking, and about of the radian in virtue 
of the lateral shrinking were there no elonga- 
tion. The whole change experienced by each of 
the right angles is therefore actually (§ 37 below) 
iAr + ~shi> or about ^ of the radian, or 0° *84. 

This is an extreme case. In all other cases of 
metals, stones, glasses, crystals, the substance 
either breaks or takes a permanent bend, 
probably before it experiences any so great 
angular distortion as a degree ; and except in 
the case of steel we may roughly regard the 
limits of elasticity as being something between 
liiW an< l toTT * n respect to the linear elonga- 
tion or contraction, and from t nr of a degree 
to half a degree in respect to angular distor- 
tion. 

24. On the other hand, gelatinous substances, such as india- 
rubber and elastic jellies, have very wide limits of elasticity. A 
vulcanized india-rubber band, for instance, is capable of being 
stretched, again and again, to eight times its length, and returning 
always to nearly its previous condition when the stress is removed. 
A shape of transparent jelly presents a beautiful instance of great 
degrees of distortion with seemingly very perfect elasticity. All 
these instances, india-rubber and jellies, show with great changes 
of shape but slight changes of bulk. They have, in fact, all, as 
nearly as experiment has hitherto been able to determine, the 
same compressibility as water. 

25. Cork, another body with very wide limits of elasticity 
(very imperfect elasticity it is true) is singular, among bodies 
seemingly homogeneous to the eye, in its remarkably easy com- 
pressibility. It is, in fact, the only seemingly homogeneous solid 
which shows to the unaided eye any sensible change of bulk under 
any practically applicable forces. A small homogeneous piece 
tom out of a cork may, by merely pressing it between the fingers, 
be readily compressed to half its bulk, and a large slab of cork 
in a Bramah press may bo compressed to ^ of its bulk. An 
ordinary bottle cork loaded with a small piece of metal presents a 
very interesting appearance in an Oersted glass compressing 
vessel; first floating, and when compressed to 20 or 30 atmo- 
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spheres sinking, and shrivelling in bulk very curiously ; then on 
the pressure being removed, expanding again, but not quite to 
previous bulk, and floating up or remaining down according to the 
amount of its load. 

The divergences, presented by cork and gelatinous bodies, 
in opposite directions from the regular elasticity of hard solids 
form an interesting subject, to which we shall return later (§ 48 
below). 

26. Liquids. — In respect to liquids, there are no limits of 
elasticity so far as regards the magnitude of the positive pressure 
applied or conceivably applicable ; but in respect to the magnitude 
of negative pressure, and in respect to the magnitude of the 
change of bulk, whether by negative or positive pressure, there 
are probably very decided and not very wide limits. Thus water, 
though condensed 1/11*6 of its bulk by 2000 atmospheres in 
Perkins’* experiments, corrected roughly for the compression of 
his glass “ piezometer,” which is very nearly at the rate of 1 /2 1 ,000 
per atmosphere found (§ 77 below) more accurately by subsequent 
experiments for moderate pressures up to 20 or 30 atmospheres, 
may be expected to be compressed by much less than 1 /3 of its 
volume under a pressure of 7000 atmospheres. How much it 
or any other liquid is condensed by a pressure of 10,000 atmo- 
spheres, or by 20,000 atmospheres, is an interesting subject for 
experimental investigation. 

27. Gases. — In respect to rarefaction, and in respect to pro- 
portionate condensation, gases present enormously wider limits 
of elasticity than any liquids or solids, — in fact no limit in respect 
to dilatation, and in respect to condensation a definite limit only 
when the gas is below Andrews’s “ critical temperature.” If the 
gas bo kept at any temperature above that critical temperature, 
it remains homogeneous, however much it be condensed ; and 
therefore for a fluid above the critical temperature there is, in 
respect to magnitude of pressure, no superior limit to its elasticity. 
On the other hand, if a fluid be kept at any constant temperature 
less than its critical temperature, it remains homogeneous, and 
presents an increasing pressure until a certain density is reached ; 

* Transactions of Royal Society, Juno 1826, “ On the Progressive Compr ession 
of Water by high degrees of force, with some trials of its effects on other liquids,” by 
J, Perkins. Communicated by W. H. Wollaston, M.D., V.P.B.B. 
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when its bulk is further diminished it divides into two parts of 
less and greater density (the part of less density being called 
vapour, that of greater donsity being called liquid, if it is not 
solid), and presents no further increase of pressure until the 
vaporous part shrinks to nothing, and the whole becomes liquid 
(that is to say, homogeneous fluid at the greater of the two 
densities) or else becomes solid — the question whether the more 
dense part is liquid or solid depending on the particular tempera- 
ture below the critical temperature at which tho whole substance is 
kept during the supposed experiment. 

28. The thermo-dynamic reasoning of Professor James Thom- 
son, which showed the effect of change of pressure in altering 
the freezing point of a liquid, leads to analogous considerations 
regarding the effect of continuous increase or continuous decrease 
of pressure upon a mass consisting of the same substance, partly 
in the liquid and partly in the solid state at one temperature. 
The three cases of transition from gas to liquid, from gas to solid, 
and from liquid to solid, present us with perfectly definite limits 
of elasticity, — the only perfectly definite limits of elasticity in 
nature of which we have any certain knowledge. 

29. Viscosity of Fluids and Solids . — Closely connected with 
limits of elasticity, and with imperfectness of elasticity, is viscosity, 
that is to say, resistance to change of shape depending on tho 
velocity of the change. The full discovery of the viscosity of 
liquids and gases is duo originally to Stokes ; and his hypothesis 
that in fluids the force of resistance is in simple proportion to the 
velocity of change of shape has been subsequently confirmed by 
the experimental investigations of Helmholtz, Maxwell, Meyer, 
Kundt, and Warburg. The definition of a fluid given in § 2 above 
may, by § 1, be transformed into the following : — A fluid is a 
body which requires no force to keep it in any particular shape, 
or — A fluid is a body which exercises no permanent resistance to a 
change of shape. The resistance to a change of shape presented 
by a fluid, evanescent as it is when the shape is not being changed 
(or vanishing when the velocity of tho change vanishes), is 
essentially different from that permanent resistance to change of 
shape, the manifestation of which in solids constitutes elasticity of 
shape as defined in § 1 above. Maxwell’s admirable kinetic theory 
of the viscosity of gases points to a full explanation of viscosity. 
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whether of gases, liquids, or solids, in the consideration of con- 
figurations and arrangements of relativo motions of molecules, 
permanent in a solid under distorting stress, and temporary in 
fluids or solids while the shape is being changed, in virtue 
of which elastic force in the quiescent solid, and viscous resist- 
ance to change of shape in the non-quiosccnt. fluid or solid, art* 
produced. 

30. Viscosity of Metals and Fatigue of their Elasticity . — 
Experimental exercises performed by students in the physical 
laboratory of the university of Glasgow, during the session 
1864 — 65, brought to light some very remarkable and interesting 
results, proving a loss of energy in elastic vibrators (sometimes as 
much as two or three per cent, of energy lost in the course of a 
single vibration in one direction) incomparably greater than any- 
thing that could be due to imperfections in their elasticity ({$ 1 ), 
and shewing also a very remarkable fatigue of elasticity, according 
to which a wire which had been kept vibrating for several hours or 
days through a certain range came to rest much quicker when left 
to itself than when set in vibration after it had been at rest for 
several days and then immediately left to itself. Thus it was 
found that the rates of subsidence of the vibrations of the several 
wires experimented on were generally much less rapid on the 
Monday mornings, when they had been at rest since the previous 
iriday, than on other days of the week, or than after several scries 
of experiments had been made on a Monday. The following state- 
ment (§§ 31—34) is extracted from the article, in the Proceedings 
of the Royal Society for May 18, 1865*. containing some of the 
results of these observations. 


31. Viscosity. — By induction from a great variety of observed 
phenomena, wo are compelled to conclude that no change of volume 
or of shape can bo produced in any kind of matter without dissipa- 
tion of energy. Even in dealing with the absolutely jyerfect elasti- 
city of volume presented by every fluid, and possibly by some 

solids— as fin •instance homogeneous crystals— dissipation of enemy 
is an inevitable result of every change of volume, because of the 
accompanying change of temperature, and consequent dissipation 
of heat by conduction or radiation. The same cause give^o 

^ erre f l , to in preliminar y to Part I. The contents of this Ponor 
embodied m the present article more particularly in §§ 31-34, 42-43 and 7H Sow 
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necessarily to some degree of dissipation in connection with every 
change of shape of an elastic solid. But estimates founded on the 
thermodynamic theory of olastic solids, which I have given else- 
where*, have sufficed to prove that the loss of energy duo to 
this cause is small in comparison with the whole loss of energy 
observed in many cases of vibration. I have also found, by 
vibrating a spring alternately in air of ordinary pressure and in 
the exhausted receiver of an air-pump, that there is an internal 
resistance to its motions immensely greater than the resistance of 
the air. The same conclusion is to be drawn from tho observation 
made by Kupffer in his great work on the elasticity of metals, that 
his vibrating springs subsided much more rapidly in their vibrations 
than rigid pendulums supported on knife-edges. The subsidence 
of vibrations is probably more rapid in glass than in some of the 
most elastic metals, as copper, iron, silver, aluminium -f-; but it is 
much more rapid than in glass, marvellously rapid indeed, in some 
metals (as for instance zinc)*, and in india-rubber, and even in 
homogeneous jellies. 

32. The frictional resistance against change of shape must in 
every solid be infinitely small when the change of shape is made at 
an infinitely slow rate, since, if it were finite for an infinitely slow 
change of shape, there would be infinite rigidity, which wo may be 
suro§ docs not exist in nature. Hence there is in elastic solids a 
molecular friction which maybe properly called viscosity of solids, 
because, as being an internal resistance to change of shape de- 
pending on the rapidity of the change, it must be classed with 
fluid molecular friction, which by general consent is called viscosity 
of fluids. But, at the same time, it ought to be remarked that the 
word viscosity, as used hitherto by the best writers, when solids or 
heterogeneous semi-solid semi-fluid masses are referred to, has not 
been distinctly applied to molecular friction, especially not to tho 
molecular friction 0 f a highly elastic solid within its limits of high 

* “Oil the Thermo-elastic Properties of Solids,” Quarterly Journal of Mathe- 
matics, April, 1855 (Art. xlviii. Part vii. Vol. I. above). 

t We have no ovidence that the precious metals are more olastic than copper, 
iron, or brass. One of the new bronze pennies gives quite as clean a ring as a 
two-shilling silver piece tested in the usual manner. 

t Torsional vibrations of a weight hung on a zinc wire subside so rapidly, that it 
has been found scarcely possible to count more than twenty of them in one case 
experimented on. 

g Those who believe in the existence of indivisible, infinitely strong and infinitely 
rigid, very small bodies (finite hard atoms !) deny this. 
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elasticity, but lias rather been employed to designate a property of 
slow continual yielding through very great, or altogether unlimited, 
extent of change of shape, under the action of continued stress. 
It is in this sense that Forbes, for instance, has used the word in 
stating that ‘viscous theory of glacial motion/ which he demon- 
strated by his grand observations on glaciers. As, however, he 
and many other writers after him have used the words plasticity 
and plastic, both with reference to homogeneous solids (such as 
wax or pitch even though also brittle, soft metals, See.) and to 
heterogeneous semi-solid semi-fluid masses (as mud, moist earth, 
mortar, glacial ice, &c.), to designate the property common to all 
those cases of experiencing, under continued stress, either quite 
continued and unlimited change of shape, or gradually very great 
change at a diminishing (asymptotic) rate through infinite time, 
and as the use of the term plasticity implies, no more than does 
viscosity, any physical theory or explanation of the projierty, the 
word viscosity is without inconvenience left available for the 
definition I propose. 

33. To investigate the viscosity of metals, I have in the first place 
taken them in the form of round wires, and have chosen torsional 
vibrations, after the manner of Coulomb, for observation, as being 
much the easiest way to arrive at definite results. In every case 
one end of the wire was attached to a rigid vibrator with sufficient 
firmness (thorough and smooth soldering I find to be always the 
best plan when the wire is thick enough) ; and the other to a 
fixed rigid body, from which the wire hangs, bearing the vibrator 
at its lower end. I arranged sets of observations to be made for 
the separate comparison of the following cases : — 

(а) The same wire with different vibrators of equal weights, 
to give equal stretching-tractions but different moments of inertia 
(to test the relation between viscous resistances against motions 
with different velocities, through the same range and under the 
same stress). 

(б) The same wire with different vibrators of equal 
moments *of inertia but unequal weights (to test the effect of 
different longitudinal tractions on the viscous resistance to torsion 
under circumstances similar in all other respects). 

(c) The same wire and the same vibrator, but different 
initial ranges in successive experiments (to test an effect un- 
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expcctodly discovered, by which the subsidence of vibrations from 
any amplitude takes place at very different rates according to the 
immediately previous molecular condition, whether of quiescence 
or of recurring changes of shape through a wider range). 

(d) Two equal and similar wires, with equal and similar 
vibrators, one of them kept as continually as possiblo in a state of 
vibration, from day to day ; the other kept at rest, except when 
vibrated in an experiment once a day (to test the effect of con- 
tinued vibration on the viscosity of a metal). 


.‘14. Results. — (a) It was found that the loss of energy in 
a single vibration through one range was greater the greater the 
velocity (within the limits of the experiments) ; but the difference 
between the losses at low and high speeds was much less than it 
would have been had the resistance been, as Stokes has proved it 
to be in fluid friction, approximately as the rapidity of the change 
of shajre. The irregularities in the results of the experiments 
which up to this time I have made, seem to prove that much 
smaller vibrations (producing less absolute amounts of distortion in 
the parts of the wires most stressed) must be observed, before any 
simple law of relation between molecular friction and velocity can 
be discovered. 


(6) When the weight was increased, the viscosity was 
always at first much increased ; but then day after day it gradually 
diminished and became as small in amount as it had been with the 
lighter weight. It has not. yet been practicable to continue the 
experiments long enough in any case to find the limit to this 
variation. 


(c) The vibration subsided in aluminium wires much more 
rapidly from amplitude 20 to amplitude 10, when the initial 
amplitude was 40, than when it was 20. Thus, with a certain 
aluminium wire, and vibrator No. 1 (time of vibration one way 
1-757 second), the number of vibrations counted were in three 
trials — 


Subsidence from 40 initial amplitude to 20 

And from 20 (in courso of the same experiments) to 10 ..... 
The same wire and the same vibrator showed — 

Subsidence from 20 initial amplitude to 10 (average of four 
trials) * 


Vibrations. 

56 64 64 
96 98 96 


112 vibrations. 
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Again, the same wire, with vibrator No. 2 * (time 
showed in two trials — 


of vibration one way l-23f»), 
Vibrations. 


Subsidence from 40 initial amplitude to 20 51 52 

And continued from 20 to 10 00 00 

Again, same wire and vibrator, — 

From initial amplitude 20 to 10 . . 103 (mean of eight trials). This remarkable 
result suggested the question (d). 


(d) In a wire which was kept vibrating nearly all day, 
from day to day, after several days very much more molecular 
friction was found than in another kept quiescent except during 
each experiment. Thus two equal and similar pieces of copper 
wire were put up about the 26th of April, hanging with equal and 
similar lead weights, the upper and lower ends of the two wires 
being similarly fixed by soldering. No. 2 was more frequently 
vibrated than No. 1 for a few days at first, but no comparison of 
viscosities was made till May 15. Then 

No. 1 subsided from 20 initial range to 10 in 07 vibrations. 

No. 2 gave the same subsidence in 77 vibrations. 


During the greater part of May 16 and 17, No. 2 was kept vibrat- 
ing and No. 1 quiescent, and late on May 17 experiments with the 
following results were made : — 

Tina* per 
Vibration. 

No. 1 subsided from 20 to 10 after 00 vibrations in 237 sees., 2-1 
>» >i it 0B ,, 235 ,, 2*4 

ii ii ii 08 ,, 235 ,, 2*4 

No. 2 subsided from 20 to 10 after 58 vibrations in 1 42 „ 215 

». 9, „ 00 „ 117 „ 215 

»» »» n 57 n 130 i, 2*45 

»» » »» 50 „ 147 i, 2*45 

[Note of May 27. — No. 1 has been kept at rest from May 1 7, 
while No. 2 has been kept oscillating more or less every day till 
yesterday, May 26, when both were oscillated, with the following 
results : — 


No. 1 subsided from 20 to 10 after 100 vibrations in 242 secs. 


No. 2 


99 


44 or 45 vibrations 


Time per 
Vibration. 

2*12 


2-105.] 


35. The investigation was continued with much smaller degrees 
of maximum angular distortion, to discover, if possible, the law 
of the molecular friction, the existence of which was demonstrated 
by these experiments. Two questions immediately occurred:— 

Of some weight as No. 1, but different moment of inertia. 
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What is the law of subsidence of range in any single series of 
oscillations, the vibrator being undisturbed by external force ? and 
(question (a) of § 33 above) what is the relation between the law of 
subsidence in two sets of oscillations having different periods, with 
the same elastic body in the same circumstances of elastic force, as 
for instance the same or similar metallic wires with equal weights 
hung upon them, performing torsional oscillations in different 
times on account of the moments of inertia of the suspended 
masses being different ? 

3(>. So far as the irregularities depending on previous con- 
ditions of the elastic substance allowed any simple law to bo 
indicated, the experimental answer to the first question for degrees 
of angular distortion much smaller than the palpable limits of 
elasticity, was the Compound Interest Law, that is to say, — The 
diminutions of range per equal interval's of time, or per equal num- 
bers of oscillations, bore a constant projtortion to the diminishing 
range; or, The differences of the logarithms of the ranges were 
proportional to the internals of time. 

The only approach to an answer to the second question yet 
obtained is, that the proportionate losses of amplitude in the 
different cases are not such as they would be if the molecular 
resistance wore simply proportional to the velocity of change of 
shape in the different cases. If the molecular friction followed 
this simple law, the proportionate diminutions of range per period 
would be inversely as the periods, or per equal intervals of time they 
would be inversely as the squares of the periods. Instead of the 
proportion being so, the loss was greater with the longer periods 
than that calculated, according to the law of square roots, from 
its amount in the shorter periods. It was in fact as it would be if 
the result were wholly or partially due to imperfect elasticity, 
or “ elastische Nach-wirkung ” — elastic after-working — as the Ger- 
mans call it (compare § 6 above). To form a rough idea of the 
results, irrespectively of the ultimate molecular theory (which is to 
be looked for in the proper extension of Maxwell’s kinetic theory 
of viscosity of gases), consider a perfectly elastic vesicular solid, 
whether like a sponge with communications between the vesicles, 
or with each vesicle separately inclosed in elastic solid: imagine its 
pores and interstices filled up with a viscous fluid, such as oil. 
Static experiments on such a solid will show perfect elasticity 
of bulk and shape ; kinetic experiments will show losses of energy 
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such as arc really shown by vibrators of india-rubber, jolly , glass, 
metals, or other elastic homogeneous solids, but more regular, and 
following more closely the compound interest law for single series, 
and the law of relation to squares of periods stated above for 
sets of oscillations in different periods. In short, according to 
Stokes’s law of viscosity of fluids, our supposed vesicular vibrator 
would follow the law of subsidence of a simple vibrator experienc- 
ing a resistance simply proportional to the velocity of its motion, 
while no such simple law is .applicable to the effects of the internal 
molecular resistance in a vibrating elastic solid. 

37. Hooke's Law. — A law expressed by Hooke with Latin 
terseness in the words Ut tensio sic vis is the foundation of the 
mathematical theory of the elasticity of hard solids. By tensio 
here is meant not force (as is generally meant by the English word 
tension), but an elongation produced by force. In English, then, 
Hooke’s law is that elongation (understood of an elastic solid) is 
proportional to the force producing it. It is, of course, to bo 
extended continuously from elongation to contraction in respect to 
the effect, and from pull to push in respect to the cause; and 
the experiments on which it is founded prove a perfect continuity 
from a pulling force to a smaller force in the same direction, and 
from the less force to zero, and from zero of pulling force to 
different degrees of push or positive pressure, or negative pull. 
Experimental proof merely of the continuity of the phenomena 
through zero of force suffices to show that, for infinitely small 
positive or negative pulls, positive or negative elongation is simply 
proportional to the positive or negative pull ; or, in other words, 
positive or negative contraction is proportional to the positive 
or negative pressure producing it. But now must be invoked 
minutely accurate experimental measurement to find how nearly 
the law of simple proportionality holds through finite ranges of 
contraction and elongation. The answer happily for mathema- 
ticians and engineers is that Hooke's law is fulfilled, as accurately 
as any experiments hitherto made can tell, for all metals and hard 
solids each through the whole range within its limits of elasticity ; 
and for woods, cork, india-rubber, jellies, when the elongation is 
not more than two or three per cent., or the angular distortion not 
more than a few hundredths of the radian (or not more than about 
two or three degrees). The same law holds for the condensation of 
liquids up to the highest pressures under which their eompressi- 
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bility has hitherto been accurately measured. [A decided but 
small deviation from Hooke’s law has been found, in steel’ piano- 
forte wire under combined influence of torsion and longitudinal 
pull, by Mr M'Farlane in experiments (§ 81 below) made for the 
present article.] 

Boyle’s law of the “spring of air” shows that the augmentation 
of density of a gas is simply proportional to the augmentation of the 
pressure, through the very wide ranges of pressure through which 
that law is approximately enough fulfilled. Hence the infinitesimal 
diminution of volume produced by a given infinitesimal augmen- 
tation of pressure varies as the square of the volume, and the 
proportionate diminution of volume (that is to say, the ratio 
of the diminution of volume to the volume) is proportional to 
the volume, or inversely proportional to the density. Andrews’ 
experiments on the compressibility of a fluid, such as carbonic 
acid, at temperatures slightly above the critical temperature, and 
of gas or vapour, and liquid into which it divides itself at tem- 
peratures slightly below the critical temperature, are intensely 
interesting, not merely in respect to the natural history of elasticity, 
but as opening vistas into the philosophy of molecular action. 

We cannot expect to find any law of simple proportionality 
between stress and change of dimensions, or proportionate change 
of dimensions, in the case of any clastic or semi-elastic "soft” 
solids, such as cork on the one hand or india-rubber or jollies on 
the other, when strained to largo angular distortions, or to large 
proportionate changes of dimensions. The exceedingly imperfect 
elasticity of all these solids, and the want of definiteness of the 
substance of many of thorn, renders accurate experimenting un- 
available for obtaining any very definite or consistent numerical 
results; but it is interesting to observe roughly the forces required 
to produce some of the great strains of which they aro capable 
without any total break down of elastic quality; for instance, to 
Lang weights successively on an india-rubber band and measure 
the elongations. This any one may readily do, and may be sur- 
prised to find the enormous increase of resistance to elongation 
presented by the attenuated band bofore it breaks. 

38. Homogeneousness defined. — A body is called homogeneous 
when any two equal, similar parts of it, with corresponding lines 
parallel and turned towards the same parts, are undistinguishable 
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from ouo iiuothcr by any difference in quality. The perfect fuliil- 
ment of this condition, without any limit as to the smallness of 
the parts, though conceivable, is not generally regarded as pro- 
bable, for any of the real solids or fluids known to us, however 
seemingly homogeneous. It is held by all naturalists that there 
is a molecular structure, according to which, in compound bodies 
such as water, ice, rock-crystal, &c., the constituent substances 
lie side by side, or are arranged in groups of finite dimensions, and 
even in bodies called simple (that is those not known to be 
chemically resolvable into other substances) there is no ultimate 
homogencousncss. In other words, the prevailing belief is that 
every kind of matter with which we are acquainted has a more 
or less coarse-grained texture ; whether having visible molecules 
(as great masses of solid brick-work or stone-building, or as 
natural sandstone or granite-rocks) or having molecules too small 
to be directly visible or measurable, but not undiscoverablg small 
(as seemingly homogeneous metals, or continuous crystals, or 
liquids, or gases), — really, it is to be believed, of dimensions to 
be accurately determined in future advances of science. Practically 
the definition of homogeneousness may be applied on a very large 
scale to masses of building or to coarse-grained conglomerate rock, 
or on a more moderate scale to blocks of' common sandstone, 
or on a very small scale to seemingly homogeneous metals*; or 
on a scale of extreme, undiscovered fineness, to vitreous bodies, 
continuous crystals, solidified gums, as india-rubber, gum-arabic, 
&c., and fluids. 

39. Isotropic and JRolotropic Substances defined. The sub- 
stance of a homogeneous solid is called isotropic *f* when a spherical 
portion of it, tested by any physical agency, exhibits no difference 
in quality however it is turned. Or, which amounts to the same, 
a cubical portion, cut from any position in an isotropic body, 
exhibits the same qualities relatively to each pair of parallel 
faces. Or two equal and similar jJortions cut from ang positions 
in the body, not subject to the condition of parallelism (§ :}S 
above), are undistinguishablo from one another. A substance 

* Which, however, wo know, as proved by Dovillo and Van Troost, arc porous 
onough at high temperatures to allow very free porcolation of gasoH. Helmholtz and 

Boot find percolation of platinum by hydrogen at ordinary temperaturo lllcrl. 
SitzunfjRbcricht). ' 

t Thomson and Tait’s Natural Philosophy, § 676. 
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which is not isotropic, but exhibits differences of quality in 
different directions, is called ceolotropic. The remarks of § 38 
above relative to homogeneousness in the aggregate, and the 
supposed ultimately heterogeneous textuie of all ‘substances, how- 
ever seemingly homogeneous, indicate corresponding limitations and 
non-rigorous practical interpretations of isotropy and aeolotropy. 

40. Isotropy and jEolotropy of different sets of properties . — 
The substance of a homogeneous solid may be isotropic in one 
quality or class of qualities, but seolotropic in others. Or a 
transparent substance may transmit light at different velocities 
in different directions through it (that is, be doubly-refracting), 
and yet a cube of it may (and does in many natural crystals) show 
no sensible difference in its absorption of white light transmitted 
across it perpendicularly to any of its three pairs of faces. Or 
(as a crystal which exhibits dichrois?n) it may bo sensibly seolo- 
tropic relatively to the absorption of light, but not sensibly 
double-refracting, or it may be dicliroic and doubly-refracting, and 
yet it may conduct heat equally in all directions. Still, as a rule, 
a homogeneous substance which is juolotropic for one quality, 
must be more than infinitesimally molotropic for every quality 
which lias directional character admitting of a corresponding 
aiolotropy. 

41. Moduluses of Elasticity. — A modulus of Elasticity is the 
number obtained by dividing the number expressing a stress* by 
the number expressing the strain -f* which it produces. A modulus 
is called a principal modulus when the stress is such that it pro- 
duces a strain of its own type. 

(1) Au isotropic solid has two principal moduluses — a modulus 
of compression and a modulus of rigidity. 

(2) A crystal of the cubic class (fluor-spar, for instance) has 
throe principal moduluses, — one modulus of compression and two 
rigidities. 

(3) An aiolotropic solid having (what no natural crystal has, 
but what a drawn wire has) perfect isotropy of physical qualities 
relative to all lines perpendicular to a certain axis of its substance 
has three principal moduluses, — two determinable from its different 
compressibilities along and perpendicular to the axis, or from one 
compressibility and the “ Young’s modulus ” (§ 42 below) of an 

* Mathematical Theory, below,, chap. r. t Ibid. 
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axial bar of the substance, or determinable from two compressi- 
bilities; and one rigidity determinable by measurement of the 
torsional rigidity of a round axial bar of the substance. 

(4) A crystal of Iceland spar has four principal mod uluses, 
three like those of case (3), and another rigidity depending on 
(want of complete circular symmetry, and) possession of triple 
symmetry of form, involving sextuple elastic symmetry, round 
the crystalline axis. 

(5) A crystal of the rectangular parallelepiped (or “ tesseral”) 
class has six distinct principal moduluses which, when the direc- 
tions of the principal axes are known, are determinable by six 
single observations, — three, of the three (generally unequal) com- 
pressibilities along the three axes; and three, of the three rigidities 
(no doubt generally unequal) relatively to the three simple distor- 
tions of the parallelepiped, in any one of which one pair of 
parallel rectangular faces of the parallelepiped become oblique 
parallelograms. 

(6) An molotropic solid generally has six principal moduluses*, 
which, when a piece of the solid is presented without information, 
and without any sure indication from its appearance of any parti- 
cular axis or axes of symmetry of any kind, require just twenty- 
one independent observations for the determination of the fifteen 
quantities specifying their types, and the six numerical values of 
the moduluses themselves. 

42. “ Young' 8 Modulus ,” or Modulus of Simple Longitudinal 

Stress. — Thomas Young called the modulus of elasticity of an clastic 
solid the amount of the end-pull or end-thrust required to produce 
any infinitesimal elongation or contraction of a wire, or bar, or 
column of the substance, multiplied by the ratio of its length to 
the elongation or contraction. In this definition the definite 
article is clearly misapplied. There arc, as wc have seen, two 
moduluses of elasticity for an isotropic solid, — one measuring 
elasticity of bulk, the other measuring elasticity of shape. An 
interesting and instructive illustration of the confusion of ideas so 
often rising in physical scienco from faulty logic is to be found in 
“ An Account of an Experiment on the Elasticity of Ice : By 
Benjamin Bevan, Esq., in a letter to Dr Thomas Young, Foreign 
Sec. R. S.” and in Young’s “ Note ” upon it, both published in the 
* Mathematical Theory, qhap. xvi. 
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Transactions of the Royal Society for 1826. Bcvan gives an inte- 
resting account of a well-designed and well-executed experiment 
on the flexure of a bar, 3 97 inches thick, 10 inches broad, and 100 
inches long, of ice on a pond near Leighton Buzzard (the bar 
remaining attached by one end to the rest of the ice, but being cut 
free by a saw along its sides and across its other end), by which he 
obtained a fairly accurate determination of “ the modulus of ice* 
(his result was 21,000,000 ft.);” and says that he repeated the ex- 
periment in various ways on ice bars of various dimensions, some 
remaining attached by one end, others completely detached, and 
found results agreeing with the first as nearly “ as the admeasure- 
ment of the thickness could be ascertained.” He then proceeds 
to compare “ the modulus of ice ” which he had thus found with 
“ the modulus of water,” which he quotes from Young’s Lectures 
as deduced from Canton’s experiments on the compressibility of 
water. Young in his .“Note” does not point out that the two 
moduluscs were essentially different, and that the modulus of 
his definition , the modulus determinable from the flexure of a 
bar, is essentially zero for every fluid. Wo now call “Young’s 
modulus” the particular modulus of elasticity defined as above 
by Young, and so avoid all confusion. 

43. Modulus of Rigidity. — The “ modulus of rigidity ” of an 
isotropic solid is the amount of tangential stress divided by the 
deformation it produces, — the former being measured in units of 
force per unit of the area to which it is applied in the manner 
indicated by the annexed diagram (fig. 3), 
and the latter by the variation of each of 
the four right angles reckoned in fraction 
of the radian. By drawing either diagonal 
of the square in the diagram we see that 
the distorting stress represented by it gives 
rise to a normal traction on every surface 
of the substance perpendicular to the 
square and parallel to one of its diagonals, 
and an equal normal pressure on every 
surface of the solid perpendicular to the 
square and parallel to the other diagonal ; and that the amount of 

* See table of Moduluses, § 77, below. 
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each of these normal forces* * * § per unit of area is equal to the 
amount per unit area of the tangential forces which the diagram 
indicates. The correspondingf geometrical proposition, also easily 
proved, is as follows : A strain compounded of a simple ex tension 
in one set of parallels, and a simple contraction of equal amount 
in any other set perpendicular to those, is the same as a simple 
shear in either of the two sots of planes cutting the two sets of 
par allels at 45°, and the numerical value of this shear or simple 
distortion is equal to double the amount of the elongation or 
contraction, each reckoned per unit of length. 

Hence we have another definition of “modulus of rigidity” 
equivalent to the preceding: — The modulus of rigidity of an 
isotropic substance is the amount of normal traction or pressure 
per unit of area, divided by tivice the amount of elongation in 
the direction of the traction or of contraction in the direction of 
the pressure, when a piece of the substance is subjected to a 
stress producing uniform distortion. 

44J. Conditions fulfilled in Elastic Isotropy . — To be elastically 
isotropic, a spherical or cubical portion of any solid, if subjected 
to uniform normal pressure (positive or negative) all round, must, 
in yielding, experience no deformation, and therefore must be 
equally compressed (or dilated) in all directions. But, further, a 
cube cut from any position in it, and acted on by tangential or 
distorting stress in planes parallel to two pairs of its sides, must 
experience simple deformation, or “shear” parallel to either 
pair of these sides, unaccompanied by condensation or dilatation §, 
and the same in amount for all the three ways in which a stress 

* The directions of these forces are called the "axes” of tho stress. The cor- 
responding directions in the corresponding strain are called tho axes of the strain. 

f Mathematical Theory, below, chap. vi. 

J This, with several of the following sections, 44 — 51, is borrowed, with bat 
slight change, from the socond edition of Thomson and Toit’s Natural Philosophy 
(§§ 679-694), by permission of the authors. 

§ It must be remembered that the changes of figure and volume we are concerned 
with are so small that the principle of superposition is applicable; so tha t if 
any distorting stress produced a condensation, an opposite distorting stress would 
produce a dilatation, which is a violation of tho isotropic condition. Bnt it is 
possible that a shearing stress may produce, in a truly isotropic solid, condensa- 
tion or dilatation in proportion to the square of its value : and it is probable that 
Buoh effects may be sensible in india-rubber, or cork, or other bodies susceptible of 
great deformations or compressions with persistent elasticity. 
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may bo thus applied to any one cube, and for different cubes 
taken from any different positions in the solid. Hence the clastic 
quality of a perfectly elastic, homogeneous, isotropic solid is fully 
definod by two elements, — its resistance to distortion and its 
resistance to compression. The first has been already considered 
(§ 43). The second is measured by the amount of uniform pres- 
sure in. all directions per unit area of its surface required to 
produce a stated very small compression. The numerical measure 
of the second is the compressing pressure divided by the diminution 
of the bulk of a portion of the substance which, when uncom- 
pressed, occupies the unit volume. It is sometimes called the 
“ elasticity of bulk," .or sometimes the “ modulus of bulk-elasticity,’' 
sometimes the resistance to compression. Its reciprocal, or the 
amount of compression on unit of volume divided by the com- 
pressing pressure, or, as we may conveniently say, the compression 
per unit of volume per unit of compressing pressure, is commonly 
called the compressibility. 

45. Strain produced by a single Longitudinal Stress ( subject 
of Young’s Modulus). Any stress whatever may* be made up of 
simple longitudinal stresses. Hence, 
to find the relation between any 
stress and the strain produced by it, 
we have only to find the strain pro- 
duced by a single longitudinal stress, 
which, for an isotropic solid, wo may 
do at once thus: — A simple longi- 
tudinal stress P is equivalent to a 
uniform dilating tension $P in all 
directions, compounded with two 
distorting stresses, each equal to }P, 
and having a common axis in the 
line of the given longitudinal stress, 
and their other two axes any two 
lines at right angles to one another 
and to it. The diagram (fig. 4), drawn in a plane through one 
of these latter lines and the former, sufficiently indicates the 
synthesis, — the only forces not shown being those perpendicular to 
its plane. 

* Mathematical Theory, below, chap. vm. 

3—2 
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Hence if n denote the rigidity, and 1c the modulus of com- 
pression, or the modulus of bulk-elasticity (being the same as the 
reciprocal of the compressibility), the effect will be an equal 
dilatation in all directions, amounting, per unit of volume, to 

*r (1 >’ 

compounded with two equal distortions, cacli amounting to 

( 2 ). 

n 

and having (§ 43, footnote) their axes in the directions just stated 
for the axes of the distorting stresses. 


46. The dilatation and two shears thus determined may bo 
conveniently reduced to simple longitudinal strains by following 
the indications of § 43, thus: — 

The two shears together constitute an elongation amounting 
to IfP/n in the direction of the given force P, and equal contraction 
amounting to &P/n in all directions perpendicular to it. And the 
cubic dilatation J P/k implies a lineal dilatation, equal in all direc- 
tions, amounting to 4jP/k. On the whole, therefore, we have 


linear elongation = P in the direction 

of the applied stress, and 
linear contraction = P , in all directions 

perpendicular to the applied stress. 


J....(3). 


47. Hence " Young’s Modulus ” = , and when the ends 

OK “f- 

of a column, bar, or wire of isotropic material are acted on by 
equal and opposite forces, it experiences a lateral lineal contraction 
file 2n 

equal to longitudinal dilatation, each reckoned as 

usual per unit of lineal measure. One specimen of the fallacious 
mathematics referred to in chap. xvi. of the Mathematical Theory 
below is a celebrated conclusion of Navier’s and Poisson’s, that 
the ratio of lateral contraction to elongation by pull without trans- 
verse force is 1/4. This would require the rigidity to be 3/5 of 
the resistance to compression, for all solids ; which was first shown 
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to be falso by Stokos* from many obvious observations, proving 
enormous discrepancies from it in many well-known bodies, and 
rendering it most improbable that there is any approach to a 
constancy of ratio between rigidity and resistance to compression 
in any class of solids. Thus clear elastic jellies and india-rubber 
present familiar specimens of isotropic homogeneous solids which 
while differing very much from one another in rigidity (“stiff- 
ness”), are probably all of very nearly the same compressibility 
as water, which is about per atmosphero. Their resistance 

to compression, measured by the reciprocal of this, is obviously 
many hundred times the absolute amount of the rigidity of the 
stiffest of those substances. A column of any of them, therefore, 
when pressed together or pulled out, within its limits of elasticity, 
by balancing forces applied to its ends (or an india-rubber band 
when pulled out), experiences no sensible change of volume, 
though very sensible change of length. Hence the proportionate 
extension or contraction of any transverse diameter must be 
sensibly equal to half the longitudinal contraction or extension ; 
and such substances may be practically regarded as incompressible 
elastic solids in interpreting all the phenomena for which they 
are most remarkable. Stokes gave reasons for believing that 
metals also have in general greater resistance to compression, in 
proportion to their rigidities, than according to the fallacious 
theory, although for them the discrepancy is very much less than 
for the gelatinous bodies. This probable conclusion was soon 
experimentally demonstrated by Wcrtheim, who found the ratio 
of lateral to longitudinal change of lineal dimensions, in columns 
acted on solely by longitudinal force, to be about £ for glass and 
brass ; and by Kirchhoflf, who, by a well-devised experimental 
method, found *387 as the value of that ratio for brass, and '294 
for iron. For copper it is shown to lie between '226 and *441, 
by experiments quoted below (§§ 78, 81), measuring the torsional 
and longitudinal rigidities of copper wires. 

48. All these results indicate rigidity less in proportion to 
the compressibility than according to Navier’s and Poisson’s theory. 

* “ On the Friotion of Fluids in Motion, and the Equilibrium and Motion 
of Elastic Solids,” Tram. Camb. Phil. Soc. 9 April 1845. See also Camb. and Dub. 
Math. Joum March 1848 [or Vol. i. of “ Mathematical and Physical Papers by 
(1. G. Stokes]. • 
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And. it has been supposed by many naturalists who have seen the 
necessity of abandoning that theory as inapplicable to ordinary 
solids, that it may be regarded as the proper theory for an ideal 
perfect solid, and as indicating an amount of rigidity not quite 
reached in any real substance, but approached to in some of the 
most rigid of natural solids (as for instance, iron). But it is 
scarcely possible to hold a piece of cork in the hand without 
perceiving the fallaciousness of this last attempt to maintain a 
theory which never had any good foundation. By careful measure- 
ments on columns of cork of various forms (among them, cylin- 
drical pieces cut in the ordinary way for bottles), before and after 
compressing them longitudinally in a Bramah’s press, we have 
found that the change of lateral dimensions is insensible both 
with small longitudinal contractions and return dilatations, within 
the limits of elasticity, and with such enormous longitudinal 
contractions as to or of the original length. It is thus proved 
decisively that cork is much more rigid, while metals, glass, .and 
gelatinous bodies are all less rigid, in proportion to resistance to 
compression, than the supposed “ perfect solid ; ” and the practical 
invalidity of the theory is experimentally demonstrated. By 
obvious mechanism of jointed bars a solid may be designed which 
shall swell laterally when pulled, and shrink laterally when com- 
pressed, in one direction, and which shall be homogeneous in the 
same sense (§ 40 above) as crystals and liquids arc called homo- 
geneous. 

49. Modulus of Simple Longitudinal Strain . — In §§ 45, 4G above, 
we examined the effect of a simple longitudinal stress in producing 
elongation in its own direction, and contraction in lines per- 
pendicular to it. With stresses substituted for strains, and strains 
for stresses, we may apply the same process to investigate the 
longitudinal and lateral tractions required to produce a simple 
longitudinal strain, (that is, an elongation in one direction, with 
no change of dimensions perpendicular to it) in a rod or solid 
of any shape. 

Thus a simple longitudinal strain e, is equivalent to a cubic 
dilatation e without change of figure (or lineal dilatation 1/3. e equal 
in all directions), and two distortions consisting each of dilatation 
1/3. e in the given direction and contraction 1/3. e in each of two 
directions perpendicular to it and to one another. To produce 
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the cubic dilatation e alone requires (§ 44 above) a normal traction 
ke equal in all directions. And, to produce either of the distortions 
simply, since the measure (§ 43 above) of each is 2/3. e, requires a 
distorting stress equal to n x g e, which consists of tangential trac- 
tions each equal to this amount, positive (or drawing outwards) 
in the line of the given elongation, and negative (or pressing 
inwards) in the perpendicular direction. Thus wo have in all 

normal traction = (k + f?i)e, in the direction of the 
given strain, and 

normal traction = (k — $n)e, in every direction per- 
pendicular to the given strain 
Hence the modulus of simple longitudinal strain is k+ j«. 

50. Weight- Modulus and Length of Modulus. — Instead of 
reckoning moduluses in units of force per unit of area, it is 
sometimes convenient to express them in terms of the weight 
of unit bulk of the solid. A modulus thus reckoned, or, as it 
is called by some writers, the length of the modulus, is of course 
found by dividing the weight-modulus by the weight of the unit 
bulk. It is useful in many applications of the theory of elasticity, 
as, for instance, in this result, which is proved in the elementary 
dynamics of waves in an elastic solid or fluid (see chap. XVII. of 
the Mathematical Theory, below) : — the velocity of transmission of 
longitudinal* vibrations (as of sound) along a bar or cord, or of 
waves of simple distortion, or of simple longitudinal extension 
and contraction in a homogeneous isotropic solid, or of sound 
waves in a fluid, is equal to the velocity acquired by a body in 
falling from a height equal to half the length of the proper 

modulus'!’ for the case; — that is, the Young’s modulus 

* It is to bo understood that the vibrations in question are so much spread oat 
through the length of the body that inertia does not sensibly influence the transverse 
contractions and dilatations which (unless the substance have in this respect the 
peculiar character presented by cork, § 48 above) take place along with them. 

t In §§ 73 — 76 below wo shall see that changes of shape and bulk produced by 
the varying stresses cause changes of temperature which, in ordinary solids, render 
the velocity of transmission of longitudinal vibrations sensibly greater than that 
calculated by the rule stated in the text, if we use the static modulus as under- 
stood from the definition there given; and it will be shown how to take into 
account the thermal effect by using a definite static modulus, or kinetic modulus, 
according to the cireumstances of any case that may oocur. 
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for the first case, the modulus of rigidity (ri) for the second, the 
modulus of simple longitudinal strain (k + $») for the third, the 
modulus of compression k for the fourth. Remark that for air 
the static “ length-modulus of compression ” at constant tempera- 
ture is the same as what is often technically called the “ height 
of the homogeneous atmosphere.” 

51. In reckoning moduluscs there must be a definite under- 
standing as to the unit in terms of which the force is measured, 
which may be either the kinetic unit or the gravitation umt for a 
specified locality, that is, the weight in that locality of the unit 
of mass. Experimenters have usually stated their results in 
terms of the gravitation unit, each for his own locality, —the 
accuracy hitherto attained being scarcely in any cases sufficient 
to require corrections for the different intensities of gravity in 
the different places of observation. 

The most useful and generally convenient specification of the 
modulus of elasticity of a substance is in grammes-woight per 
square centimetre. This has only to be divided by the specific 
gravity of the substance to give the length of the modulus. 
British measures, however, being still unhappily sometimes used 
in practical and even in scientific statements, we too often meet 
with reckonings of the modulus in pounds per square inch, or per 
square foot, in tons per square inch, or of the length of the modulus 
in feet or in British statute miles. 

A reckoning sometimes used in some British treatises on 
mechanics and in practical statements is pounds per square inch. 
The modulus thus stated must be divided by the weight of .12 
cubic inches of the solid, or by the product of its specific gravity 
into ‘4335*, to find the length of the modulus in feet. 

* This decimal being the weight in pounds of 12 cubic inches of water. The one 
groat advantage of the French metrical system is that the mass of the unit volume 
(1 cubic centimetre) of water at its temperature of maximum density (8*045° C.) 
is unity (1 gramme) to a sufficient degree of approximation for almost all practical 
purposes. (Professor W. II. Miller, of Cambridge, concludes, from a very trust- 
worthy comparison of standards by Kupffer, of St Petersburg, that the weight of a 
cubic decimetre of water at temperature of maximum density is 1000*018 grammes.) 
Thus, according to this system, the density of a body and its specific gravity 
mean one and the same thing; whereas on the British no-system the density 
is expressed by a number found by multiplying the specific gravity by one number 
or another, according to the choice of a cubic inch, cubic foot, cnbic yard, or 
cubic mile, that is made for the unit of volume ; and the grain, scruple, Jun- 



XCII. PT. I.] 


ELASTICITY. 


41 


To reduce from pounds per square inch to grammes per square 
centimetre, multiply by (453‘59/6‘45) 70‘31, or divide by ‘014223. 
French engineers generally state their results in kilogrammes per 
square metre, and so bring them to more convenient numbers; 
being 1/100,000 of the inconveniently large numbers expressing 
moduluses in grammes weight per square centimetre, but it is much 
better to reckon in millions of grammes per square centimetre. 

51'. The same statements as to units, reducing factors, and 
nominal designations, are applicable to the bulk-modulus of any 
elastic solid or fluid, and to the rigidity (§ 44 above) of an iso- 
tropic body ; or, in general, to any one of the 21 moduluses in 
the expressions (Mathematical Theory below, chaps. XIII. — xvi.) 
for stresses in terms of strains, or to the reciprocal of any one of 
the 21 moduluses in the expressions (Mathematical Theory below, 
chaps, xiii. — xvi.) for strains in terms of stresses, as well as to 
the modulus defined by Young. 

51". The convenience, for residents on the Earth, of the 
length-reckoning of moduluses is illustrated by the theorems 
stated at the end of § 50 above, and others analogous to it as 
follows : — 

(1) The velocity of propagation of a wave of distortion in an 
isotropic homogeneous solid, is equal to the velocity acquired by 
a body in falling through a height equal to half the length- 
modulus of rigidity. 

(2) The velocity of the other kind of wave possible in an 
isotropic homogeneous solid, that is to say a wave analogous to 
that of sound, is equal to the velocity acquired by a body falling 
through a height equal to half the length-modulus for simple longi- 
tudinal strain (compare § 42 above) ; just as the Young’s modulus 
is reckoned for simple stress. The modulus for simple longitudinal 
strain may be found by enclosing a rod or bar of the substance 
in an infinitely rigid, perfectly smooth and frictionless tube fitting 

maker’s drachm, apothecary’s draclim, ounce Troy, ounce avoirdupois, pound Troy, 
pound avoirdupois, stone (Imperial, Ayrshire, Lanarkshire, Dumbartonshire), stone 
for hay, stone for corn, quarter (of a hundredweight), quarter (of corn), hundred- 
weight, or ton, that is chosen for unit of mass. It is a remarkable phenomenon, 
belonging rather to moral and social than to physical science^ that a people 
tending naturally to be regulated by common sense should voluntarily condemn 
themselves, as the British have so long done, to unnecessary hard labour in every 
action of common business or scientific work relating to measurement, from which 
all the other nations of Europe htwve emancipated themselves. 
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it perfectly all round, and then dealing with it as the rod with its 
sides all free is dealt with for finding the Young’s modulus. Of 
course it is understood that the ideal tube, which gives positive 
normal pressure when the two ends of the elastic rod within it 
are pressed together, must be supposed to give the negative normal 
pressure, or the normal traction, required to prevent lateral shrink- 
age, when the two onds of the wire arc pulled asunder. (Compare 
§ 47 above.) 

(3) The velocity of sound in a liquid is the velocity a hotly 
would acquire in falling through a height equal to half the length- 
modulus of compression. 

(4) The Newtonian velocity of sound (that is to say, the 
velocity which sound would have in air if the pressure in the 
course of the vibration varied simply according to Boyle’s law, 
without correction for the heat of condensation, and the cold of 
rarefaction) is equal to the velocity a body would acquire in 
falling through half the height of the homogeneous atmosphere 
for the actual temperature of the air whatever it may he. (“The 
Height of the Homogeneous Atmosphere ” is a short expression 
commonly used to designate the depth that an ideal incompressible 
liquid of the same density as air must have, to give by its weight 
the same pressure at the bottom as the actual pressure of the air 
at the supposed temperature and density.) 

(5) The velocity of a long wave* in water of uniform depth, 
supposed incompressible, is the velocity a body would acquire in 
falling through a height equal to half the depth. 

(6) The velocity of propagation of a transverse pulse in a 
stretched cord is equal to the velocity acquired by a body 
falling through a height equal to half the length of a quantity 
of cord amounting in weight to the stretching force. 

52. “Resilience” is a very useful word, introduced about 
forty years ago (when the doctrine of energy was beginning to 
become practically appreciated) by Lewis Gordon, first Professor of 
Engineering in the University of Glasgow, to denote the quantity 
of work that a spring (or elastic body) gives back, when strained 

* A " Long wave ” is a technical expression in the theory of waves in water, used 
to denote a wave of which the length is a large multiple (20 or 30 or more) of the 
depth. ' 
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to some stated limit and then allowed to return to the condition in 
which it rests when free from stress. The word “ resilience ”, used 
without spocial qualification, may be understood as meaning extreme 
resilience, or tho work given back by the spring after being strained 
to the extreme limit within which it can be strained again and 
again without breaking or taking a permanent set. In all cases 
for which Hooke’s law of simple proportionality between stress and 
strain holds, the resilience is obviously equal to tho work done by 
a constant force of half the amount of the extreme force, acting 
through a space equal to the extreme deflection. 

53. When force is reckoned in “ gravitation measure,” resili- 
ence per unit of the spring’s mass is simply tho height to which the 
spring itself, or an equal weight, could be lifted against gravity by 
an amount of w'ork equal to that given back by the spring return- 
ing from the stressed condition. 

54. Let the elastic body be a long homogeneous cylinder or 
prism with flat ends (a bar as wo may call it for brevity), and let 
the stress for which its resilience is reckoned bo positive normal 
pressures on its ends. The resilience per unit mass is equal to the 
greatest height from which the bar can fall with its length vertical, 
and impinge against a perfectly hard frictionless horizontal plane 
without suffering stress beyond its limits of elasticity. For in this 
case (as in tho case of the direct impact of two equal and similar 
bars meeting with equal and opposite velocities, discussed in 
Thomson and Tait’s Natural Philosophy, § 303), the kinetic energy 
of the translational motion preceding the impact is, during the first 
half of the collision, wholly converted into potential energy of 
clastic force, which during the second half of the collision is wholly 
reconverted into kinetic energy of translational motion in the 
reverse direction. During the whole time of tho collision the 
stopped end of the bar experiences a constant pressure, and at the 
middle of the collision the whole substance of the bar is for an 
instant at rest in the same state of compression as it would have 
permanently if in equilibrium under the influence of that pressure 
and an equal and opposite pressure on the other end. From the 
beginning to the middle of the collision the compression advances 
at a uniform rate through the bar from the stopped end to the free 
end. Every particle of tho bar which the compression has not 
reached continues moving jiniformly with the velocity of the whole 
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before the collision, until the compression reaches it, when it 
instantaneously comes to rest. The part of the bar which at any 
instant is all that is compressed, remains at rest till the cor- 
responding instant in the second half of the collision. 

55. From our preceding view of a bar impinging against an ideal 
perfectly rigid frictionlcss plane, we sec at once all that takes place in 
the real case of any rigorously direct longitudinal collision between 
two equal and similar elastic bars with flat ends. Tn this case the 
whole of the kinetic energy which the bodies had before collision 
reappears as purely translational kinetic energy after collision. 
The same would be approximately true of any two bars, provided the 
times taken by a pulse of simple longitudinal stress to run through 
their lengths are equal. Thus if the two bars be of the same 
substance, or of different substances having the same value for 
Young’s modulus, the lengths must be equal, but the diameters 
may be unequal. Or if the Young’s modulus be different in the 
two bars, their lengths must (Math. Theory, below, chap. XVJi.) be 
inversely as the square roots of its values. To all such cases the 
laws of “ collision between two perfectly elastic bodies,” whether 
of equal or unequal masses, as given in elementary dynamical 
treatises, are applicable. But in every other case part of the 
translational energy which the bodies have before collision is left 
in the shape of vibrations after collision, and the translational 
energy after collision is accordingly less than before collision. The 
losses of energy observed in common elementary dynamical experi- 
ments on collision between solid globes of the same substance are 
partly due to this cause. If they were wholly due to it they 
would be independent of the substance, when two globes of the 
same substance are used. They would bear the same proportion 
to the whole energy in every case of collision between two equal 
globes, or again, in every case of collision between two globes of 
any stated proportion of diameters, provided in each case the two 
which collide are of the same substance ; but the proportion of 
translational energy converted into vibrations would not be the 
same for two equal globes as for two unequal globes. Hence when 
differences of proportionate losses of energy are found in experi- 
ments on different substances, as in Newton’s on globes of glass, 
iron, or compressed wool, this must be due to imperfect elasticity 
of the material. It is to be expected that careful experiments 
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upon hard well-polished globes striking one another with such 
gentle forces as not to produce even at the point of contact any 
stress approaching to the limit of elasticity, will be found to give 
results in which the observed loss of translational energy can be 
almost wholly accounted for by vibrations remaining in the globes 
after collision. 

56. Examples of Resilience . — Example 1. Longitudinal re- 
silience of a wire , rod, or column subjected to end-pull or thrust, 
and free all round its sides. Let M be the Young’s modulus, in 
units of force per unit of cross-sectional area, and let e be the ex- 
treme elastic elongation or shortening : so that if l be the length, 
and A the cross-sectional area, the force required to produce this 
change of length is equal to MAe, and the actual elongation or 
shortening is el. Hence (§ 52 above) the resilience is equal to 
^e*MAl: and therefore the resilience per unit of volume is equal 
to 

Example 2. The resilience per unit bulk of a homogeneous 
simple shear in an isotropic solid, is similarly found to be JnS*; 
where n is the rigidity modulus (§ 43 above) and 8 is the extreme 
clastic shear. 

Example 3. Torsional resilience of a round tube, or round 
solid rod, or wire. The torsional rigidity (§ 64 below) is (§ 65 
below) equal to 

£tt (r 9 - O (r a + r'*)n; 

where r and r' are the radii of the outer and inner cylindrical 
boundaries. Hence the angle turned through by one end of the 
tube with a couple G, applied to it, while the other end is held 
fixed is equal to 

Ql/h w (r* — r'*) (r* + r 1 *) n, 

and r/l of this is the shear in the matter contiguous with the 
outer boundary of the tube. Hence if, as before, 8 denote the 
elastic permanent shear, we have 

G = \icnr x (r* - r n ) (r* + r' 9 ) 8. 

The work done in producing the supposed amount of twist from 
zero being ^ Glr~ l 8, is therefore equal to 

±irlr* (r* — r' 9 ) (r* + r 9 ) n8*, 

which is therefore the whole resilience of the supposed piece of 
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matter. The volume of the piece of matter is i rl (? -S — r'*) and 
therefore the resilience per unit of volume is 

i«(r a + r' a )8 a /V*. 

Example 3'. For the case of an infinitely thin tube — (r — r) 
infinitely small — the preceding expression for the resilience per 
unit volume becomes ^»8 a ; which agrees with the case of Exam- 
ple 2, as it clearly ought to do. 

Example 3". For the case of a round solid rod or wire, the 
expression becomes £nS a ; which is just half the resilience per unit 
volume of a body strained throughout to the amount 8 of simple 
shear. 

Example 4. Comparing Examples (1) and (3") we sec that 
the torsional resilience of a round solid rod or wire is 
£n8 a /ilfe 2 , of its longitudinal resilience. 

By §§ 47 and 48 above, we see that for india-rubber. Young’s 
modulus is approximately equal to 3a; while for cork, it is ap- 
proximately equal to 2n. For all other natural solids it is 
probably between these limits, and for solids fulfilling Navier’s 
and Poisson’s conclusions, referred to in § 47 above. Young’s 
modulus is equal to two-and-a-half times the modulus of rigidity. 
Taking then as a rough average M/ii = 2$, we find } t 8*/e 3 for the 
ratio of the torsional to the longitudinal resilience of a round 
solid rod or wire. This is a very important conclusion with refer- 
ence to the theory of Coulomb’s torsion balance and the theory of 
spiral springs, §§ 67 — 72 below. 

Comparing this with Experimental Examplo (1) below, accord- 
ing to Example (3") above, we see that the extreme shear in the 
surface parts of the wire, when it is twisted as far as it can be 
without giving it any permanent set, is only x 1'3)/179, or 
about j; of the elongation produced in the same wire when pulled 
with the greatest force which can be applied to it without pro- 
ducing any permanent elongation. 

Eooperimental Example (1). — In respect to simple longitudinal 
pull, the extreme resilience of steel piano-forte wire of the gauge 
and quality referred to in § 22 above (calculated by multiplying 
the breaking weight into half the elongation produced by it 
according to the experimental data of § 22) is 6102 metro- 
grammes (gravitation measure) per tqn metres of the wire. Or, 
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whatever the length of tho ■wire, its resilience is equal to the 
work required to lift its weight through 180 metres. 

Experimental Example 2. — The torsional resilience of the same 
wire, twisted in either direction as far as it can be without giving 
it any notable permanent set, I have found by experiment to bo 
equal to the work required to lift its weight through 1*3 metres. 

Experimental Example 3. — The extreme longitudinal resilience 
of a vulcanized india-rubber band weighing 12 - 3 grammes I have 
found to be equal to the work required to lift its weight through 
1200 metres. The result was obtained by stretching tho india- 
rubber band by gradations of weights up to the breaking weight, 
representing the results by aid of a curve, and measuring its area 
to find tho integral work given back by the spring after being 
stretched by a weight just short of the breaking weight. 

The figures given in Table I. below show, conveniently for 
comparison, the longitudinal and tho torsional resiliences and the 
rigidities and the Young’s moduluscs of several different sub- 
stances, india-rubber and metals, and of different specimens of the 
same metal; obtained from the recorded results of experiments 
which have been made at various times in the Physical Laboratory 
of Glasgow University. The torsional resiliences are calculated 
from observations of the stretching, within the limits of elasticity, 
of spiral springs formed from the substance to be tested. They 
show, as is to be expected, very great differences for tho same 
metal ; due of course to differences of temper. 

Table I. Resiliences and Moduluses. 



Torsional 

Longitudi- 
nal Re- 

lligidity- 
modulus in 

Young's modulus in 

Substance. 

resilience 
in cms. 

silience in 

Ciil8. 

grammes weight 
per square cm. 

grammes weight 
per square cm. 

India-rubber band ... 


120000 



Piano-forte steel wire 

130 to 1203 

17620 

834 x 10* 

2049 xlO* 

Platinoid 

271 to 1580 

1693 

476 x 10* 

1222 x 10* 

German silver 

168 

514 

567 x 10* 

1082x10* 

Brass 

860 to 040 

728 

350 x 10* 

1001 x 10* 

Delta metal 

750 to 1250 

2708 

332 to 363 x 10" 

715 to 1016 x 10* 

Phosphor bronze 


4904 


477 x 10* 


3545 


’678x10* 



1842 


951 x 10* 

Silicium 


3166 


626x10* 

Manganese 


2998 


622x10* 
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57. Flexure of a Beam or Rod . — In the problem of simple 
flexure a bar or uniform rod or wire, straight when free from 
stress, is kept in a circular form by equal opposing couples properly 
applied to its ends. The parts of the ba,r on the convex side of the 
circle must obviously be stretched longitudinally, and those on the 
concave side contracted longitudinally, by the flexure. It is not 
obvious, however, what are the conditions affecting the lateral slirink- 
ings and swellings of ideal filaments into which we may imagine 
the bar divided lengthwise. Earlier writers had assumed without 
proof that each filament, bent as it is in its actual position in the 



Fig. 5. 

bar, is elongated or contracted by the same amount as it would be 
if it were detached, and subjected to the same end pull or end 
compression with its sides quite free to shrink or expand, but they 
had taken no account of the lateral shrinking or swelling which 
the filament must really experience in the bent bar. The subject 
first received satisfactory mathematical investigation from St 
Venant*. He proved that the old supposition is substantially 
correct, with the important practical exception of the flat spring 

* Mimoires deg Savants Ktrangers , 1855, “De la Torsion des Prismes, avee des 
considerations but leur Flexion, <fcc.” . 
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referred to in § 59 below. His theory shows that, in fact, if we 
imagine the whole rod divided parallel to its length into infinitesi- 
mal filaments, each of these shrinks or swells laterally with sensibly 
the same freedom as if it were separated from the rest of the 
substance and subjected to end pull or end compression, lengthen- 
ing or shortening it in a straight line to the same extent as it is 
really lengthened or shortened in the circular arc which it becomes 
in the bent rod. He illustrates the distortion of the cross section 
by which these changes of lateral dimensions aro necessarily 
accompanied in the annexed diagram (fig. 5), in which either the 
whole normal section of a rectangular beam, or a rectangular 
area in the normal section of a beam of any figure, is represented 
in its strained and unstrained figures, with the central point O 
common to the two. The flexure is in planes perpendicular 
to YO T’j, and is concave upwards (or towards X), — G, the 
centre of curvature, being in the direction indicated, but too far 
away to be included in the diagram. The straight sides AG, BD, 
and all straight lines, parallel to them, of the unstrained rect- 
angular area, become concentric arcs of circles concave in the 
opposite direction, their centre of curvature II being (§§ 47, 48 
above) for rods of india-rubber or gelatinous substance, or of glass 
or metal, from 2 to 4 times as far from 0 on one side as G is 
on the other. Thus the originally plane sides AG, BD of a 

rectangular bar become anticlastic* surfaces, of curvatures ^ and 

—— , in the two principal sections, if <r denote the ratio of lateral 

shrinking to longitudinal extension. A flat rectangular, or a 
square, rod of india-rubber [for which <r amounts (§ 47 above) to 
very nearly and which is susceptible of very great amounts of 
strain without utter loss of corresponding elastic action] exhibits 
this phenomenon remarkably well. 

58. Limits to the tending of Bods or Beams of hard solid 
substance . — For hard solids, such as metals stones glasses woods 
ivory vulcanite papier-machd, elongations and contractions to be 
within the limits of elasticity must generally (§ 23 above) be less 
than -j^. Hence the breadth or thickness of the bar in the plane 

* See Thomson and Tail’s Natural Philosophy, second edition, Yol. i. Part i. 

$ 128 . 


T. III. 


4 



50 


ELASTICITY AND HEAT. 


(XCII. PT. I. 


of curvature must generally be less than ^ of the radius of 
curvature in order that the bending may not break it, or give it a 
permanent bend, or strain it beyond its “ limits of elasticity.” 

59. Exceptional case of Thin fiat Spring, too much hent to fulfil 
conditions of § 57. — St Venant’s theory shows that a farther 
condition must be fulfilled if the ideal filaments are to have the 
freedom to shrink or expand as explained in § 57 above. For 
unless the breadth AG of the bar (or diameter perpendicular to the 
plane of flexure) be very small in comparison with the mean 
proportional between the radius OH and the thickness AB, the 
distances from Y, Y t to the comers A', G, would fall short of the 
half thickness, OE, and the distances to B\ U , would exceed it, by 
differences comparable with its own amount. This would give rise 
to sensibly less and greater shortenings and stretchings in the 
filaments towards the comers than those supposed in the ordinary 
calculation of flexural rigidity (§ 61 below), and so vitiate the 
result. Unhappily, mathematicians have not hitherto succeeded 
in solving, possibly not even tried to solve, the beautiful problem 
thus presented by the flexure of a broad very thin band (such as a 
watch spring) into a circle of radius comparable with a third pro- 
portional to its thickness and its breadth. 

60. But, provided the radius of curvature of the flexure is not 
only a large multiple of the greatest diameter, but also of a third 
proportional to the diameters in and perpendicular to the plane of 
flexure; then, however great may be the ratio of the greatest 
diameter to the least, the preceding solution is applicable ; and it 
is remarkable that the necessary distortion of the normal section 
(illustrated in the diagram of § 57 above) does not sensibly impede 
the free lateral contractions and expansions in the filaments, even 
in the case of a broad thin lamina (whether of precisely rectangular 
section, or of unequal thicknesses in different parts). 

61. Flexural Rigidities of a Rod or Beam. — The couple re- 
quired to give unit curvature in any plane to a rod or beam is 
called its flexural rigidity for curvature in that plane. When the 
beam is of circular cross section and of isotropic material, the 
flexural rigidity is clearly the same, whatever be the plane of 
flexure through the axis, a.nd the plane of the bending couple 
coincides with the plane of flexure. It might be expected that 
a round bar of aeolotropic matorial, such as a wooden rod with the 
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annual woody layers sensibly plane and parallel to a plane through 
its axis, would show different flexural rigidities in different 
planes, — in the case of wood, for example, different according as the 
flexure is in a plane parallel or perpendicular to the annual layers. 
This is not so, however; on -the contrary, it is easy to show, by an 
extension of St Venant’s theory, that in the case of the wooden rod 
the flexural rigidity is equal in all planes through the axis, and 
that the plane of flexure always agrees with the plane of the 
bending couple; and to prove generally that the flexure of a 
bar of ajolotropic substance, composed it may be of longitudinal 
filaments of heterogeneous materials, is precisely the same as if it 
were isotropic ; and that its flexural rigidities are calculated by the 
same rule from its Young’s modulus, provided that the aeolotropy is 
not such as (§ 81 below) to give rise to alteration of the angle 
between the length and any diameter perpendicular to the length 
when weight is hung on the rod, or on any longitudinal filament 
cut from it. Excluding then all cases in which there is any such 
oblique ajolotropy, we have a very simple theory for the flexure of 
bars of any substance, whether isotropic or ueolo tropic, and whether 
homogeneous or not homogeneous through the cross section. 

62. Principal Flexural Rigidities and Principal Planes of 
Flexure of a Beam . — The flexural rigidity of a rod is generally not 
equal in different directions, and the plane of flexure does not 
generally coincide with the plane of the bending couple. Thus a 
flat ruler is much more easily bent in a plane perpendicular to its 
breadth than in the plane of its breadth ; and if we apply opposing 
couples to its two ends in any plane through its axis not either 
perpendicular or parallel to its breadth, it is obvious that the plane 
in which the flexure takes place will be more inclined to the plane 
of the breadth than to the plane of the bending couple. Very 
elementary statical theory, founded on St Venant’s conclusions of 
§ 57 above, shows that, whatever the shape and the distribution of 
matter in the cross section of the bar, there are two planes at right 
angles to one another, such that if the bar be bent in either of 
these planes the bending couple will coincide with the plane of 
flexure. These planes are called principal planes of flexure, and 
the rigidities of the bar for flexure in these planes are called its 
principal flexural rigidities. When the principal flexural rigidities 
are known, the flexure of the bar in any plane oblique to the 

4—2 
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principal planes is readily found by supposing it to be bent in one 
of tbe principal planes and simultaneously in the other, and 
calculating separately the couples required to produce these two 
component flexures. The positions of the principal planes of 
flexure, the relative flexural rigidities, .and tho law of elongation 
and contraction in different parts of the cross section, are found 
according to the following simple rules : — 

(1) Imagine an infinitely thin plane disc of the same shape 
and size as the cross section, loaded with matter in simple propor- 
tion to the Young’s modulus in different parts of tho cross section. 
Let the quantity of matter per unit area on any point of the disc 
be equal to the Young’s modulus on the corresponding point of 
the rod when the material is heterogeneous : on the other hand, 
when the material is homogeneous it is more convenient to call 
the quantity of matter unity per unit area of the disc. Considering 
different axes in the plane of the disc through its centre of inertia, 
find the two principal axes of greatest and least moments of 
inertia, and find the moments of inertia round them. 

(2) In whatever plane the bar he bent, it will experience 
neither elongation nor contraction in the filament which passes 
through the centres of inertia of the cross sections found according 
to rule (1), nor in tho diameter of the cross section perpendicular 
to the plane of flexure. 

(3) Thus all the particles which experience neither elongation 
nor contraction lie in a surface cutting the plane of flexure 
perpendicularly through the centres of inertia of the cross sections. 
All the material on the outside of this cylindrical surface is 
elongated, and all on the interior is contracted, in simple proportion 
to distance from it : the amount of the elongation or contraction 
being in fact equal to distance from this neutral surface divided 
by the radius of its curvature. 

(4) Hence it is obvious that the portions of the solid on the 
two sides of any cross section must experience mutual normal 
force, pulling them from one another in the stretched part, and 
pressing them towards one another in the condensed part, and that 
the amount of this negative or positive normal pressure per unit 
of area must be equal to the Young’s modulus at the place 
multiplied into the ratio of its distance from the neutral line of 
the cross section to the radius of curyature. 
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The sum of these positive and negative forces over the whole 
area of the cross section is zero in virtue of condition (2). Their 
resultant couple has its axis perpendicular to the plane of curvature 
when this lino is either of tho principal axes (3) of the cross 
section ; and its moment is clearly equal to the moment of inertia 
of the material disc (1) divided by the radius of curvature. Hence 
the principal flexural rigidities are simply equal to the principal 
moments of inertia of this disc ; and the principal flexural planes 
are the planes through its principal axes and the length of the 
bar; or taking the quantity of matter per unit area of the disc 
unity for the case of a homogeneous bar, we have the rule, that 
the principal rigidities are equal to the product of the Young’s 
modulus into the principal moments of inertia of the cross sectional 
areas, and the principal planes of flexure are the longitudinal 
planes through the principal axes of this area. 

63. Law of Torsion. — One of the most beautiful applications 
of the general equations of internal equilibrium of an elastic 
solid hitherto made, is that of M. de St Yenant to “ the torsion 
of prisms*.” In this work the mathematical methods invented by 
Fourier for the solution of problems regarding conduction of heat 
have been most ingeniously and happily applied by St Yenant to 
the problem of torsion. To reproduce St Venant’s mathematical 
investigation here would make this article too long (it occupies 
227 quarto pages of the Me'moires des Savants Etrangers) ; but a 
statement of some of tho chief results is given (§§ 65 — 72 below), 
not only on account of their strong scientific interest, but also 
because they are of great practical value in engineering ; and the 
reader is referred to Thomson and Tait’s Natural Philosophy, 
§§ 700 — 710, for the proofs and for further details regarding results, 
but much that is valuable and interesting is only to be found in 
St Yenant’s original memoir. 

64. Torsion Problem stated and Torsional Rigidity defined. 
— To one end of a long, straight prismatic rod, wire, or solid or 
hollow cylinder of any form, a given couple is applied in a plane 
perpendicular to the length, while the other end is held fast : it is 
required to And the degree of twist produced, and the distri- 
bution of strain and stress throughout the prism. The moment of 

* 

* MGmoircs des Savants Etrangers , 1855, “De la Torsion dcs Prismes, avec des 
considerations sur leur Flexion, <&c*” 
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tho couple divided by the amount of the twist per unit length is 
called the torsional rigidity of tho rod or prism. This definition 
is founded simply on the extension of Hooke’s law to torsion 
discovered experimentally by Coulomb, according to which a rod 
or wire when twisted within its limits of torsional elasticity exerts 
a reactive couple in simple proportion to the angle through which 
one end is turned relatively to the other. Tho internal conditions 
to be satisfied in the torsion problem are that the resultant action 
between the substance on the two sides of any normal section is 
a couple, in the normal plane, equal to the given couple. This 
problem has not hitherto been attacked for aeolotropic solids. Even 
such a case as that of the round wooden rod (§61 above) with 
annular layers sensibly parallel to a plane through its length, will, 
when twisted, experience a distribution of strain complicated 
much by its asolotropy. The following statements of results arc 
confined to rods of isotropic material. 

65. Torsion of Circular Cylinder . — For a solid or hollow 
circular cylinder, the solution (given first, we believe, by Coulomb) 
obviously is that each circular normal section remains unchanged 
in its own dimensions, figure, and internal arrangement (so that 
every straight line of its particles remains a straight line of 
unchanged length), but is turned round the axis of the cylinder 
through such an angle as to give a uniform rate of twist equal to 
the applied couple divided by the product of tho moment of 
inertia of the circular area (whether annular or complete to the 
centre) into the modulus of rigidity of the substance. 

For, if wo suppose the distribution of strain thus specified to 
be actually produced, by whatever application of stress is necessary, 
we have, in every part of the substance, a simple shear parallel to 
the normal section, and perpendicular to the radius through it. 
The elastic reaction against this requires, to balance it (§ 43 above), 
a simple distorting stress consisting of forces in the normal section, 
directed as the shear, and others in planes through the axis, and 
directed parallel to the axis. The amount of the shear is, for 
parts of tho substance at distance r from the axis, equal obviously 
to tt, if t be the rate of twist reckoned in radians per unit of 
length of the cylinder. Hence the amount of the tangential force 
in either set of planes is nrr per unit of area, if n be the rigidity 
of the substance. Hence there is no force between parts of the 
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substance lying on the two sides of any element of any circular 
cylinder coaxal with the bounding cylinder or cylinders; and 
consequently no force is required on the cylindrical boundary to 
maintain the supposed state of strain. And the mutual action 
between the parts of the substance on the two sides of any normal 
plane section consists of force in this plane, directed perpendicular 
to the radius through each point, and amounting to nrr per unit 
of area. The moment of this distribution of force round the axis 
of the cylinder is (if da denote an element of the area) nrffdar*, 
or the product of m into the moment of inertia of the area round 
the perpendicular to its plane through its centre, which is therefore 
equal to the moment of the couple applied at either end. 

66. Prism of any shape constrained to a Simple Twist . — 
Farther, it is easily proved that if a cylinder or prism of any 
shape be compelled to take exactly tho state of strain above 
specified (§ 65), with the line through the centres of inertia of 
the normal sections, taken instead of the axis of the cylinder, 
the mutual action between the parts of it on tho two sides of 
any normal section will be a couple of which the moment will be 
expressed by the same formula, that is, the product of the rigidity, 
into the rate of twist, into the moment of inertia of the section 
round its centre of inertia. But for any other shape of prism 
than a solid or symmetrical hollow circular cylinder, the supposed 
state of strain requires, besides the terminal opposed couples, force 
parallel to the length of the prism, distributed over the prismatic 
boundary, in proportion to the distance PE along the tangent, 

from each point of the 
surface, to the point in 
which this line is cut by 
a perpendicular to it from 
0 the centre of inertia 
of the normal section. To 
prove this let a normal 
section of the prism 
be represented in the 
annexed diagram (fig. 6). 
Let PK, representing the 
shear at any point P, 
close to the prismatic 



Fir. 6. 
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boundary, be resolved into PN and PT along the normal and 
tangent ‘respectively. The whole shear PK being equal to rr, its 
component PN is equal to Trsintu or t.PE. The corresponding 
component of the required stress is nr . PE, and involves equal 
forces in the plane of the diagram, and, in the plane through TP, 
perpendicular to it, each amounting to nr . PE per unit of area. 

An application of forco equal and opposite to the distribution 
thus found over the prismatic boundary, would of course alone 
produce in the prism, otherwise free, a state of strain which, com- 
pounded with that supposed above, would give the state of strain 
actually produced by the sole application of balancing couples to 
the two ends. The result, it is easily seen, consists of an increased 
twist, together with a warping of naturally plane normal sections, 
by infinitesimal displacements perpendicular to themselves, into 
certain surfaces of anticlastic curvature, with equal opposite 
curvatures. In bringing forward this theory, St Yenant not only 
pointed out the falsity of the supposition admitted by several 
previous writers, and used in practice fallaciously by engineers, 
that Coulomb’s law holds for other forms of prism than the solid 
or hollow circular cylinder, but he discovered fully the nature of 
the requisite correction, reduced the determination of it to a 
problem of pure mathematics, worked out the solution for a 
great variety of important and curious cases, compared the results 
with observation in a manner satisfactory and interesting to the 
naturalist, and gave conclusions of great value to the practical 
engineer. 


67. “ Ilydrokinetic Analogue to Torsion Problem *. — We 

take advantage of the identity of mathematical conditions in 
St Venant’s torsion problem, and in a hydrokinetic problem first 
solved a few years earlier by Stokes f, to give the following state- 
ment, which will be found very useful in estimating deficiencies 
in torsional rigidity below the amount calculated from the fal- 
lacious extension of Coulomb’s law — 

“ Conceive a liquid of density n completely filling a closed 
infinitely light prismatic box of the same shape within as the 


„ fr ° m Tbom80n and Tait ’ 8 Natural Philosophy, Vol. i. Part 11 . 

is 7U4, 705. 

. + “° n 8 ®” C 08808 f Motion.” Camb. Phil. Trans. 18-13 ; or [Mathematical 
and Physical Papers, by Q. O. Stokes, Vol. i.]. 



XCII. PT. I.] 


ELASTICITY. 


57 


given elastic prism and of length unity, and let a couple be 
applied to the box in a plane perpendicular to its length. The 
effective moment of inertia of the liquid* will be equal to the 
correction by which the torsional rigidity of the elastic prism, 
calculated by the false extension of Coulomb’s law, must bo 
diminished to give the true torsional rigidity.” 

“ Farther, the actual shear of the solid, in any infinitely thin 
plate of it between two normal sections, will at each point be, 
when reckoned as a differential sliding (§ 43 above), parallel to tbeir 
planes, equal to and in the same direction as tho velocity of tho 
liquid relatively to the containing box.” 

68. Solution of Torsion Problem. — To prove these propositions 
and investigate the mathematical equations of the problem, the 
process followed in Thomson and Tait’s Natural Philosophy, § 706, 
is first to show that, the conditions of § 64 above are verified by a 
state of strain compounded of (1) a simple twist round the line 
through the centres of inertia, and (2) a distortion of each normal 
section by infinitesimal displacements perpendicular to its plane ; 
then find the interior and surface equations to determine this 
warping; and lastly, calculate the actual moment of the couple 
to which the mutual action between the matter on the two sides 
of any normal section is equivalent. 

69. St Venant’s treatise abounds in beautiful and instructive 
graphical illustrations of his results, from which the following are 
selected *f*: — 

(1) Elliptic Cylinder. — The plain and dotted curvilincal arcs 
are (fig. 7) “ contour lines ” {coupes topographiques) of the section 
as warped by torsion ; that is to say, lines in which it is cut by a 
scries of parallel planes, each perpendicular to the axis. The 
arrows indicate the direction of rotation in the part of the prism 
above the plane of the diagram. 

(2) Contour lines for St Venant’s “ etoile d quatre points ar- 
rondis.” — This diagram (fig. 8) shows the contour lines, in all 

* “That is, the moment of inertia of a rigid solid which, as will be proved in 
Vol. ii., may be fixed within the box, if tho liquid be removed, to make its motions 
the same as they are with the liquid in it.” 

t A full mathematical consideration of these cases will be found in Thomson 
and Tait’s Natural Philosophy , 2nd Edition, Yol. i. Part u. § 707 (A) and (B) ; see 
also § 708. . 
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respects as in case (1), for the case of a prism having for section 

\r 



Fig. a 

the figure indicated. The portions of curve outside the continuous 
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closed curve are merely indications of mathematical extensions 
irrelevant to the physical problem. 

(3) Contour lines, shown as in case (1), of normal section of 
triangular prism, as warped by torsion (fig. 9). 



Fig. 9. 

(4) Contour lines of normal section of square prism as warped 
by torsion (fig. 10). 



(5) Diagram of St Ve riant's curvilinear squares for which the 
torsion problem is algebraically solvable . — This diagram (fig. 11) 
shows the series of lines represented by the equation 

a? + y i — a {x*— Sx'y* + y*) — 1 — a, 
with the indicated values fof a. It is remarkable that the values 
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* 05 a " d ~ J ) ff ive similar but not equal curvilinear 

r 6 ? L if ° W f and 410,111(3 ai) S Ies )> one of them turned 
through half a right angle relatively to the other. 
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(6), (7) and (8). Elliptic, square, and flat rectangular bars 
twisted (Fig. 12). These are shaded drawings, showing the ap- 
pearances presented by elliptic, square, and flat rectangular bars 
under exaggerated torsion, as may be realised with such a 
substance as India-rubber. 

70. Torsional Rigidity less in proportion to sum of principal 
Flexural Rigidities than according to false extension (§ 66 above) 
of Coulomb's Law. — Inasmuch as tl* moment of inertia of a 
plane area about an axis through its centre of inertia perpen- 
dicular to its plane, is obviously equal to the sum of its moments 
of inertia round any two axes through the same point at right 
angles to one another in its plane, the fallacious extension of 
Coulomb’s law, referred to in § 66 above, would make the torsional 
rigidity of a bar of any section, equal to the product of the ratio 
of the modulus of rigidity to the Young’s modulus, into the sum 
of its flexural rigidities (§§ 61 — 2 above) in any two planes at right 
angles to one another through its length. The true theory, as we 
have seen (§§ 67 — 8 above), always gives a torsional rigidity less than 


Rectilineal 

square. 

[fi GO (4)] 


( 2 .) 

Square with curved 
corners and hollow 
sides ; being curve, 
a = 0'4 [§ 09 (5)3. 



‘8434ft. *81 8ft. 

•8832ft. *8006. 



Squaro with acuto 
angles and hollow 
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[§68(5)1 


Star with four 
rounded points 
being a curve o! 
the ei) (hth degre 
[§ 00 (2)J. 


( 5 .) 

Equilateral 

triangle. 

[§e»(3)j 



•7783. ‘5374. -flOOOO. 

•8276. *6745. ‘72652. 


Fig. 13. Diagrams showing torsional rigidities. 


this. How great the deficiency may be expected to be in cases 
in which the figure of the section presents projecting angles, or 
considerable prominences (which may be imagined from the hydro- 
kinetic analogy given in § 67 above), has been pointed out by M. de 
St Vcnant, with the important practical application, that strengthen- 
ing ribs, or projections (see, for instance, (4) of the annexed diagrams, 
fig. 13), such as are introduced in engineering to give stiffness to 
beams, have the reverse of a good effect when torsional rigidity 
or strength is an object, although they are truly of great value 
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in increasing the flexural rigidity, and giving strength to hear 
ordinary strains, which are always more or less flexural. With 
remarkable ingenuity and mathematical skill he has drawn 
beautiful illustrations of this important practical principle from 
his algebraic and transcendental solutions. Thus, for an equi- 
lateral triangle, and for the rectilinear and three curvilinear squares 
shown in the diagrams (fig. 13), he finds for the torsional rigidities 
the values stated. The number immediately below the diagram 
indicates in each case the fraction which the true torsional rigidity 
is of the old fallacious estimate (§ 06 above), — the latter being 
the product of the rigidity of the substance into the moment of 
inertia of the cross section round an axis perpendicular to its 
plane through its centre of inertia. The second number indicates 
in each case the fraction which the torsional rigidity is of that of 
a solid circular cylinder of the same sectional area. 

71. Places of greatest Distortion in Twisted Pi'isms. — 51. de 
St Venant also calls attention to a conclusion from his solutions 
which to many may be startling, that in his simpler cases the 
places of greatest distortion are those points of the boundary 
which are nearest to the axis of the twisted prism in each case, 
and the places of least distortion those farthest from it. Thus 
in the elliptic cylinder the substance is most strained at the ends 
of the smaller principal diameter, and least at the ends of the 
greater. In the equilateral triangular and square prisms there 
are longitudinal lines of maximum strain through the middles of 
the sides. In the oblong rectangular prism there are two lines 
of greater maximum strain through the middles of the longer 
pair of sides, and two lines of less maximum strain through the 
middles of the shorter pair of sides. The strain is, as we may 
judge from the hydrokinetic analogy (§ 67 above), excessively small, 
but not evanescent, in the projecting ribs of a prism of the figure 
shown in (2) of § 69 above. It is quite evanescent infinitely near 
the angle, in the triangular and rectangular prisms, and in every 
other case, as (5) of § 69 above, in which there is a finite angle, 
whether acute or obtuse, projecting outwards. This reminds us of 
a general remark we have to make, although consideration of 
space may oblige us to leave it without formal proof. 

72. Strain at Projecting Angles, evanescent; at lie-entrant 
Angles, infinite; Liability to Cracks proceeding from lie-entrant 
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Angles, or any places of too sharp concave curvature. — A solid of 
any elastic substance, isotropic or a>olotropic, bounded by any 
surfaces presenting projecting edges or angles, or re-entrant angles 
or edges, however obtuse, cannot experience any finite stress or 
strain in the neighbourhood of a projecting angle (trihedral, poly- 
hedral, or conical); in the neighbourhood of an edge, can only 
experience simple longitudinal stress parallel to the neighbouring 
part of the edge; and generally experiences infinite stress and 
strain in the neighbourhood of a re-entrant edge or angle ; when 
influenced by any distribution of force, exclusive of surface tractions 
infinitely near the angles or edges in question. An important 
application of the last part of this statement is the practical rule, 
well known in mechanics, that every re-entering edge or angle 
ought to bo rounded, to prevent risk of rupture, in solid pieces 
designed to bear stress. An illustration of these principles is 
afforded by the concluding example of torsion in Thomson and 
Tait’s Natural Philosophy, § 707; in which we have the complete 
mathematical solution of the torsion problem for prisms of fan- 
shaped sections, such as the annexed forms (fig. 14). The solution 



(1) (2) (3) (4) (5) (6) 

Fig. 14. 


shows that when the solid is continuous from the circular cylin- 
drical surface to its axis, as in (4), (5), (0), the strain is zero or 
infinite according as the angle between the bounding planes of 
tho solid is less than or greater than two right angles as in cases 
(4) and (6) respectively. 

73. Changes of Temperature produced by Compressions or 
Dilatations of a Fluid and, by Stresses of any kind in an Elastic 
Solid. — From thermodynamic theory* it is concluded that cold is 
produced whenevor a solid is strained by opposing, and heat 
when it is strained by yielding to, any elastic force of its own, 

* On “ Thcrrao-clastio Properties of Matter,” in Quarterly Jourti il of Mathematic*, 
April 1855 (republished in Phil. May. 1877, second half year). [Art. xi.viii. Part vii.. 
Vol. I. above. 1 
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the strength of which would diminish if tho temperature were 
raised ; but that, on the contrary, heat is produced when a solid 
is strained against, and cold when it is strained by yielding to, 
any elastic force of its own, the strength of which would increase 
if the temperature were raised. When the strain is a condensa- 
tion or dilatation, uniform in all directions, a fluid may be included 
in the statement. Hence the following propositions : — 

(1) A cubical compression of any clastic fluid or solid in an 
ordinary condition causes an evolution of heat; but, on the con- 
trary, a cubical compression produces cold in any substance, solid 
or fluid, in such an abnormal state that it would contract if heated 
while kept under constant pressure. Water below its temperature 
of maximum density (3°‘0 Cent.) is a familiar instance. (See table 
of § 76 below.) 

(2) If a wire already twisted be suddenly twisted further, 
always, however, within its limits of elasticity, cold will be pro- 
duced ; and if it be allowed suddenly to untwist, heat will be 
evolved from itself (besides heat generated externally by any work 
allowed to be wasted, which it does in untwisting). It is assumed 
that the torsional rigidity of the wire is diminished by an elevation 
of temperature, as the writer of this article had found it to be 
for copper, iron, platinum, and other metals (compare § 78 below). 

(3) A spiral spring suddenly drawn out will become lower in 
temperature, and will rise in temperature when suddenly allowed 
to draw in. [This result has been experimentally verified by Joule 
(“Thermodynamic Properties of Solids,” Trans. Roy. Soc., 1858 
and “ Scientific Papers,” Vol. I. pp. 413 — 473) and the amount of 
the effect found to agree with that calculated, according to the 
preceding thermodynamic theory, from the amount of tho weaken- 
ing of the spring which he found by experiment.] 

(4) A bar or rod or wire of any substance with or without a 
weight hung on it, or experiencing any degree of end thrust, to 
begin with, becomes cooled if suddenly elongated by end pull or 
by diminution of end thrust, and warmed if suddenly shortened 
by end thrust or by diminution of end pull ; except abnormal cases 
in which with constant end pull or end thrust elevation of tem- 
perature produces shortening; in every such case pull or diminished 
thrust produces elevation of temperature, thrust or diminished pull 
lowering of temperature. 



XCII. PT. L] 


ELASTICITY. 


65 


(5) An indift-rubbor band suddenly drawn out (within its 
limits of elasticity) becomes warmer; and when allowed to con- 
tract, it becomes colder. Any one may easily verify this curious 
property by placing an india-rubber band in slight contact with 
the edges of the lips, then suddenly extending it — it becomes 
very perceptibly warmer: hold it for sometime stretched nearly 
to breaking, and then suddenly allow it to shrink — it becomes 
quite startlingly colder, the cooling effect being sensible not merely 
to the lips but to the fingers holding the band. The first published 
statement of this curious observation is due to Gough ( Memoirs of 
the Literary and Philosophical Society of Manchester, 2nd series, 
vol. I. p. 288), quoted by Joule in his paper on “ Thermodynamic 
Properties of Solids ” {Trans. Hoy. Soc., 1858 and “ Scientific 
Papers,” vol. I. pp. 413 — 473). The thermodynamic conclusion from 
it is that an india-rubber band, stretched by a constant weight of 
sufficient amount hung on it, must, when heated, pull up the 
weight, and, when cooled, allow the weight to descend : this 
Gough, independently of thermodynamic theory, had found to 
be actually the case. The experiment any one can make with 
the greatest ease, by hanging a few pounds weight on a common 
india-rubber band, and taking a red-hot coal in a pair of tongs, 
or a red-hot poker, and moving it up and down close to the 
band. The way in which the weight rises when the red-hot 
body is near, and falls when it is removed, is quite startling. 
Joule experimented on the amount of shrinking per degree of 
temperature, with different weights hung on a band of vulcanized 
india-rubber, and found that they agreed closely with the amounts 
calculated by thermo-dynamic theory* from the heating effects of 
pull, and cooling effects of ceasing to pull, which he had observed 
in the same piece of india-rubber. 

74. The thermodynamic theory gives one formula^’ by which 
the change of temperature in every such case may be calculated 
when the other physical properties are known: — 

* On “ Thormo-clastic Properties of Matter, ” in Quarterly Journal of Mathematics, 
April 1855 (republished in Phil . Mag . Jan. 1878), [Art. xlviii. Part vii. Vol. I. 
abovo.]. 

t “Dynamical Theory of Heat” [Art. xlviii. Vol. 1. above] (§ 49), Trans. B.S.E . , 
March 1851, “ Thermo-elastic Properties of Matter,” [Art. xlviii. Part vii. Vol. 1. 
above], and “ On the Alteration of Temperatures accompanying changes of Pressure 
in Fluids,” Proc. 12. S. 9 Juno 1857 ; Phil . Mag. June Suppl. 1858 [Appendix to 
Part II. of present Article]. , 


T. III. 


5 
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• 6 = 


tep 
JKp * 


where 6 denotes the elevation of temperature produced by the 
sudden aj>plication of a stress p\ 

t, the temperature of the substance on the absolute thermo- 
dynamic scale*, the change of temperature 6 being supposed 
to be but a very small fraction of t; 

e, the geometrical effect (expansion or other strain) pro- 
duced by an elevation of temperature of one degree when 
the body is kept under constant stress ; 

K, the specific heat of the substance per unit mass under 
constant stress ; 

p, the density ; 

and J, Joule’s equivalent (taken as 42400 centimetres). 

In using the formula for a fluid, p must be normal pressure 
equal in all directions. For a solid it may be normal pressure on 
a set of parallel planes, or tangential traction on one or other of 
the two sets of mutually perpendicular parallel planes which (§ 43 
above) experience tangential traction when the body is subjected 
to a simple distorting stress; or, quite generally, p may be the 
proper numerical reckoning (Mathematical Theory, chap. x. below) 
of any stress, simple or compound. When p is pressure uniform in 
all directions, e must be expansion of bulk, whether the body 
expands equally in all directions or not. When p is pressure 
perpendicular to a set of parallel planes, e must be expansion in 
the direction opposed to this pressure, irrespectively of any change 
of shape not altering the distance between the two planes of the 
solid perpendicular to the direction of p. When p is a simple 
tangential stress, reckoned as in § 43 above, e must be the change, 
reckoned in fraction of the radian, of the angle, infinitely nearly 
a right angle, between the two sets of parallel planes in either of 
which there is the tangential traction denoted by p. In each of 
these cases p is reckoned simply in units of force per unit of area. 
Quite generally p may be any stress, simple or compound, and 

* “ Dynamical Theory of Heat ” [Art. xlviii. Yol. I. above], Part vi. §§ 97, 100, 
Tram. Jt. S. E. t May 1864. According to the Beale there defined on thermo* 
dynamic principles, independently of the properties of any particular substance, t 
is found, by Joule and 'Thomson’s experiments, to agree very approximately with 
temperature centigrade, with 274“ added. 



XCII. PT. I.] ELASTICITY. 67 

e must bo the component (Math. Th., chaps, vm. and ix. below) 
relatively to the type of p, of the strain produced by an elevation 
of temperature of one degree when the body is kept under con- 
stant stress. The constant stress for which K and e are reckoned 
ought to be the mean of the stresses which the body experiences 
with and without p. Mathematically speaking, p is to be infini- 
tesimal, but practically it may bo of any magnitude moderate 
enough not to give any sensible difference in the value of cither 
K or e, whether the “ constant stress ” be with p or without p, or 
with the mean of the two ; thus for air p must bo a small fraction 
of the whole pressure, for instance a small fraction of one atmo- 
sphere for air at ordinary pressuro ; for water or watery solutions 
of salts or other solids, for mercury, for oil, and for other known 
liquids p may, for all we know, amount to twenty atmospheres or 
one hundred atmospheres without transgressing the limits for 
which the preceding formula is applicable. When the law of 
variation of K and e with pressure is known, the differential 
formula is readily integrated to give the integral amount of the 
change of temperature produced by greater stresses than those 
for which the differential formula is applicable. For air and other 
permanent gases Boyle’s law of compression, and Charles’s law of 
thermal expansion, supply the requisite data with considerable 
accuracy up to twenty or thirty atmospheres. The result is 
expressed by the following formulas, showing the relations between 
temperature," pressure and volume when a gas experiences con- 
densation or dilatation; without gain or loss of heat across the 
walls of the containing vessel : — 



- = (- 
t VI 

r\*-i 

v) 

(1), 


p { 

V\ k 

(2), 


i i_ (] 

r) 

and therefore 

L.fi 
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D'\ k Z±. 

*■) * 

(3); 


where k denotes the ratio of the thermal capacity, pressure con- 
stant, to the thermal capacity, volume constant, of the gas, 
a number which thermodynamic theory proves to be approxi- 
mately constant for all temperatures and densities, for any 
fluid approximately fulfilling Boyle’s and Charles’s laws ; 

5—2 
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P, V, and t the initial pressure, volume, and temperature 
of the gas; 

P\ V, and t' the altered pressure, volume, and temperature 
of the gas. 

For the case of V'— V a small fraction of V the formula gives 
= (4). 

It is by an integration of this formula that (1) is obtained. 

For common air the value of k is very approximately 1‘41. 
Thus if a quantity of air be given at 15° C. (t = 289°) and the 
ordinary atmospheric pressure, and if it be compi’essed gradually to 
of its initial volume, or dilated to 32 times its initial volume, 
and perfectly guarded against gain or loss of heat from or to 
without, its temperature in several different cases, chosen for 
example, will be according to the following table of differences of 
temperature above the primitive temperature, calculated by (1). 

Table II. Effects of Pressure on Temperature. 

Air given at temperature 15° Cent. (289° absolute). 


Value 

P 

> 

of 

V 

V 

Elevation of temperature 
produced by com- 
pression. 

Value 

1 * 

P 

of 

1 V 

V 

Lowering of temperature 
produced by dilatation. 

2-66 

2 

95° 

•37G3 


71° 

7-07 

4 

221 

•1416 

i 

125 

18-77 

8 

389 

•0533 

a 

1GG 

49-87 

1G 

G12 

•0200 

A 

19G 

132-50 

32 

911 

■0075 

aV 

219 


But we have no knowledge of the effect of pressures of several 
thousand atmospheres in altering the expansibility or specific 
heat in liquids, or in fluids which at less heavy or at ordinary 
pressures are “ gases.” 

75. When change of temperature, whether in a solid or a 
fluid is produced by the application of a stress, the corresponding 
modulus of elasticity will bo greater in virtue of the change of 
temperature than what may be called the static modulus defined 
as above, on the understanding that the temperature if changed 
by the stress is brought back to its primitive degree before the 
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measurement of the strain is performed. The modulus calculated 
on the supposition that the body, neither losing nor gaining heat 
during the application of the stress and the measurement of its 
effect, retains the whole change of temperature due to the stress, 
will be called for want of a better name the kinetic modulus, 
because it is this which must (as in Laplace’s celebrated cor- 
rection of Newton’s calculation of the velocity of sound) be used 
in reckoning the elastic forces concerned in waves and vibrations 
in almost all practical cases. To find the ratio of the kinetic to the 
static modulus rernai’k that ed, according to the notation of § 74 
above, is the diminution of the strain due to the change of tem- 
perature]#. Hence if M denote the static modulus (§ 41 above), the 
strain actually produced by it when the body is not allowed either 

to gain or lose heat is — ed, or, with 6 replaced by its value 

according to the formula of § 74, 


P _ 

M e JKp‘ 

Dividing p by this expression wc find for the kinetic modulus 


M' 


Hence 


M' 

M 


JL te* 

M JKp 

1 

’ feW 
JKp 


76. For any substance, fluid or solid, it is easily proved with- 
out thermodynamic theory, that 


M' __K 
M 


where K denotes the thermal capacity of a stated quantity of the 
substance under constant stress, and N its thermal capacity under 
constant strain (or thermal capacity when the body is prevented 
from change of shape or change of volume). For permanent 
gases, and generally for fluids approximately fulfilling Boyle’s and 
Charles’s laws as said above, k is proved by thermodynamic theory 
to be approximately constant. Its value for all gases for which 
it has been measured differs largely from unity, and probably also 
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for liquids generally (except water near its temperature of maxi- 
mum density). 

On the other hand, for solids whether the stress considered be 
uniform compression in all directions, or of any other type, the 

value of* or* differs but very little from unity; and both for 


solids and liquids it is far from constant at different temperatures 
(in the case of water it is zero at 3°*9 Cent., and varies as the square 
of the difference of the temperature from 3° 9 C., at all events 
for moderate differences from this critical temperature, whether 
above or below it). The following tables (III. and IV.) show the 
M* K 

value of or and the value of 6 by the formula of § 74 above. 


for different fluid and solid substances at the temperature 15° Cent. 
(289° absolute scale). The first table (A) is for compression uni- 
form in all directions ; the second (B), necessarily confined to solids, 
is for the stress dealt with in “ Young’s Modulus,” that is, normal 
pressure (positive or negative) on one set of parallel planes, with 
perfect freedom to expand or contract in all directions in these 
planes. A wire or rod pulled longitudinally is a practical appli- 
cation of the latter. 


Table III. Thermodynamic Table A. 

Pressure equal in all directions — Ratio of Kinetic to Static Hulk- Modulus. Tem- 
perature 15° C. (289° absolute) J= 42400 centimetres . 


Substance. 

i 

Density. 

111* 

m 

Expan- 

sibility 

— e. 

Elevation 
of Tempera- 
ture pro- 
duced by a 
pressure 
of one 
gramme 
per square 
centimetre 
te 

~JKp' 

Static 
Bulk- 
Modulus 
in grammes 
per square 
centimetre 

JJ *1^5 

Air 

Distilled 

-001225 

•2375 

I -00846 


1033 

1-408 

water 

1-000 

1-000 

■00016 

•0000011 

22-63 x 10® 


Alcohol 

•795 

•6148 

•00106 

•0000148 

11*4 x 10® 

1-217 

Ether 

•7005 

•5157 

• 0013 ,'; 

•0000292 

8-07 x 10® 

1-577 

Mercury 

13-56 

•0330 

•00018 

•00000274 

552-5 x 10® 


Glass, flint . 

2-942 

•1770 

•000026 

•000000340 

423 x 10® 

1-004 

Brass, drawn 

8-471 

•09391 

•0000545 

•000000466 

1063 x 10® 

1-028 

Iron 

7-677 

•1098 

•0000305 

•000000319 

1485 x 10® 


Copper 

8-843 

-0949 

•0000545 

•000000443 

1717x10® 

1043 
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Table IV. Thermodynamic Table B. 

Pressure parallel to one direction in a solid — Patio of Kinetic to Static Young’s 
Modulus. Temperature 15° C. (289° absolute). 


Substance 1 . 

i 

Density 

=p. 

Thermal 
Capacity 
per unit 
mass =K. 

Expan- 

sibility 

=e. 

Lowering 
of Tempera- 
ture pro- 
duced by a 
pull 
of one 
gramme 
per square 
centimetre 
te 

“ JKp * 

Static 
Young's 
Modulus 
in grammes 
per square 
centimetre 
=M. 

Deduced 
value of 

M' N 

M or A' 

V 1 JKft ' 

Zinc 

7*008 

•0927 

! 

0000249 

•000000308 

873 x 10* 

1 0080 

Tin 

7-404 

-.0514 

•000022 

•000000391 

417 x 10« 

1-00362 

Silver 

10-309 

•0557 

•000019 

•000000224 

738 x lO 6 

1-00315 

Copper 

8-988 

•0949 

•000018 

•000000145 

1245x10* 

1-00325 

Lead 

11-215 

•0293 

•000029 

•000000002 

177 x 10* 

100310 

Glass 

2-912 

■177 

•0000080 

•000000113 

814 x 10* 

1-000600 

Iron 

7-553 

•1098 

•000013 

•000000107 

1881 x 10* 

1 00259 

Platinum ... 

21-275 

•0314 

•000008G 

■0000000778 

1704 x 10* 

100129 


77. Experimental Results . — The following tables (v. VL and 
YH.) show determinations of moduluses of compression, of rigidity- 
moduluscs, and of Young’s modulus, by various experimenters and 
various methods. It will be seen that the Young’s moduluses 
•obtained by Wertheim by vibrations, longitudinal or transverse, are 
generally in excess of those which he found by static extension ; 
but the differences are enormously greater than those due to the 
heating and cooling effects of elongation and contraction (§ 7G), 
and are to be certainly reckoned as errors of observation. It is 
probable that his moduluses determined by static elongation are 
minutely accurate ; the discrepancies of those found by vibrations 
are probably due to imperfections of the arrangements for carrying 
out the vibrational method. 

78. A question of great importance in the physical theory 
of the elasticity of solids, “What changes are produced in the 
moduluses of elasticity by permanent changes in its mole- 
cular condition ?” has occupied the attention, no doubt, of every 
“ naturalist ” who has studied the subject, and valuable contribu- 
tions to its answer by experiment had been given by Wertheim 
and other investigators, but solely with reference to Young’s 
modulus. In 1865 an investigation of the effect on the torsional 
rigidity of wires of different metals, produced by stretching them 
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longitudinally beyond their limits of elasticity, was commenced in 
the physical laboratory of the university of Glasgow in its old 

Table V. Moduluhes of Compressibility. 


Substance. 

Moduluses of 
compressibility in 
grammes per 
squaro centimetre. 

Tempe- 

rature. 

Distilled water 

22*G3 x JO® 

15" 

Alcohol 

121 x 10 6 

0° 

SI 

11-4 x 10® 

15° 

Ether 

9-5 x 10 s 

0° 

si 

8*07 x 10® 

14" 

Bisulphide of carbon 

16-3 x 10® 

14° 

Mercury 

552*5 x 10® 

15° 

Glass 

423 x 10® 


Another specimen 

354 x 10® 


Steel 

1870 x 10® 


Iron, wrought 

1485 x 10° 


Copper 

1717 x 10« 


Brass, different specimens . . ] 

Mean 

1003 x 10® 


Tuff 

55 x 10® 


Clay rock 

90 x 10® 



Authority. 


Arnaury and 
Descamps, 
Complex lieu dux , 
tome xvii. p. 1501 
(1869). 

Everett’s Illus- 
trations of the 
Centimetre- 
Gram me - 
Second System 
of Units. 
Werthcim, Ann. 
de 67* m., 1818. 
Gray & Milne. 
Quar. Jour. Gcol. 
Soc. 1883. 


Table YI. Rigidity-Moduluses. 


Substance. 

Modulus of Rigidity 
in grammes per 
square centimetre. 

Glass, different specimens 

Mean 150x10® . 

- 

Brass, different specimens 

Mean 350 x 10® 


Glass 

243x10® 1 


Another specimen 

240x10* 


Brass, drawn 

373 x 10® 


Steel 

834 x 10* 


Iron, wrought 

785 x 10« 


Copper 

542 x 10® 



450 x 10® J 


German Silver 

496 x 10* ! 


Tuff 

1 

102x10® 

! 

Clay rock 

177 x 10® ' 

i 

Cocoon silk fibre 

13x10® 

i 


Authority. 


Wertheim, 
Anna lex de 
Ckimie , 1818. 

Everett's III. of 
the Centimetre- 
Gramme- Second 
System of Units. 

Gray, Trans. It. 

S. K. 1880. 
Gray cfc Milne. 
Quar. Jour. GeoL 

Soc. 1883. 

T. Gray. 


buildings. The following description of experiments and table (vm.) 
of results is extracted from the paper “On the Elasticity and 
Viscosity of Metals /’.already quoted (§ 30 above), with reference to 
viscosity and fatigue of elasticity. 
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“To dctcrmino rigidities by torsional vibrations, taking ad- 
vantage of an obvious but most valuable suggestion mado to me 
by Dr Joule, I used as vibrator in each case a thin cylinder of 
sheet brass, turned true outside and inside (of which the radius of 
gyration must be, to a very close degree of approximation, the 
arithmetic mean of the radii of the outer and inner cylindrical 
surfaces)*, supported by a thin flat rectangular bar, of which the 
square of the radius of gyration is one-third of the square of the 
distance from the centre to the corner. The wire to be tested 
passed perpendicularly through a hole in the middle of the bar, 
and was there firmly soldered. The cylinder was tied to the 
middle of the bar by light silk thread so as to hang with its axis 
vertical. Each wire, after having been suspended and stretched 
with just force enough to make it as nearly straight as was neces- 
sary for accuracy, was vibrated. Then it was stretched by hand 
(applied to the cross bar soldered to its lower end), and vibrated 
again, and stretched again, and so on till it broke.” The experi- 
ments were performed with great care and accuracy by Mr Donald 
M'Farlane. “The results, as shown in the accompanying table, 
(viii.) were most surprising.” 

The highest and lowest rigidities found for copper in the table 
arc as follows : 

Highest rigidity 473 x 10®, being that of a wire which had been 
softened by heating it to redness and plunging it into water, and 
which was found to bo of density 8*91. 

Lowest rigidity 393*4 x 10®, being that of a wire which had 
been rendered so brittle by heating it to redness, surrounded by 
powdered charcoal in a crucible, and letting it cool vory slowly, 
that it could scarcely be touched without breaking it, and which 
had been found to be reduced in density by this process to as low 
as 8*674. The wires used were all commercial specimens — those 
of copper being all, or nearly all, cut from hanks supplied by the 
Gutta Pcrcha Company, having been selected as of high electric 
conductivity, and of good mechanical quality, for submarine cables. 

It ought to be remarked that the change of molecular con- 
dition produced by permanently stretching a wire or solid cylinder 
of metal is certainly a change from a condition which, if origin- 

* It is exactly the square root of the mean of their squares. 
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Table VII. Moduluses 




Young's Modulus. 

Tenacity in 

Substance. 

Density. 

In 10® Grammes 

Length 

10* Grammes 
per square 



per squuro 

Modulus : in 

centimetre. 



centimetre. 

IOC cnis. 


Iron or Steel . 


About 2100 

1 About 274 


Wood 


105 to 280 

122 305 


Stone 


About 350 

About 1 52 


Slate 


910 to 1120 



Ice 



640 


Brass, cast 


645 


127 

„ wire 


1001 


343 

Bronze, or gun metal 


696 


252 

Copper, cast 




134 

„ sheet 




211 

„ bolts 




253 

„ wire 


1195 


422 

Iron, cast 


984 to 1610 


94 to 204 

, wrought, plates 




359 

, „ bars and bolts 


2010 


422 to 492 

Steel, plates 




563 

„ bars... 


2040 to 2953 


703 to 914 

Lead, sheet 


51 


23 

Tin, cast .... 




32 

Zinc 




49 to 56 

Ash 


113 


120 

Beech 


95 


81 

Birch 


116 


105 

Cedar of Lebanon 


34 


80 

Fir, red pine 


118 


91 

Spruce 


113 


87 

Fir, larch 


79 


68 

Mahogany 


88 


105 

Oak, European. 


103 


105 

Sycamore 


73 


91 

Teak, Indian 


169 


105 

Lead, cast 

11-215 

177 

16 

22 



198 

... 



... 

199 

• •• 


Tin, cast 

7-404 

417-2 

56 

41-6 


Cadmium, drawn. 

a • 

Gold, drawn 


464 

8-665 542 

609 

18-514 813 

864 


63 

44 


266 to 284 
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Length of Modulus 
of Rupture in ccnti- _ , 
metres (or Tenacity ™J TC J? IC 

in terms of Weight fchwtic 

of Unit-Hulk); Elongntioi 

In 10 4 cms. 




Method of 
Determination. 


Dr T. Young. (Probably flexure, 

» < (Young’s Works, 

„ ( vol. ii. p. 133). 

llankine’s “Rules 
and Tables.” 

Bevan. Flexure (see § 42). 

Rankine’s “Rules 
and Tables.” j 


Wertheim. 


By direct elong. 
„ trans. vibr. 

„ longitud. „ 
„ trans* ,, 

„ longitud. „ 
,, trans* ,, 

» long- » 

„ direct elong. 
„ trans. vibr. 
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Table VII. 


Substance. 


Gold, drawn .. 
Silver, drawn 


Zinc, common drawn 


Palladium . 


Copper, drawn , 


annealed. 

Platinum, wire, fine 

medium 

thick ... 


19 

99 

99 

99 

99 

99 

99 

99 

99 

99 


99 


Iron wire, common 
Steel, cast, drawn... 


Steel wire, English drawn. 

» » » 

Steel wire, common, tem- 
pered blue 

English steel, pianoforte! 
wire ) 

Copper wire ... 

German silver 

Silk fibre 

Granite 

Marble 


Tuff 

Clay rock 
Slate 



Young’s Modulus. 

Tenacity in 

Density. 



10 1 grammes 

In KH* Grammes 

Length 

per square 


per square 

Modulus: in 

centimetre. 


10 B cins. 



860 


296 

10‘369 

736 

71 


782 

. . . 

... 


758 

... 

... 

7-008 

873 

124 

158 


879 

... 

... 


955 

... 

272 

11-35 

1175 

104 


1239 

... 

410 

81)33 

1245 

139 


1251 


##t 


1254 

... 


8-936 

1052 

118 

316 


1183 

... 

•M 


1254 

... 

• • • 

21-166 

1593 

75 

350 


1618 



21 '275 

1704 




1715 



... 

1716 



21-259 

1581 




1616 



7-553 

1861 

246 

625 to 651 

7-717 

1955 


838 


1825 




1982 



■718 

1881 

244 

859 to 991 

... 

2071 

... 


> • • 

1944 

... 


7-420 

1804 

243 


7-727 

2049 : 

265 

2362 

8-9 

1150 to 1200 



8-8 

1380 

157 



72 

... 


2-63 

416 

159 

17-1 

2-70 

400 

148 

13-7 

2-28 

189 

83 

13-1 

2-68 

329 

123 

25-2 

2-74 

686 

250 

41-7 
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(Continued). 


Length of Modulus 
of Rupture in centi- 
metres (or Tenacity 
in terms of Weight 
of Unit-Hulk). 

In 10 4 ciiis. 

Extreme 

Klastic 

Elongation. 

Resilience 
per cubic 
centimetre 
in centimetre- 
grammes. 

Resilience 
per Unit 
Mass in 
centimetres. 

Authority. 

Method of 
Determination. 





Wcrtheim. 

By long. vibr. 

28 

•0041 


575 


„ direct elong. 






„ trans. vibr. 

• • • 

... 


... 

19 

» long- » 

23 

•0018 

... 

204 

99 

„ direct elong. 





99 

„ trans. vibr. 

|i# 

• ■ . 


|bb 

99 

h long. „ 

23 

•0023 


277 

99 

„ direct elong. 





99 

„ trans. vibr. 

46 

•0033 

... 

756 

99 

„ direct elong. 





99 

„ trans. vibr. 



.1! 


99 

99 long. „ 

35 

•003 

... 

531 

99 

„ direct elong. 





99 

„ trans. vibr. 

... 

... 

... 

... 

99 

» long. „ 

17 

•0022 


187 

99 

„ trails. „ 





99 

» long. „ 


• • • 

... 

999 

9) 

„ direct elong. 


|M 

... 

9 99 

99 

„ trans. „ 

... 

... 

... 

... 

99 

» long. „ 





99 

„ trans. vibr. 



...* 

|(i 

99 

» long. ,, 

85 

■0034 

... 

1450 

99 

„ direct elong. 

108 



... 

99 

99 99 t 99 

... 

... 

... 

... 

99 

„ trans. vibr. 





99 

» long. „ 

125 

•0050 

... 

25)45 

99 

„ direct elong. 




|#i 

99 

„ trans. vibr. 

l(l 

... 

... 

... 

99 

„ long. „ 

... 

... 

... 

... 

99 

„ direct dong. 

306 

*0115 

... 

17600 

D. M‘Farlane. 

99 99 99 





_ 99 

99 99 99 



... 

... 

T. Gray. 





... 

T. Gray. 



•00055 

470 

... 

T. Gray & Milne. 


... 

•00060 

411 

... 

99 



•00062 

406 

... 

99 


... 

•00054 


... 

99 


■ • • 

•00062 

1293 

... 

99 
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Table VIII. Effect of permanent longitudinal stretching 
on Torsional Rigidity. 


Substance. 

Length 
of Wire in 
centimetres 
L 

Volume in 
cubic centi- 
metres. 

V ’. 

Density. 

P- 

Moment of 
Inertia of 
Vibrator 
Wk\ 

Tiino of 
Vibration 
one way 
or (half 
period) in 
seconds. 

r. 

Rigidity in 10° 
grammes weight 
per square 
centimetre 
2ir'V : * Wlfl 
0l*V* 

Aluminium 1 .. 

60-3 

1-1845 

2-764 

31771 

1*14 

241 

Zinc 2 

301*9 

2-351 

7-105 

31896 

4*31 

359 6 

Brass 

>* 

237-7 

248-3 

... 

... 

... 

4- 76 

5- 456 

410-3 

354-8 

»» 

2(51*9 

1*703 

8-398 

• « a 

5-96 

350 1 

Copper 

2135*0 

15-30 

8-91 

38186 

16*375 

418*7 

i* 

|» 



61412 

20*77 

448-4 

Copper 3 

214*4 

1-348 

8-86-4 

31771 

5*015 

433*0 

>» 




i 61412 

6-982 

131-8 

Copper 4 

143*7 

•9096 

8-674 

1 

3-381 

393-4 

Copper 5 

283*8 



| 20612 

4*245 

142*9 


291 





4*375 

435*6 


293 




4*417 

436*2 

»» 

296-1 



ii 

4*500 

433-8 


300 0 




4-588 

134*0 


303-4 




4*040 

137*8 


309*3 



,, 

4-833 

428*6 

»f 

313*2 


... 

ii 

4*931 

427*5 

ii 

317*4 

1-962 

8*835 j 

9 9 

5*010 

425*9 

Copper® 

315-6 


... 

31771 

8*155 

442*3 

>» 

235*5 | 

... 

i 

... j 

99 

9*425 

432*2 

ii 

251*9 , 

*827 

8*872 j 

99 

10-403 

428*6 

Copper 7 

253*2 j 

1*580 

8*91 

5*285 

472*9 


262*8 | 




5*610 

464*3 


270*4 , 




5*910 

160*4 


278*7 1 




6*20 

458*5 


287*9 ; 




6*5325 

155-0 


297*5 



... 

6*8195 

4510 


308*8 




7*3075 

418*9 

Copper 8 

256-5 

1*6115 

8*90 

... 

4*2220 

463*5 


267-9 




4-5025 

453*3 

## 

280*1 




4*915 

446*2 


292-2 


... 

... 

5*240 

445*5 


301-9 




5*532 

438*2 

Soft Iron® 

316*8 | 


... 


6*655 

791*4 


322*1 


... 


6-88 

778*3 


335 1 




7*301 

779*0 


347-4 


... 

... 

7-768 

766*6 


366-0 

1-357 

7-657 

... 

8*455 

756*0 

Platinum 

39*4 

■1745 

20-805 

20612 

2*05 

622-25 

Gold 

65-S 

•1825 

19*8 

10902 

... 

281 

Silver 

75-7 

•1185 

10-21 

10967 

... 

270 


Remwrku on Table VIII. 


1 Only forty vibrations from initial arc of convenient amplitude could l>e counted. Had been stretched 
considerably before this experiment 

2 Ho viscous tliut only twenty vibrations could be counted. Uroke in stretching. 

8 A piece of the preceding stretched. 

4 The preceding made red-hot in a crucible filled with powdered charcoal and allowed to cool slowly, 
became very brittle : a part of it witli difficulty saved fur the experiment 

8 Another piece of the long (2435 ccntims.) wire; stretched by successive simple tractions. 

6 A finer gauge cupper wire ; stretched by successive tractions. 

7 A finer gauge copper wire, softened by being heated to redness and plunged in water. A length of 
260 centimetres cut from this, suspended, and elongated by successive tractions. 

8 Another piece of 260 centimetres cut from the same, and similarly treated. 

8 One piece, successively elongated by simple tractions till it broke. 
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ally isotropic, becomes asolotropic as to some quali- 
ties*, and that the changed conditions may there- 
fore be presumed to be ajolotropic as to elasticity. 

If so, the rigidities corresponding to the direct and 
diagonal distortions (indicated by No. 1 and No. 2, 
in fig. 1 5) must in all probability become different 
from one another when a wire is permanently 
stretched, instead of being equal as they must be 
when its substance is isotropic. It becomes, 
therefore, a question of extreme interest to 
find whether rigidity No. 2 is not increased by 
this process, which, as is proved by the ox- Fig. 15. 

poriments above described, diminishes, to a very remarkable 
degree, the rigidity No. 1. The most obvious experiment, 
and indeed the only practicable experiment adapted to answer 
this question, for a wire or round bar is that of Cagniard- 
Latour, in which an accurate determination of the difference pro- 
duced in the volume of the substance is made by applying and 
removing longitudinal traction within its limits of elasticity. With 
the requisite apparatus, which must be much more accurate than 
that of Cagniard-Latour, a most important and interesting in- 
vestigation might be made. The results, along with an accurate 
determination of the Young’s modulus for the particular case, give 
(§ 47 above) the modulus of compression, and the rigidity No. 2. 
Regnault suggested the use of hollow' instead of solid cylinders, to be 
subjected to longitudinal pull, and (after the manner of the bulb 
and tube of a thermometer) a capillary tube to aid in measuring 
changes of volume of the hollow; and Wcrtheim, adopting this 
excellent suggestion, obtained seemingly very accurate results for 
brass and glass, which are given in the tables (v. and VI.) of § 77 
above. 

79. The following tables (ix. and x.) show the effects of 
differences of temperature on the rigidity-modulus, and modulus 
of compressibility of various substances. 

[Note of February 19, 1886. The original paper contained 
under this paragraph, a table of results regarding the effect of 
changes of temperature on the Young’s Modulus, extracted from 

* For example, nee paper “On Electrodynamie Qualities of Metals,” Tran». Roy. 
Hoc. Feb. 1856 [Art. xoi. Vol. u. above]. 
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Wertheim’s “ Mdmoires” on Elasticity, Ann. de Chim. et Phys., 
tom. xii. (1884), page 443 ; but on looking into the matter just 
now, I see that the results must be very far wrong, and therefore 
I do not reproduce the table. 

An experiment made in the Cavendish Laboratory, by Messrs 
Maclcod and Clarke (see Phil. Trans. Vol. 171, Part I. 1880), the 
object of which was to ascertain the change in the period of a steel 
tuning fork, due to change of temperature, enables us to calculate 
the corresponding change in the Young’s Modulus. They find that 
the period augments at the rate of 110 x 10“ # per degree centigrade 
of elevation of temperature. Now the linear expansion of steel 
is 1 *2 x 10 -5 per degree, and therefore the per iod of the steel fork 
would diminish at the rate of "6 x 1 (T° per degree if there were 
no change of the Young’s Modulus. The amount of the augmen- 
tation of period due to diminution of the Young’s Modulus must 
therefore be 11’6 x 10 -B . The proportionate diminution of the 
Young’s Modulus must be twice this amount, because, for the 
same linear dimensions, the period is inversely as the square root 
of the Young’s Modulus. We conclude that the Young’s Modulus 
diminishes at the rate of 23 2 x 10 _# per degree centigrade of 
elevation of temperature. W. T.] 

Tire change in the rigidity-modulus produced by change of 
temperature was investigated by F. Kohlrauscli and Francis E. 
Loomis*. They found that it is expressed by the formula 
n = n 0 (l—at — /3f), where «„ denotes the value of the rigidity- 
modulus at 0°C., n its value at temperature t, and a, /9, co- 
efficients the values of which for iron, copper, and brass are as 
follows : — 

Table IX. — Values of Coefficients in Koiilkausch’s for- 
mula FOR CHANGE OF RlGIDITY-MODULUS DUE TO CHANGE 
of Temperature. 


Iron ... 
Copper 
Brass.. 


0*000447 0*00000012 

0*000.720 0*00000028 

0-000428 0*00000130 


* Fogg. Ann . Bd. cui. 1870, pp. 350 — 366 ; or Amer. Jour. Science, Vol. l. 
1870, pp. 481—503. 
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Table X. Effect of change of Temperature on Modulus 
of Compressibility of Water, Alcohol, and Ether*. 





Temp. 



Cent. 

; : 


— 

Authority. 


Water. 

Alcohol. 

Ether. 


0° 

20-0 

12*4 

9-5 

For water, 

1-5 

20*2 

• •• 

• • • 

Grrassi, Ann. 

4 1 

20-7 

... 

... 

dc Chim., tome 

10-8 

21-5 


... 

xxxi. (1851). 

18*4 

21-6 

. . . 

p „ . 


14 0 

• • • 

t m 

807 

For ether and 

ir>o 

... 

11*4 

... 

alcohol, 

18*0 

22-4 

... 

. . . 

Amaury and 

2/5 -0 

22*0 

... 

... 

Descuinp, 

34*0 

22*8 * 

... 

... 

Coinptea Ren - 

43*0 

23*3 

. . . 

... 

das, tome xvii. 

53 0 

23*5 

... 

... 

p. 1504 (1809). 


80. Tempering soft iron by long-continued stress . — Preliminary 
experiments by Mr J. T. Bottomloy towards the investigation 
promised in § 5 above have discovered a very remarkable property 
of soft iron wire respecting its ultimate tensile strength. Eight 
different specimens, tested by the gradual application of more and 
more weight within ten minutes of time in each case until the 
wire broke, bore from 43£ to 46 lbs. (average 45‘2) just before break- 
ing, Avith elongations of from 17 per cent, to 22 per cent. Another 
specimen left with 43 lbs. hanging on it for 24 hours, and then 
tested by the gradual addition of weights during 25 minutes till 
it broke, bore 49 Jibs, before breaking, with elongation of 15 per 
cent. Another left for 3 days 11 hours 40 minutes with 43 lbs. hang- 
ing on it, and then tested by the gradual addition of weights during 
34 minutes till it broke, bore 51 J lbs. just before breaking, with 
elongation of 14 4 per cent. Another specimen of the same wire 
was set up with 40 lbs. hanging on it on the 5th of July, 1877, on 
the 6th of July 3 lbs. were added, on tho 9th 1J lb. more, and on 
the 10th f lb. more, making in all on this date 45 J lbs. Thence- 
forward day by day, with occasional intervals of two days or three 
days, tho weight was increased first by half a pound at a time, and 
latterly by a quarter of a pound at a time, until on the 3rd of 
September the wire broke with 57J lbs. (elongation not recorded). 

* The modulus seems to be a minimum near the temperature of maximum 
density. 

T. III. 


6 
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This gradual addition of weight therefore had increased the tensile 
strength of the metal by 26'7 per cent. ! 

81. Experiments made for this article . — There are many sub- 
jects in the theory of elasticity regarding which information, to be 
obtained by experiment only, is greatly wanted. Several of these 
have been pointed out above (§ 21), and while this article was 
beiug put in typo, experiments were made in the physical labora- 
tory of the University of Glasgow with a view of answering some 
of the questions proposed. Mr Donald M'Farlane, besides making 
the experiments referred to in §§ 3 and 21 above, investigated the 
effects of applying different amounts of pull to a steel pianoforte 
wire which had been twisted to nearly its limits of elasticity, and 
which was kept twisted by means of a couple. The results proved 
a deviation from Hooke’s law by showing a diminution of the 
torsional rigidity, of about l’G per cent., produced by hanging a 
weight of 112 lbs. on the wire. Of this 1*2 per cent, is accounted 
for by elongation, and by shrinkage of the diameter, leaving - 4 per 
cent, of diminution of the rigidity-modulus. 

It was also found that when the wire was twisted far beyond 
its limits of elasticity, and then freed from torsional stress, a weight 
hung on it caused it to untwist slightly. When the weight was 
removed and reapplied again and again, the lower end of the wire 
always turned in the same direction as the permanent twist when 
the weight was removed, and in the opposite direction when it 
was applied. This result shows the development of asolotropic 
quality in the substance of the wire, according to which a small 
cube cut from any part of it far out from the axis, with two sides 
of the cube parallel to the length, and the other two pairs of sides 
making angles of 45° with the length, would show different com- 
pressibilities in the directions perpendicular to the last-mentioned 
pairs of sides. 

Another voiy interesting result, discovered in the course of 
these experiments, was that when a length of five metres of the 
steel wire, with a weight of 39 lbs. hung upon it, was twisted to 
the extent of 95 turns, it became gradually elongated to the 
extent of jjfcu the length of the wire; when farther twisted it 
began to shorten till ? when 25 turns more had been given (in all 
120 turns), the weight had risen from its lowest position through 
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nearly of the length of the wire, so that the previous elonga- 
tion had been diminished by about J of its amount. 

Experiments were also made by Mr Andrew Gray and Mr 
Thomas Gray for the purpose of determining the effects of various 
amounts of permanent twist, in altering the rigidity-modulus and 
the Young’s modulus of wires of copper, iron, and steel. A copper 
wire, of 3'15 metros length and ‘154 centimetre diameter. No. 17 
B.W.G., which had a rigidity-modulus of 442 million grammes per 
square centimetre to begin with, was found to have 420 after .10 
turns, showing a diminution in the modulus of ^ of its own 
amount. The diminution went on rapidly until 100 turns of per- 
manent twist had been given, when the modulus was as low as 
385. The diminution of the modulus continued with further 
twist, but very slowly, up to 1225 turns, when the modulus was 
found to be 371, showing a diminution to the extent of 1/6 of its 
original value I There was little farther change until 1400 turns 
had been given, when the modulus began to increase. At 1525 
turns its value was 373, and at 1625 it was 377. Twenty turns 
more broke the wire before the torsional elasticity had been again 
determined. 

A piece of iron wire of nearly the same length (about three 
metres), but of smaller diameter (‘087 centimetre), showed continued 
diminution of torsional rigidity as far as 1350 turns of permanent 
twist, when the diminution had amounted to 14 per cent, of the 
primitive value; 36 turns more broke the wire before another 
determination of torsional rigidity had been made. 

The steel pianoforte wire also showed a diminution of torsional 
rigidity with permanent twist, and (as did the copper wire) showed 
first a diminution and then a slight augmentation. Tho amount 
of the diminution in the steel wire was enormously greater than 
tho surprisingly great amount which had been discovered in the 
copper wire, and the ultimate augmentation was considerably 
greater in tho steel than what it had been in the copper before 
rupture. Thus after 473 turns of permanent twist tho torsional 
modulus had diminished from 751 million grammes per square 
centimetre to 414 ! 95 more turns of permanent twist augmented 

the rigidity from 414 to 430, and when farther twisted the wire 
broke before another observation had been made. The vibrator 
used in these experiments was a cylindor of lead weighing 56 lbs., 

6—2 
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which was kept hanging on the wire while it was being twisted, 
and in fact during the whole of about 100 hours from the beginning 
of the experiment till the wire broke, except on two occasions for 
a few minutes, while the top fastening which had given way was 
being resoldcred. The period of vibration was augmented from 
39'375 seconds to 51 - 9 seconds by the twist. The wire took the 
twist very irregularly, some parts not beginning to show signs of 
permanent twist till near the end of the experiment. 

In two specimens of copper wire of the same length and gauge 
as those described above, the Young’s modulus was found to be 
increased 10 per cent, by 10U turns of permanent twist. 

Five metres of the steel pianoforte wire, bearing a weight of 
39 lbs., was, in oik; of Mr M'Farlane’s experiments, twisted 120 
turns, and then allowed to untwist, and 38} turns came out, 
leaving the wire in equilibrium with 81 £ turns of permanent twist. 
Its Young’s modulus was then found not to difter as much as 
l per cent, from the value it had before the wire was twisted 

MATHEMATICAL THEOllY OF ELASTICITY*. 

Part I. — On Stresses and Strains f. 

Chapter I . — Initial Definitions and Explanations. 

Def. I. A stress is an equilibrating application of force to 
a body. 

Cor. The stress on any part of a body in equilibrium will 
thus signify the force which it experiences from the matter 
touching that part all round, whether entirely homogeneous with 
itself, or only so across a portion of its bounding surface. 

Def. 2. A strain is any definite alteration of form or dimen- 
sions experienced by a solid. 

* The substance of Chaps, i. — xvi. of this part of the present article was read 
before the Royal Society on April 24, 1856, and was published in the Transactions 
for that year. Chapter xvn. y containing the mathematical theory of Waves in an 
acolotropic or isotropic elastic solid, is new. 

+ These terms wero first definitively introduced into tho Theory of Elasticity by 
liankinc, and have been found very valuable in writing on the subject. It will be 
seen that there is a slight deviation from Rankine’s definition of the word “ stress.” 
It is here applied to the direct action experienced by a body from the matter around 
it, and not, as proposed by him, to the elastic reaction of the body equal and opposite 
to that action. * 
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Examples . — Equal and opposite forces acting at the two ends 
of a wire or rod of any substance constitute a stress upon it. 
A body pressed equally all round — for instance, any mass touched 
by air on all sides — experiences a stress. A stone in a building 
experiences stress if it is pressed upon by other stones, or by any 
parts of the structure, in contact with it. Any part of a continuous 
solid mass, simply resting on a fixed base, experiences stress 
from the surrounding parts in consequence of thoir weight. The 
different parts of a ship in a heavy sea experience stresses from 
which they are exempt when the water is smooth. 

If a rod of any substance become either longer or shorter, it is 
said to experience a strain. If a body be uniformly condensed 
in all directions it experiences a strain. If a stone, a beam, or 
a mass of metal in a building, or in a piece of framework, becomes 
condensed or dilated in any direction, or bent, or twisted, or 
distorted in any way, it is said to experience a strain, to become 
strained, or often in common language, simply “to strain.” A ship 
is said to “strain” if in launching, or when working in a heavy 
sea, the different parts of it experience relative motions. 

Chapter 11 .— Homogeneous Stresses and Homogeneous Strains. 

Def. 1. A stress is said to be homogeneous throughout a body 
when equal and similar portions of the body, with corresponding 
lines parallel, experience equal and parallel pressures or tensions 
on corresponding elements of their surfaces. 

Cor. 1. When a body is subjected to any homogeneous stress, 
the mutual tension or pressure between the parts of it on two 
sides of any plane, amounts to the same por unit of surface as 
that between the parts on the two sides of any parallel plant; ; and 
the former tension or pressure is parallel to the; latter. 

Def. 2. A strain is said to be homogeneous throughout a body, 
or the body is said to be homogeneously strained, when equal and 
similar portions, with corresponding lines parallel, experience equal 
and similar alterations of dimensions. 

Cor. 1 . All the particles of the body in parallel planes remain 
in parallel planes, when the body is homogeneously strained in 
any way. 

Examples . — A long uniform rod, if pulled out, or a pillar loaded 
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with a weight, will experience a uniform strain, except near its 
ends, where there will be a sensible heterogeneousness of the 
strain, because of the end attachments, or other circumstances 
preventing the ends from shrinking or expanding laterally to the 
same extent as the middle does. 

A piece of cloth held in a plane, and distorted so that a warp 
and woof, instead of being perpendicular to one another, become 
two sets of parallels cutting one another obliquely, experiences 
a homogeneous strain. The strain is heterogeneous as to intensity, 
from the axis to the surface of a cylindrical wire under torsion, 
and heterogeneous as to direction in different positions in a circle 
round the axis. 


Chapter III . — On the Distribution of Force in a Stress. 

Theorem. — In every homogeneous stress there is a system of 
three rectangular planes, each of which is perpendicular to the 
direction of the mutual force between the parts of the body on its 
two sides. 


I T 


For let P ( X ), P (F), P (Z) denote the components, parallel to 
X, F, Z, any three rectangular lines of reference, of the force 

experienced per unit of surface at 
any portion of the solid bounded 
by a plane parallel to ( F, Z ) ; Q ( X ), 
Q (F), Q (Z), the corresponding 
components of the force experienced 
by any surface of the solid parallel 
to {Z, X) ; and R (X), R ( F), R (Z), 
those of the force at a surface 
parallel to (X, Y). Now, by con- 
sidering the equilibrium of a cube 
of the solid with faces parallel to 
the planes of reference (fig. 15), we 
see that the couple of forces Q (Z) on its two faces perpendicular 
to F is balanced by the couple of forces R(Y) on the faces per- 
pendicular to Z. Hence we must have 


JT | I 


O' 


— A 


\T 


Fig. 16. 


Similarly it is seen that 
and 


Q(Z)=P(F). 

R(X)=P(Z) 
P{Y) = Q(X). 
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For the sako of brevity, these pairs of equal quantities (being 
tangential forces respectively perpendicular to X, Y, Z) may bo 
denoted by T(X), T(Y), T(Z). 

Consider a tetrahedral portion of the body (surrounded it may 
be with continuous solid) contained within three planes A, B, G, 
through a point 0, parallel to the planes of the pairs of lines of 
reference, and .a fourth plane K cutting these at angles «, 0, y 
respectively ; so that as regards the areas of the different sides 
we shall have 

A — K cos a, B — K cos 0, G = K cos y. 

The forces actually experienced by the sides A, B, G have nothing 
to balance them except the force actually experienced by K. 
Hence those three forces must have a single resultant, and the 
force on K must be equal and opposite to it. If, therefore, the 
force on K per unit of surface be denoted by F and its direction 
cosines by l, m, n, we have 

F. K . l = P(X)A + T{Z)B+T{Y)G, 
F.K.m=T(Z)A + Q(Y)B + T( X) C, 

F . K .n=T(Y) A + T (X) JB + R(Z)C, 

and, by the relations between the cases stated above, we deduce 
FI = P (X) cos a + T (Z) cos y Q + T (Y) cos y, 

Fm = T (Z) cos a + Q ( Y) cos 0 +T (X) cos y, 

Fn = T(Y) cos a + T(X) cos 0 + li (Z) cosy. 

Hence the problem of finding (a, 0, y), so that the force F (l, in, n) 
may be perpendicular to it, will be solved by substituting cos a, 
cos 0, cos y for l, m, n in these equations. By the elimination of 
cos a, cos 0, cos y from the three equations thus obtained, we have 
the well-known cubic determinantal equation, of which the roots, 
necessarily real, lead, when no two of them are equal, to one and 
only one system of three rectangular axes having the stated 
property. 

Def. The threo lines thus proved to exist for every possible 
homogeneous stress are called its axes. The planes of their pairs 
are called its Normal Planes ; the mutual forces between parts of 
the body separated by these planes, or the forces on portions of 
the bounding surfaco parallel to them, are called the Principal 
Tensions. 
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Cor. 1. The Principal Tensions of the stress are the roots of 
the determinant cubic referred to in the demonstration. 

Cor. 2. If a stress be specified by the notation P(X), &c., as 
explained above, its Normal Planes are the principal planes of the 
surface of the second degree whose equation is 

P{X)X*+ Q(Y) Y*+Il(Z)Z*+2T(X) YZ 

+ 2T(Y)ZX+ 2T(Z)XY= 1, 

and its Principal Tensions are equal to the reciprocals of the 
squares of the lengths of the semi-principal axes of the same 
surface, (quantities which are negative of course for the principal 
axis or axes which do not cut the surface, when the surface is a 
hyperboloid of one or of two sheets). 

Cor. 3. The ellipsoid whose equation, referred to the rect- 
angular axes of a stress, is 

(1 - 2 eF)X* + (1 - 2eG) F* + (1 - 2cH)Z* = 1, 
where F, G, II denote the principal tensions, and e any infinitely 
small quantity, represents the stress, in the following manner : — 

From any point P in the surface of the ellipsoid draw a line 
in the tangent plane, half-way towards the point where this 
plane is cut by a perpendicular to it through the centre ; and 
from the end of the first-mentioned line draw a radial lino to 
meet the surface of a sphere of unit radius concentric with the 
ellipsoid. The tension at this point of the surface of a sphere of 
the solid is in the line from it to the point P ; and its amount 
per unit of surface is equal to the length of that infinitely small 
line, divided by e. 

Colt. 4. Any stress is fully specified by six quantities, viz., its 
three principal tensions (F, G, 11), and three angles (6, <f>, yfr) or 
three numerical quantities equivalent to the nine direction cosines 
specifying its axes. 

Chapter IV. — On the Distribution of Displacement in a Strain. 

Prop. 1. In every homogeneous strain any part of the solid 
bounded by an ellipsoid remains bounded by an ellipsoid. 

For all particles of the solid in a plane remain in a plane, and 
two parallel planes remain parallel. Consequently every system of 
conjugate diametral planes of an ellipsoid of the solid, retain the 
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property of conjugate diametral planes with reference to the 
altered curve surface containing the same particles. This altered 
surface is therefore an ellipsoid. 

Prop. 2. There is a single system (and only a single system, 
except in the cases of symmetry) of three rectangular planes for 
every homogeneous strain, which remain at right angles to one 
another in the altered solid. 

Def. 1. These three planes are called the normal planes of 
the strain, or simply the strain-normals. Their lines of intersection 
are called the axes of the strain. The elongations of the solid per 
unit of length along. these axes, or perpendicular to these planes, 
arc called the Principal Elongations of the strain. 

Remark. The preceding propositions and definitions are not 
limited to infinitely small strains, but are applicable to whatever 
extent the body may bo strained. 

Prop. 3. If a body, while experiencing an infinitely small 
strain, be held with one point fixed, and the normal planes of the 
strain parallel to three fixed rectangular planes through the point 
0, a sphere of the solid of unit radius having this point for its 
centre becomes, when strained, an ellipsoid whose equation, referred 
to the strain-normals through 0, is 

(1 - 2x) X 2 + (1 - 2 y) F* + (1 - 2 £)Z* = 1, 

if x, y, z denote the elongations of the solid per unit of length, in 
the directions respectively perpendicular to these three planes; 
and the position, on the surface of this ellipsoid, attained by any 
particular point of the solid, is such that if a line be drawn in the 
tangent plane, half-way to the point of intersection of this plane 
with a perpendicular from the centre, a radial line drawn through 
its oxtremity cuts the primitive spherical surface in the primitive 
position of that point. 

Cor. 1. For every stress, there is a certain infinitely small 
strain, and conversely, for every infinitely small strain, there is a 
certain stress, so related that if, while the strain is being acquired, 
the centre and the strain-normals through it are unmoved, the 
absolute displacements of particles belonging to a spherical surface 
of the solid represent, in intensity (according to a definite con- 
vention as to units for the representation of force by lines) and in 
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direction, the force (reckoned as to intensity, in amount per unit 
of area) experienced by the enclosed sphere of the solid, at the 
different parts of its surface, when subjected to the stress. 

Cob. 2. Any strain is fully specified by six quantities, viz., its 
three principal elongations, and three angles (6, <f>, yfr), or nine 
direction cosines, equivalent to three independent quantities 
specifying its axes. 

Def. 2. A stress and an infinitely small strain related in the 
manner defined in Cor. 1 of Prop. 3 above, are said to bo of the 
same type. The ellipsoid by means of which the distribution of 
force over the surface of a sphere of unit radius is represented in 
one case, and by means of which the displacements of particles 
from the spherical surface are shown in the other, may be called 
the geometrical type of either. 

Cor. Any stress- or strain-type is fully specified by five quan- 
tities, viz., two ratios between its principal strains or elongations 
and three quantities specifying the angular position of its axes. 


Chapter V. Conditions of Perfect Concurrence between Stresses 

and Strains. 

Def. 1 . Two stresses are said to be coincident in direction, or 
to be perfectly concurrent, when they only differ in absolute magni- 
tude. The same relative designations arc applied to two strains 
differing from one another only in absolute magnitude. 

Cor. If two stresses or two strains differ by one being reverse 
to the other, they may be said to be negatively coincident in 
direction, or to be directly opposed or directly contrary to one 
another. 

Def. 2. When a homogeneous stress is such, that the normal 
component of the mutual force between the parts of the body on 
the two sides of any plane whatever through it, is proportional to 
the augmentation of distance between the same plane and another 
parallel to it and .initially at unit distance, due to a certain 
strain experienced by the same body, the stress and the strain are 
said to be perfectly concurrent ; also to be coincident in direction. 
The body is said to' be yielding directly to a stress applied to it, 
when it is acquiring a strain thus related to the stress; and in 
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the same circumstances, the stress is said to be working directly 
on the body, or to be acting in the same direction as the strain. 

Cor. 1 . Perfectly concurrent stresses and strains are of the 
same type. 

Cor. 2. If a strain is of the same type as the stress, its reverse 
will be said to be negatively of the same type, or to bo directly 
opposed to the strain. A body is said to be working directly 
against a stress applied to it when it is acquiring a strain directly 
opposed to the stress ; and in the same circumstances, the matter 
round the body is said to be yielding directly to the reactive stress 
of the body upon it. 

Chapter VI . — Orthogonal Stresses and Strains. 

Dkf. 1. A stress is said to act right across a strain, or to act 
orthogonally to a strain, or to be orthogonal to a strain, if work is 
neither done upon nor by the body in virtue of the action of the 
stress upon it while it is acquiring the strain. 

Def. 2. Two stresses arc said to be orthogonal when either 
coincides in direction with a strain orthogonal to the other. 

Def. 3. Two strains are said to be orthogonal when either 
coincides in direction with a stress orthogonal to the other. 

Examples. — (1) A uniform cubical compression, and any strain 
involving no alteration of volume, are orthogonal to one another. 

(2) A simple extension or contraction in parallel lines unac- 
companied by any transverse extension or contraction, that is, “ a 
simple longitudinal strain,” is orthogonal to any similar strain in 
lines at right angles to those parallels. 

(3) A simple longitudinal strain is orthogonal to a “simple 
tangential strain*” in which the sliding is parallel to its direction 
or at right angles to it. 

(4) Two infinitely small simple tangential strains in the same 
plane*f% with their directions of sliding mutually, inclined at an 
angle of 45°, are orthogonal to one another. 

* That is, a homogeneous strain in which all the particles in one plane remain 
fixed, and other particles are displaced parallel to this plane. 

t “ The plane of a simple tangential strain,*’ or the plane of distortion in a 
simple tangential strain, is a plane perpendicular to that of the particles supposed 
to be held fixed, and parallel to the Ones of displacement of the others. 
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(5) An infinitely small simple tangential strain is orthogonal 
to every infinitely small simple tangential strain, in a plane either 
parallel to its plane of sliding or perpendicular to its line of 
sliding. 

Chapter VII. — Composition and Resolution of Stresses and 

of Strains. 

Any number of simultaneously applied homogeneous stresses 
are equivalent to a single homogeneous stress which is called their 
resultant- Any number of superimposed homogeneous strains are 
equivalent to a single homogeneous resultant strain. Infinitely 
small strains may be independently superimposed; and in what 
follows it will be uniformly understood that the strains spoken of 
are infinitely small, unless the contrary is stated. 

Examples. — (1) A strain consisting simply of elongation in one 
set of parallel lines, and a strain consisting of equal contraction 
in a direction at right angles to it, applied together, constitute a 
single strain, of the kind which that described in Example (3) of 
the preceding chapter (vi.) is when infinitely small, and is called 
a plane distortion, or a simple distortion. It is also sometimes 
called a simple tangential strain, and when so considered, its plane 
of sliding may bo regarded as either of the planes bisecting the 
angles between planes normal to the lines of the component longi- 
tudinal strains. 

(2) Any two simple distortions in one plane may be reduced 
to a single simple distortion in the same plane. 

(3) Two simple distortions not in the same plane have for 
their resultant a strain which is a distortion unaccompanied by 
change of volume, and which may be called a compound distortion. 

(4) Three equal longitudinal elongations or condensations in 
three directions at right angles to one another are equivalent to 
a single dilatation or condensation equal in all directions. The 
single stress equivalent to three equal tensions or pressures in 
directions at right angles to one another is a negative or positive 
pressure equal in all directions. 

(5) If a certain stress, or infinitely small strain, be defined 
(Chapter ill. Cor. 3, or Chapter iv.) above by the ellipsoid 

(1 + A)X*+ (1 +B) Y*+ (1 + C)Z*‘+ DYZ+ EZX+ FXY= 1, 
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and another stress or infinitely small strain by the ellipsoid 
(1 + A')X * + (1 + 1 S’) F* + (1 + C')Z*+ D YZ+ E'ZX+ FXY= 1, 

where A, B, C, D, E, F, &c., are all infinitely small, their resultant 
stress or strain is that represented by the ellipsoid 

(1 + A+ A')X a + (l + B + R) F*+ (1 + C+ C')Z * +(£> + D') YZ 

+ (E+ E')ZX + {F+F')XY= 1. 

Chapter VIII. — Specification of Strains and Stresses by their 
Components according to chosen Types. 

Prop. Six stresses or six strains of six distinct arbitrarily 
chosen tyjjes may be determined to fulfil the condition of having 
a given stress or a given strain for their resultant, provided those 
six types are so chosen that a strain belonging to any one of them 
cannot be the resultant of any strains whatever belonging to the 
others. 

For, just six independent parameters being required to express 
any stress or strain whatever, the resultant of any set of stresses 
or strains may be made identical with a given stress or strain by 
fulfilling six equations among the parameters which they involve ; 
and therefore the magnitudes of six stresses or strains belonging 
to the six arbitrarily chosen types may be determined, if their 
resultant be assumed to be identical with the given stress or 
strain. 

Cor. Any stress or strain may be numerically specified in 
terms of numbers expressing the amounts of six stresses or strains 
of six arbitrarily chosen types which have it for their resultant* 

Types arbitrarily chosen for this purpose will be called types 
of reference. The specifying elements of a stress or strain will 
be called its components according to types of reference. The 
specifying elements of a strain may also be called its co-ordinates, 
with reference to the chosen types. 

Examples. — (1) Six strains in each of which one of the six 
edges of a tetrahedron of the solid is elongated while the others 
remain unchanged, may be used as types of reference for the 
specification of any kind of strain or stress. The ellipsoid repre- 
senting any one of those six types will have its two circular 
sections parallel to the faces of the tetrahedron which do not 
contain the stretched side. • 
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(2) Six strains consisting, any one of them, of an infinitely 
small alteration either of one of the three edges, or of one of the 
three angles between the faces, of a parallelepiped of the solid, 
while the other five angles and edges remain unchanged, may be 
taken as types of reference, for the specification of either stresses 
or strains. In some cases, as for instance in expressing the pro- 
bable elastic properties of a crystal of Iceland spar, it might 
possibly be convenient to use an oblique parallelepiped for such 
a system of types of reference; but more frequently it will bo 
convenient to adopt a system of types related to the deformations 
of a cube of the solid. 

Chapter IX. — Orthogonal Types of Reference. 

Def. A normal system of types of reference is one in which 
the strains or stresses of the different types are all six mutually 
orthogonal (fifteen conditions). A normal system of types of 
reference may also be called an orthogonal system. The elements 
specifying, with reference to such a system, any stress or strain, 
will be called orthogonal components or orthogonal co-ordinates. 

Examples. — (1) The six types described in Example (2) of 
Chapter VIII. are clearly orthogonal, if the parallelepiped referred 
to is rectangular. Three of these are simple longitudinal exten- 
sions, parallel to the three sets of rectangular edges of the paral- 
lelepiped. The remaining three are plane distortions parallel to 
the faces, their axes bisecting the angles between the edges. They 
constitute the system of types of reference uniformly used hitherto 
by writers on the theory of elasticity. 

(2) The six strains in which a spherical portion of the solid is 
changed into ellipsoids having the following equations — 

(l + A)X*+Y* + Z a = l, 

X a + (l + R)Y a + Z a = l, 

A* + F* + (1 + G)Z a = 1, 

X a + Y a +Z a + DYZ=1, 

X a + Y' + Z' + EZX =1, 

X a +Y a + Z* + FXY = 1, 

are of the same kind as those considered in the preceding example, 
and therefore constitute a normal system of types of reference. 
The resultant of the strains specified, According to those equations. 
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by the elements A, B, G, D , E, h\ is a strain in which the sphere 
becomes an ellipsoid whose equation — see above. Chapter vn. 
Ex. (5) — is 

(1 + A) X* + (1 + B) Y* + (1 + G) Z*+ D7Z+ EZX + FXY= 1. 

(3)* A compression equal in till directions (I.), three simple 
distortions having their planes at right angles to one another and 
their axcs"f* bisecting the angles between the lines of intersection 
of these planes (II.), (III.), (IV.), any simple or compound distor- 
tion consisting of a combination of longitudinal strains parallel to 
those lines of intersections (V.), and the distortion (VI.), consti- 
tuted from the same elements which is orthogonal to the last, 
afford a system of six mutually orthogonal types which will be 
used as types of reference below in expressing the elasticity of 
cubically isotropic solids. (Compare Chapter x. Example 7 below.) 

Chapter X . — On the Measurement of Strains and Stresses. 

Def. 1. Strains of any types are said to be to one another in 
the same ratios as stresses of the same types respectively, when 
any particular plane of the solid acquires, relatively to another 
plane parallel to it, motions in virtue of those strains which are 
to one another in the same ratios as the normal components of 
the forces between the parts of the solid on the two sides of 
either plane due to the respective stresses. 

Def. 2. The magnitude of a stress and of a strain of the same 
type are quantities, which, multiplied one by the other, give the 
work done on unity of volume of a body acted on by the stress 
while acquiring the strain. 

COR. 1. If x, y, z, f, y, £ denote orthogonal components of a 
certain strain, and if P, Q, R, S, r l\ U denote components, of the 
same type respectively, of a stress applied to a body while ac- 
quiring that strain, the work done upon it per unit of its volume 
will be 

Px + Qy + Mz + S^ + Ty + U£. 

* This os well as (7) of Chapter X., (5) of Chapter XI., and the example 

of Chapter XII., are intended to prepare for the application of the theory of 
Principal Elasticities to cubically and spherically isotropic bodies, in Part II., 
Chapter XV. 

+ The “ axes of a simple distortion” aro the lines of its two component longi- 
tudinal strains. • 
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Cob. 2. The condition that two strains or stresses specified by 
( x , y, 2, fj, t], f) and (x, y', z, J'), in terms of a normal system 
of types of reference, may be orthogonal to one another is 

xx + yy +z/ + + yrj + ££'= 0. 

Colt. 3. The magnitude of the resultant of two, three, four> 
five or six mutually orthogonal strains or stresses is equal to the 
square root of the sum of tlicir squares. For if P, Q, &c., denote 
several orthogonal stresses, and F the magnitude of their resultant; 
and x, y, &c., a sot of proportional strains of the same types re- 
spectively, and r the magnitude of the single equivalent strain, 
the resultant stress and strain will bo of one type, and therefore 
the work done by the resultant stress will be Fr. But the amounts 
done by the several components will be Px, Qy, &c., and therefore 


Fr = Px + Qy + &c. 


Now we have, to express the proportionality of the stresses and 
strains. 


P 

x 


r 


y 


Each member must be equal to 


P’ + Q’ -f &c. . 

Px+ Qy + & c. ’ 

and also equal to 

P ® ~h Qy + &c. 
x * + y* + &c. 

Hence, ~ > which gives F* = P 8 + Q* + &c., 

F Fr 

and - = —3 = — 5 — , which gives r = s? + y* + &c. 

r x + y + «&c. 


Cob. 4. A definite stress of some particular type chosen arbi- 
trarily may bo called unity; and then the numerical reckoning of 
all strains and stresses becomes perfectly definite. 

Dkf. 3. A uniform pressure or tension in parallel lines, 
amounting in intensity to the unit of force per unit of area normal 
to it, will be called a stress of unit magnitude, and will be reckoned 
as positive when it is tension, and negative when pressure. 


Examples. — (1) -Hence the magnitude of a simple longitudinal 
strain, in which lines of the body parallel to a certain direction 
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experience elongation to an extent bearing the ratio k to their 
original dimensions, must be called k. 

(2) The magnitude of the single stress equivalent to three 
simple pressures in directions at right angles to ono another each 
unity is — \/3 ; a uniform compression in all directions of unity 
per unit of surface is a negative stress equal to \/3 in absolute 
value. 


(3) A uniform dilatation in all directions, in which lineal 
dimensions arc augmented in the ratio 1 : 1 + x, is a strain equal 
in magnitude to aj^/3; or a uniform “cubic expansion” E is a 

E 

strain equal to — . . 

y O 

(4) A stress compounded of unit pressure in one. direction and 
an equal tension in a direction at right angles to it, or which is 
the same thing, a stress compounded of two balancing couples of 
unit tangential tensions in plaucs at angles of 45° to the direction 
of those forces, and at right angles to one another amounts in 
magnitude to *J2. 

(5) A strain compounded of a simple longitudinal extension x 
and a simple longitudinal condensation of equal absolute value, 
in a direction perpendicular to it, is a strain of magnitude x y/2 ; 
or, which is the same thing (if <r = 2x), a simple distortion such 
that the relative motion of two planes at unit distances parallel 
to either of the planes bisecting the angles between the two 
planes mentioned above is a motion <r parallel to themselves, is 

a strain amounting in magnitude to . 

(6) If a strain bo such that a sphere of unit radius in the 
body becomes an ellipsoid whose equation is 

(1 - A)X*+ (1 - B) Y a + (1 - C)Z a —DYZ— EZX- FXY= 1, 
the values of the component strains corresponding, as explained in 
Example (2) of Chap. ix. above, to the different coefficients 
respectively, are 

xj in in JL A. *L 

’ ■ • 2V2’ 2V2' 2V2' 

For the components corresponding to A, B, G are simple longi- 
tudinal strains, in which diameters of the sphere along the axes 
of co-ordinates become elongated from 2 to 2 + A, 2+2?, 2+ G 
t. tit. 7 
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respectively \ D is a distortion in which diameters in the plane 
YOZ, bisecting the angles YOZ and Y'OZ, become respectively 
elongated and contracted from 2 to 2 4 -\T), and from 2 to 2 — ID) 
and so for the others. Hence, if we take .r, ;//, z, tj, y, £ to denote the 
magnitudes of six component strains, according to the orthogonal 
system of types described in Examples (.1) and (2) of Chap. ix. 
above, the resultant strain equivalent to them will be one in 
which a sphere of unit radius in the solid becomes an ellipsoid 
whose equation is 

(1 - 2x)X*+ (1 - 2//) l 7 * f(l - 2 \z)Z t - 2 V2 (£YZ+ yZX+ QCY) = 1 , 
and its magnitude will be 

s 2 + r+ V*+ D- 

(7) The specifications, according to the system of reference 
used in the preceding Example, of the unit strains of the six 
orthogonal types defined in Example (3) of Chap. ix. are respec- 
tively as follows : — 




y 

z 

£ 

V 

r 

(I) 

1 

V3 

i 

V3 

1 

V3 

0 

0 

0 

(II.) 

0 

0 

0 

l 

0 

0 

(III.) 

0 

0 

0 

0 

1 

0 

(IV.) 

0 

0 

0 

0 

0 

1 

(V.) 

l 

m 

n 

0 

0 

0 

(VI.) 

V 

rri 

ri 

0 

0 

0 


where l, m, n, V, rri , ri denote quantities fulfilling the following 
conditions : — 

l* +»«* + ri = 1 , 

l +m + n =0, 
ll'+ mm + nri= 0, 

P + fri* + n' 2 =l, 

V + m + ri = 0. 

(8) If (1 - 2eP)X*+ (1 - 2eQ) Y*+ (1 - 2eR)Z 1 

- 2e V2 (8YZ+ TZX+ UXY) = 1, 
be the equation of the ellipsoid representing a certain stress, the 
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amount of work done by this stress, if applied to a body while 
acquiring the strain represented by the equation in the preceding 
example (7), will be 

Px + Qy + Rz + Sg + Ti) + Ug. 

Con. Hence, if variables X, Y, Z be transformed to any other 
sot (X\ Y', Z*) fulfilling the condition of being the co-ordinates 
of the same point, referred to another system of rectangular axes, 
the coefficients x, y, s, &c., x t , y,, e t , &c., in two homogeneous quad- 
ratic functions of three variables, 

( 1 - 2.r) X*+ (1 - 2 y) Y*+ (1 - 2 z) Z a -2J2 (%YZ + V ZX + £XY) 
and 


(T - 2x) X a + (1 - 2 y,) Y a + (l-2z,)Z a - 2J2(?JZ+ V ZX+^XY), 


and the corresponding coefficients x , y, z , &c., x', y’, z', &c., in 
these functions transformed to x', y, s', will be so related that 

x'x'+ y'y'+z’z'+ %'%,’+ y'y’+ £'£/ = xr ',+M/,+ zz ,+ ?£+ w,+ KK,\ 
or the function xx,+ yy t + zz ,+ £!•,+ T)T) / + of the coefficients is 
an “invariant” for linear transformations fulfilling the conditions 
of transformation from one to another set of rectangular axes. 
Since x + y + z and x t +y, + z, are clearly invariants also, it follows 
that AA t + BB,+ CC y + 2DD I +2FF,+ 2FF t is an invariant func- 
tion of the coefficients of the two quadratics 


AX 3 + BY 3 + CZ a + 2 DYZ+ 2KZX+ 2FXY 
and A,X a + B, Y a + C,Z 3 + 2D, YZ+ 2 E,ZX + 2F,XY, 

which it is easily proved to be by direct transformation. 

This is the simplest form of the algebraic theorem of invariance 
with which we are concerned. 


Chapter XI. — On Imperfect Concurrences of Two Stress or Strain 

Types. 

Def. 1 . The concurrence of any stresses or strains of two 
stated types, is the proportion which the work done, when a body 
of unit volume experiences a stress of either type whilo acquiring 
a strain of the other, bears to the product of the numbers measur- 
ing the stress and strain respectively. 

Cob. 1. In orthogonal resolution of a stress or strain, its com- 
ponent of any stated type, is pqual to its own amount multiplied 

7—2 
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by its concurrence with that typo; or the stress or strain of a 
stated type which, along with another or others orthogonal to it, 
have a given stress or strain for their resultaut, is equal to tho 
amount of tho given stress or strain reduced in the ratio of its 
concurrence with that stated type. 

Cor. 2. The concurrence of two coincident stresses or strains 
is unity; or a perfect concurrence is numerically equal to unity. 

Cor. 3. The concurrence of two orthogonal stresses and strains 
is zero. 

Cor. 4. The concurrence of two directly opposite stresses or 
strains is — 1. 

Cor. 5. If x, y, z, g, rj, f are orthogonal components of any 
strain or stress r, its concurrences with the types of reference are 
respectively 

* V 2 % V K 

* 7 * ^ V * 7 ’ * V * 7 ' * 

where 

r = (x* + if + z* + f 8 4- i? 8 + £*)*• 

Cor. 6. The mutual concurrence of two stresses or strains is 
ll'+mni + nri +W' + ml + vv , 

if l, m, n, A, fx, v denote the concurrences of one of them with six 
orthogonal types of reference, and l\ m, n', A', ft, v those of the 
other. 

Cor. 7. The most convenient specification of a type for strains 
or stresses, being in general a statement of the components, ac- 
cording to the types of reference, of a unit strain or stress of tho 
type to bo specified, becomes a statement of its concurrences with 
the types of reference when these are orthogonal. 

Examples — (1) The mutual concurrence of two simple longitu- 
dinal strains or stresses, inclined to one another at an angle 6, is 
cos*0. 

(2) The mutual concurrence of two simple distortions in the 
same plane, whose axes are inclined at an angle 6 to one another, 
is cos*0 - sin*0, or 2 sin (45° - 6) cos (45° - 6). 

Hence the components of a simple distortion 8, along two rect- 
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angular axes in its plane, and two others bisecting the angle 
between these, taken as axes of component simple distortions, are 

& (cos 2 # — sin*#) and 8 . 2 sin # cos # 
respectively, if # bo the angle between the axis of elongation in 
the given distortion and in the first component type. 

(3) The mutual concurrence of a simple longitudinal strain and 
a simple distortion is 

v/2 . cos a cos ft, 

if a and ft be the angles at which the direction of the longitudinal 
strain is inclined to the lines bisecting the angles between the axes 
of the distortion ; it is also equal to 

^2 (c°s V -cos a ^r), 

if <f> and yjr denote the angles .at which the direction of the longi- 
tudinal strain is inclined to the axes of the distortion. 

(4) The mutual concurrence of a simple longitudinal strain 

and of a uniform dilatation is ; . 

(5) The specifying elements exhibited in Example (7) of the 
preceding Chapter (x.), are the concurrences of the new system 
of orthogonal types described in Example (3) of Chap. IX. with 
the ordinary system, as given in Examples (1) and (2), Chap. ix. 

Chapter XII. — On the Transformation of Types of Reference 

for Stresses or Strains. 

To transform the specification ( x , y, z, rj, f) of a stress or 
strain with reference to one system of types, into (x v x a , x s , x v x s , x e ) 
with reference to another system of types. Let (a lt b v c v e v f v g^ 
be the components, according to the original system, of a unit 
strain of the first type of the new system ; let (a s , b v c s , e a , f v g a ) 
be the corresponding specification of the second type of the new 
system; and so on. Then we have, for the required formulae of 
transformation — 

®"°i*i + a A+ a,:r s + a 4 x 4 + u 6 .r e + a a x a , 
y = \x t + b^+ b a x a + b 4 x 4 + b b x a + b e x a , 


2 = JV. + '/■i r 2-W:t r S + 9 ft + 9,' r , + 
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Example . — The transforming equations to pass from a specifi- 
cation (x, y, z, £, 7 ), g) in terms of the system of reference used in 
Examples (6) and (7), Chapter X., to a specification (<r, y, £ «r, «») 
in terms of the new system described in Example (3) of Chapter 
IX., and specified in Example (7) of Chapter x., are as follows: 


x = a 4- Irst + Vo), 

Y 


y — a + mrsr 4- into, 


z — ^<r + mv + iito. 


£=£ v = v> 

where, as before stated, l, m, n, l\ in, n are quantities fulfilling 
the conditions 

P + v? + n~ — 1 , 
l + in +n =0, 
r + m* +n* = 1 , 

V 4 - in 4 ~ n — 0 , 

ll' + mm' + nn = 0. 


Part II. — On the Dynamical Relations between Stresses 
and Strains experienced by an Elastic Solid. 

CHAPTER XIII. — Interpretation of the Differential Equation 

of Enery y. 

In a paper on the Thermo-elastic Properties of Matter, pub- 
lished in the first number of the Quarterly Mathematical Journal , 
April 1855, and republished in the Philosophical Mayazine, 1877, 
second half year [Art. XLVHL, Part vii., Vol. I. above], it was 
proved, from general principles in the theory of the Transformation 
of Energy, that the amount of work (w) required to reduce an 
elastic solid, kept at a constant temperature, from one stated 
condition of internal strain to another depends solely on these 
two conditions, and not at all on the cycle of varied states through 
which the body may have been made to pass in effecting the 
change, provided always there has been no failure in the elasticity 
under any of the strains it has experienced. Thus for a homo- 
geneous solid homogeneously strained, it appears that w is a 
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function of six independent variables x, y, z, f, y, £ by which the 
condition of the solid as to strain is specified. Hence to strain 
the body to the infinitely small extent expressed by the variation 
from (x, y, z, f, y, f ) to {x + dx, y + dy, z + dz, f + d%, y + dy, 
£ + cZf), the work required to be dono upon it is 

dw , dw . , dw , , dw dw T dw Ito 

£ * + 4 , ^ + dz d ‘ + 7£ d * + d n drl + rff 

The stress which must be applied to its surface to keep the body 
in equilibrium in the state (a:, y, z, (*, y, f) must therefore be such 
that it would do this amount of work if the body, under its action, 
were to acquire the arbitrary strain dx, dy, dz, dg, dy, d£ ; that is, 
it must be the resultant of six stresses: — one orthogonal to the five 
strains dy, dz, d£, dy, d£, and of such a magnitude as to do the 

work dx when the body acquires the strain dx; a second ortho- 
gonal to dx, dz, dl-, dy, d%, and of such a magnitude as to do the 
work ^ dy when the body acquires the strain dy; and so on. If 

a, b, c, f, tj, h denote the respective concurrences of these six 
stresses, with the types of reference used in the specification ( x , y, 
z, g, y, f) of the strains, the amounts of the six stresses which fulfil 
those conditions will (Chapter xr.) be given by the equations 


P—- dw 
a dx ’ 

n I dw 

V “ bdy’ 

j, l dw 
c dz ’ 

„ 1 dw 

/dr 

1 dw 
gdy' 

Jr 1 dw 

u= hdf 


and the types of these component stresses are determined by being 
orthogonal to the fives of the six strain-types, wanting the first, 
the second, &c., respectively. 


Cor. If the types of reference used in expressing the strain 
of the body constitute an orthogonal system, the types of the 
component stresses will coincide with them, and each of the con- 
currences will be unity. Hence the equations of equilibrium of 
an elastic solid referred to six orthogonal types are simply 


p_dw 

dx ’ 
< _dx 



, r _dw 
!~ dy • 


R = 


dw 
dz ’ 


U = 


dw 

dK’ 
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Chapter XIV . — Reduction of the Potential Function, and of the 
Equations of Equilibrium, of an Elastic Solid to their Simplest 

Forms. 

If tlie condition of the body from which the work denoted by 
w is reckoned, be that of equilibrium under no stress from with- 
out, and if x, y, z, £ y, f be chosen each zero for this condition, wo 
shall have, by Maclaurin’s theorem, 


w = Ilf. t, y, z, £ v, 0 + Hfr, y, z, £ y, £) + &c., 


where H t , 1I 3 , &c., denote homogeneous functions of the second 

order, third order, &c., respectively. Hence ^ , &c., will each 

be a linear function of the strain co-ordinates, together with func- 
tions of higher orders derived from If, &e. But experience shows 
(§ 37, above) that, within the elastic limits, the stresses are very 


nearly, if not quite, proportional to the strains they are capable 
of producing; and therefore If, & c., may be neglected, and we 
have simply 

w - Ilfx, y, z, £ y, £). 


Now in general there will be twenty-one terms, with independent 
coefficients, in this function; but by a choice of types of reference, 
that is, by a linear transformation of the independent variables, we 
may, in an infinite variety of ways, reduce it to the form 

w=h(Aj? + Bf + Cz * + Ft? + Of + II ?). 

The equations of equilibrium then become 







T 0 

1 = y, 

0 




the simplest possible form under which they can be presented. 
The interpretation can be expressed as follows. 


Prop. An infinite number of systems of six types of strains or 
stresses, exist in any given elastic solid, such that, if a strain of 
any one of those types be impressed on the body, the elastic reaction 

is balanced by a stress orthogonal to the five others of the same 
system. 
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Chapter XV . — On the Six Principal Strains of an Elastic Solid. 

To reduce the twenty-one coefficients of the quadratic terms in 
the expression for the potential energy to six, by a linear transform- 
ation, we have only fifteen equations to satisfy ; while we have 
thirty disposable transforming coefficients, there being five inde- 
pendent elements to specify a type, and six types to be changed. 
Any further condition expressible by just fifteen independent equa- 
tions may be satisfied, and makes the transformation determinate. 
Now the condition that six strains may be mutually orthogonal is 
expressible by just as many equations as there are different pairs 
of six things, that is, fifteen. The well-known algebraic theory of 
the linear transformation of quadratic functions shows for the case 
of six variables — (1) that the six coefficients in the reduced form 
are the roots of a “determinant” of the sixth degree necessarily 
real ; (2) that this multiplicity of roots leads determinately to one, 
and only one, system of six types fulfilling the prescribed con- 
ditions, unless two or more of the roots are equal to one another, 
when there will bo an infinite number of solutions and definite 
degrees of isotropy among them ; (3) that there is no equality 
between any of the six roots of the determinant in general, when 
there are twenty-one independent coefficients in the given quad- 
ratic. 

Prop. 1 . Hence a single system of six mutually orthogonal 
types, may be determined for any homogeneous elastic solid, so 
that its potential energy when homogeneously strained in any 
way, is expressed by the sum of the products of the squares of 
the components of the strain, according to those types, respectively 
multiplied by six determinate coefficients. 

Dek. The six strain-types thus determined arc called the Six 
Principal Strain-types of the body. 

The concurrences of the stress-components used in interpreting 
the differential equation of energy, with the types of the strain- 
co-ordinates, in terms of which the potential function of elasticity 
is expressed, being perfect when these constitute an orthogonal 
system, each of tho quantities denoted above by a, b, c, f, g, h, 
is unity when the six principal strain-types are chosen for tho 
co-ordinates. The equations of equilibrium of an elastic solid 
may therefore be expressed a£ follows : — 
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P = Ax, Q = By, lt=Cz, 

S=Fg, T= Gt), u = IP;, 

where x, y, z, rj, £ denote strains belonging to tho six Principal 
Types, and P, Q, 11, S, T, U the components according to the same 
types, of the stress required to hold the body in equilibrium when 
in the condition of having those strains. The amount ot work 
that must bo spent upon it per unit of its volume, to bring it 
to this state from ail unconstrained condition, is given by tho 
equation 

w = £(,1^ + By 1 + CV + F?+ Gif + 11?). 

Def. The coefficients A, B, C,F, G,1I are called the six Prin- 
cipal Elasticities of the body. 

The equations of equilibrium express the following proposi- 
tions : — 

Prop. 2. If a body be strained according to any one of its six 
Principal Types, the stress required to hold it so is directly con- 
current with the strain. 

Examples. — (1) If a solid be cubically isotropic in its elastic 
properties, as crystals of the cubical chiss probably are, any portion 
of it will, when subject to a uniform positive or negative normal 
pressure all round its surface, experience a uniform condensation 
or dilatation in all directions, lienee a uniform condensation is 
one of its six principal strains. Three plane distortions with axes 
bisecting the angles between the edges of the cube of symmetry 
are clearly also principal strains, and since the three corresponding 
principal elasticities arc equal to one another, any strain whatever 
compounded of these three is «a principal strain. Lastly, a plane 
distortion whose axes coincide with any two edges of tho cube, 
being clearly a principal distortion, and the principal elasticities 
corresponding to tho three distortions of this kind being equal to 
one another, any distortion compounded of them is also a principal 
distortion. 

Hence the system of orthogonal types treated of in Examples 
(3) Chap, ix., and (7) Chap, x., or any system in which, for (II.), 
(III.), and (IV.) of Example (7) Chap, x., any three orthogonal 
strains compounded of them are substituted, constitutes a system 
of six Principal Strains in a solid cubically isotropic. There are 
only three distinct Principal Elasticities for such a body, «ml these 
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are — (A) its modulus of compressibility, (B) its rigidity against 
diagonal distortion in any of its principal planes (three equal 
elasticities), and (C) its rigidity against rectangular distortions of 
a cube of symmetry (two equal elasticities). 

(2) In a perfectly isotropic solid, the rigidity against all dis- 
tortions is equal. Hence the rigidity (B) against diagonal distortion 
must be equal to the rigidity (C) against rectangular distortion, 
in a cube ; and it is easily seen that if this condition is fulfilled 
for one set of three rectangular planes for which a substance 
is isotropic, the isotropy must be complete. The conditions of 
perfect or spherical isotropy are therefore expressed in terms of 
the conditions referred to in the preceding example, with the 
farther condition B = C. 

A uniform condensation in all directions, and any system what- 
ever of five orthogonal distortions, constitute a system of six 
Principal Strains in a spherically isotropic solid. Its Principal 
Elasticities are simply its Modulus of Compressibility and its 
Rigidity. 

Prop. 3. Unless some of the six Principal Elasticities be equal 
to one another, the stress required to keep the body strained 
otherwise than according to one or other of six distinct types is 
oblique to the strain. 

Prop. 4. The stress required to maintain a given amount of 
strain is a maximum or a maximum-minimum, or a minimum, if 
it is of one of the six Principal Types. 

Cor. If A be the greatest and Ii the least of the six quantities 
A, B, G, F, G, H, the principal type to which the first corresponds, 
is that of a strain requiring a greater stress to maintain it than 
any other strain of equal amount; and the principal type to which 
the last corresponds, is that of a strain which is maintained by a 
less stress than any other strain of equal amount in the same 
body. The stresses corresponding to the four other principal 
strain-types have each the maximum-minimum property in a 
determinate way. 

Prop. 5. If a body be strained in the direction of which the 
concurrences with the principal strain-types are l, m, n, fi, v. 
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and to an amount equal to r, the stress required to maintain it in 
this state will be equal to fir, where 

n = (A*/* + + CV + F t X*+ GV + // V)*, 

and will be of a type of which the concurrences with the principal 
types arc respectively 

A l llm Cn F\ Gfi 11 v 
11 ’ 11 ’ 11 * 11’ 11 ’ H * 

Prop. 6. A homogeneous elastic solid, crystalline or non- 
crystalline, subject to magnetic force or free from magnetic force, 
has neither right-handed, nor left-handed, nor any dipolar proper- 
ties dependent on clastic forces simply proportional to strains. 

Cor. The clastic forces concerned in the luminiferous vibra- 
tions of a solid or fluid medium possessing the right- or left- 
handed property, whether axial or rotatory, such as quartz crystal, 
or tartaric acid, or solution of sugar, either depend on the lietero- 
gcneousness, or on the magnitude, of the strains experienced. 

Hence as they do not depend on the magnitude of the strain, 
they do depend on its heterogeneousness through the portion of a 
medium containing a wave. 

Cor. There cannot possibly be any characteristic of elastic 
forces simply proportional to the strains, in a homogeneous body, 
corresponding to certain peculiarities of crystalline form which 
have been observed, — for instance corresponding to the plagihedral 
faces discovered by Sir John Herscliel to indicate the optical 
character, whether right-handed or left-handed, in different 
specimens of quartz crystal, — or corresponding to the distinguish- 
ing characteristics of the crystals of the right-handed and left- 
handed tartaric acids, obtained by M. Pasteur from racemic acid, 
— or corresponding to the dipolar characteristics of form said to 
have been discovered in electric crystals. 


Chapter XVI. — Application of Conclusions to Natural Crystals. 

It is easy to demonstrate that a body, homogeneous when 
regarded on a large scale, may be constructed to have twenty-one 
arbitrarily prescribed values for the coefficients in the expression 
for its potential energy in terms of any prescribed system of strain 
co-ordinates. This proposition was fjrst enunciated in the pnpor 
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on the Thermo-clastic Properties of Solids, published April 1855, 
in the Quarterly Mathematical Journal [Art. XLVili. Part vn. Vol. I. 
above] alluded to above. We may infer the following. 

Prop. A solid may bo constructed to have arbitrarily pre- 
scribed values for its six Principal Elasticities, and an arbitrary 
orthogonal system of six strain-types, specified by fifteen inde- 
pendent elements, for its principal strains : for instance, five 
arbitrarily chosen systems of three rectangular axes, for the 
normal axes of five of the Principal Types ; those of the sixth 
consequently, in general, distinct from all the others and determi- 
nate ; and the six times two ratios between the three stresses or 
strains of each type, also determinate. The fifteen equations 
expressing (Chap. VI. above) the mutual orthogonality of the six 
types, determine the twelve ratios for the six types, and the three 
quantities specifying the axes of the sixth typo in the particular 
case here suggested : or generally the fifteen equations determine 
fifteen out of the thirty quantities (viz. twelve ratios and eighteen 
angular coordinates) specifying six Principal Types. 

Cor. There is no reason for believing that natural crystals do 
not exist for which there are six unequal Principal Elasticities, 
and six distinct strain-types for which the three normal axes con- 
stitute six distinct sets of three Principal rectangular axes of 
elasticity. 

It is easy to give arbitrary illustrative examples regarding 
Principal Elasticities: also, to investigate the principal strain- 
types and the equations of elastic force referred to them or to 
other natural types, for a body possessing the kind of symmetry 
as to clastic forces that is possessed by a crystal of Iceland spar, 
or by a crystal of the “ tessera! class,” or of the included “cubical 
class.” Such illustrations and developments, though proper for a 
students’ text-book of the subject, are unnecessary here. 

For applications of the Mathematical Theory of Elasticity to 
the question of the earth’s rigidity and elasticity as a whole, and 
to the equilibrium of elastic solids in general, which are beyond 
the scope of the present article, the reader is referred to Thomson 
and Tait’s Treatise on Natural Philosophy (Second Edition), 
§§ 740, 832 to 848, and Appendix C. 
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Chapter XVII. — Plane Waves in a Homogeneous sEulotropic 

Solid. 


A plane wave in a homogeneous elastic solid, is a motion in 
which every line of particles, in a plane parallel to one fixed plane, 
experiences simply a motion of translation — but a motion differing 
from the motions of particles in planes parallel to the same. Let 
OX, OY, OZ bo three fixed rectangular axes ; OX perpendicular 
to the wave front (.as any of the parallel planes of moving particles 
referred to in the definition is called), and OY, OZ in- the wave 
front. Let x+u, y + v, z + w be the coordinates at time t of a 
particle, which, if the solid were free from strain, would be at 
(x, y, z). The definition of wave motion amounts simply to this, 
that u, v, w are functions of x and t. 


The strain of the solid (Chap. vii. above) is the resultant of a 
simple longitudinal strain in the direction OX, equal to dn/d.r, 
and two differential slips dvftlx, dw.'dx, parallel to OY and OZ, 
constituting simple distortions of which the numerical magnitudes 
(Chap. x. above) are 



and 


-,-V2. 

ax 


Put then 


dll y. 


dv dw ... „ 


(■); 


and let IF denote the work per unit of bulk required to produce 
the strain represented by this notation. We have (Chap. xill. 
above) 

W=h (A?+ Brf + C? + 2Dq%+ 2E& + 2F£rj) ( 2 ), 

where A, B, C, D, E, F denote modulusos of elasticity of the solid. 
Let p, q, r denote the three components of the traction per unit 
area of the wave front. We have (Chap. xiv. above) 

p = A£+F v + E£ \ 

<]\Zl = FZ+Br, + Dl; 1 ( 3 ). 

Va = E%+ Dy + Cq 
Now let £, 7), £ be taken such that 


A% + F v + E£=Mft 

FZ + B V + D$=M V \ ( 4 ) 

E£+ D v + Cl; = M£) 
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the dctnrminantal cubic gives three real positive values for M, and 
with M equal to any one of those values, equations (4) determine 
the ratios f : q : £ Hence when the solid is strained in any one 
of the three ways thus determined, we have 

P M dx ’ q ~ M ~dx’ r ~ M dx 

The three components of the whole force due to the tractions on 
the sides of an infinitely small parallelepiped (8x,8y,8z) of the 
solid, are clearly 

8x8y8z, ^ 8x8 y8z, and — 8x8y8z (6); 

and therefore, if p be its density, and consequently p8x8y8z its 
mass, the equations of its motion are 

cPu _ dp d 2 v _ dq d?w _ dr 

P dt J dx* P dtf dx ’ P dx“ dx ' ' 

These, putting for p, q, r their values by (5), become 

(Pu d*v T> r d?v d\o „ , iPw 

l ’de =M dJ- <‘de =M Sf ' , rfc =Jlr s? < 8) - 


And by (4) and (1) we have 

Au + ( Fv + Ew) = Mu 1 

Fu + ( Bv + Dw) V2 = Mv V2 [ (9). 

Eu + (Dv + Civ) ^2 =Mw\/ i l\ 

Let M t , M a , M a be the three roots of the determinantal cubic, 
and b u c x ; b a , c a ; b a , c 3 ; the corresponding values of the ratios 

- , — determined by (9). The complete solution of (8), subject to 
u u 

(9), is 

« = ttj+tt s + 

v = b l u 1 + b a u a + b a ii a , 
w = c l u i + c a u a + c a ii a ; 

where »,=/, [ x + t ^/^) +F ’{ x ~ t ‘V ,(10), 

w.(-+Vf , )+'.(— V*)- 

f tfn F a ,f a , F 9 denoting arbitrary functions. Hence we con- 
clude that there are three different wave-velocities, 
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/if, /»f, /K 

V p ' V p ' V p 

aud three different modes of waves, determined by equations (0). 


Waves in an Isotropic Solid. — If the solid be isotropic, we have 
B = C 

D — E= F — Q J (11). 

M = A, M t = M a = II 

Hence, instead of throe different waves with different velocities, wo 
have just two, — a wave (like that of sound in air or other elastic 
fluid) in which the motions are perpendicular to the wave front., 
and the other (like the waves of light in an isotropic medium) in 
which the motions are parallel to the wave front. 

Waves in an Incompressible Solid ( sEolotropic or Isotropic ). — 
If the solid be incompressible, we have A = x , and u must be zero. 

Hence IV = Br? + C? + 2 Dtf (12), 

and by a determinautal quadratic, instead of cubic, wo find two 
wave-velocities and two wave-modes, in each of which the motion 
is parallel to the wave front. In the case of isotropy the two 
wave velocities are equal. 


It is to be noticed that il/,, M a , M a in the preceding investiga- 
tion are not generally true “ Principal moduluses,” but special 
moduluses corresponding to the particular plane chosen for the 
wave front. In the particular case of isotropy, however, the equal 
moduluses M a , M 3 of (11) are principal moduluses, being each 
equal to the modulus of rigidity, but M 1 is a mixed modulus of 
compressibility and rigidity — not a principal modulus. In the 
case of incompressibility, the two moduluses found from the do- 
terminantal quadratic by the process indicated above are not 
principal moduluses generally, because the distortions by the 
differential motions of planes of particles parallel to the wave 
front, must generally give rise to tangential stresses orthogonal to 
them, which do not influence the wave motion. 
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PART II. HEAT. 

[This Paper contains the whole of the article Heat as it appeared in the 
Encyclopaedia liritannica , excepting a Mathematical Appendix which has 
l>een already reprinted in this collection of my Papers as Article lxxit. 
Vol. II. (above). I have added as an Appendix five short papers bearing 
on this subject, three of them by myself and two of them by my former 
Assistant in the Physical Laboratory of the University of Glasgow, 
Mr Donald Macfarlanc. W. T.] 
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Heat is a property of matter which first became known to us 
by one of six very distinct senses. 

1. Sense of Heat — The sense of touch, as commonly meant, 
has two distinct objects — force and heat. If a person stretches 
out his hand till it meets anything solid, or holds it out while 
something solid is placed upon it, he experiences a sensation of 
force. He perceives resistance to the previous motion of his hand 
in one case, in the other case the necessity of resisting to prevent 
his hand from being forced downwards; the immediate object of 
this perception in each case is force*. But there is another very 

* The sense of smoothness and roughness to which physiologists have sometimes 
given the special name “ tactile sense” is as clearly a sense of force as is what they 
call the muscular sense. The sense of roughness is a sense of force at places of 
application distributed over the skin of the finger, while in the muscular sense of 
force the place of application on a larger scale is distinguished by the position of 
the hand perceiving the force. The internal mechanism of tissue and nerves in one 
case and that of muscles in the other, through which the perception of places 
of application of force is obtained, are no doubt different, but the thing perceived is 
essentially the same — force — the complete discrimination of which involves magni- 
tude of the force, its place of application, and its direction. 


8—9 



116 


ELASTICITY AND HEAT. 


[XCII. I*T. II. 


distinct sensation, that of heat or cold, which he may or may not 
perceive in either of those cases, and which he may also perceive, 
still by what is commonly called the sense of touch, in other cases 
even when no sense of force is also experienced. Thus, in the 
first case, if the solid be a fixed can of warm water, or of iced 
water, the person perceives a sense of heat or of cold; and, sup- 
posing him to have performed the operation with his eyes shut, 
his mind is informed by the double sense of touch that his hand 
has met with a hot fixed body or a cold fixed body: iu tho other 
case he may perceive that a hot heavy solid, or a cold heavy solid, 
has been laid upon his hand. But if he dips his hand gently into 
a can of water, or if he holds it towards a fire, or if he exposes it 
to a gentle current of air, or waves it about through the air, lie 
perceives heat or cold without any accompanying sense of force. 

The earliest scientific thoughts respecting these sensations of 
beat and cold must have led to the true conclusion that there is 
some property of external matter on which the sensations depend, 
and a little advance into the natural philosophy of the subject 
has suggested and proved that this property is also possessed by 
the living body, and that tho sensation of heat or cold in the 
hand, in the instances referred to above, depends on the change 
produced in the hand in respect to this property by a change of 
circumstances which preceded the sensation. We now call heat 
the property of matter concerned in these sensations, and tem- 
perature a certain variable quality of matter varying according to 
its temporary condition in respect to heat. 

In the strictest modern scientific language (compare § 3 below) 
the word heat is used to denote something communicable from 
one body or piece of matter to another, and temperature a definite 
variable quality of matter, varying generally in any particular 
piece of matter when heat is communicated to it or taken from 
it, varying also as we shall see (§§ 8 and 9 below) in consequence 
of operations which can take place within the body itself, or 
which may be performed upon it from without, but which cannot 
be described as communication of heat to it or drawing off of 
heat from it. 

2. Latent Heat . — There are exceptional cases in which tem- 
perature docs not vary in a mass of matter when heat is com- 
municated to it from, or taken from it to, external matter. For 
instance, when the body is ice at the melting point, heat com- 
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municatcd to it does not raise its temperature; or if the body be 
water at the freezing point with ever so small a piece of ice in it, 
heat taken from it does not cause its temperature to fall; or if 
the whole mass considered bo ice and water well mixed, heat may 
be cither communicated to it or taken from it without altering 
its temjierature ; or if the body be water at the boiling point in 
the open air, heat very slowly communicated to it in however 
great quantities does not raise its temperature sensibly, but causes 
it to disappear by evaporation from its surface; or 
if the body be steam in a cylinder with a little 
water in the bottom and with a frictionless piston 
above it for roof (fig. 1), under atmospheric 
pressure, heat taken from it very slowly does not 
cool it until the whole steam has become con- 
densed into water, and heat communicated to it 
very slowly does not warm it until the whole 
•water lias become evaporated into steam ; or if 
the body be ice (or frozen water), in place of the 
water of the last case, and if the pressure 
on the upper side of the piston, instead of atmo- 
spheric pressure of about 1033 grammes per square 
centimetre (14 7 lb. per square inch), l>e anything 
less than ^th of a gramme per square centimetre, 
the same statement will still apply with "ice” 
substituted for water. Black’s celebrated doctrine of latent heat 
is merely the declaration of a class of phenomena of which the 
preceding illustrations sufficiently indicate the character. Modern 
mysticism has been much exercised in respect to the terms sensible 
heat and latent heat, whether in decrying them, or in continuing 
to use them, but with aggravating haziness instead of the clear 
wrongness of the old doctrine. It has become of late years some- 
what the fashion to decry the designation of latent heat, because 
it had been very often stated in language involving the assumption 
of the materiality of heat*. Now that we know heat to be a 

* A hundred years ago those deeper philosophers who in their judgment antici- 
pated, or tended to anticipate, what we now know to be the true theory of the nature 
of heat, had indeed good grounds to be jealous of even the phrase latent heat. 
Maxwell says — “ It is worthy of remark that Cavendish, though one of the greatest 
chemical discoverera of his time, would not accept the phrase latent heat. He 
prefers to Bpeak of the generation of heat when steam is condensed, a phrase incon- 
sistent with the notion that heat is matter, and objects to Black’s term as relating 
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mode of motion, and not a material substance, the old “impressive, 
clear, and wrong” statements regarding latent heat, evolution and 
absorption of boat by compression, specific beats of bodies and 
quantities of beat possessed by them, are summarily discarded. 
But they have not yet been generally enough followed by equally 
clear and concise statements of what we now know to be the 
truth. A combination of impressions surviving from the old 
erroneous notions regarding the nature of heat, with imperfectly 
developed apprehension of the new theory, has somewhat liberally 
perplexed the modern student of thermodynamics with questions 
unanswerable by theory or experiment, and propositions which 
escape the merit of being false by having no assignable meaning. 
There is no occasion to give up either “ sensible heat ” or “ latent 
heat”; and there is a positive need to retain the term latent heat, 
because if it were given up a term would be needed to replace it, 
and it seems impossible to invent a better. Heat given to a 
Bubstance and warming it, is said to be sensible in the substance. 
Heat given to a substance and not warming it, is said to become 
latent. These designations express with perfect clearness the 
relation of certain material phenomena to our sensory perception 
of them. Thus when heat given to a quantity of water warms 
it, the heat becomes sensible to a hand held in the water. When 
a basin of warm water and a basin of water and ice are placed 
side by side, a hand dipped first in one and then in the other 
perceives the heat. If now the warm water be poured into the 
basin of ice and water, and stirred for a few seconds of time 
(unless there is enough of warm water to melt all the ice), the 
hand perceives no warmth; on the contrary, it perceives that the 
temperature is the same as it was in the basin of ice and water 
at the beginning. Thus the heat which was sensible in the basin 
of warm water has ceased to be sensible in the water that was in 

‘to an hypothesis depending on the supposition that the heat of bodies is owing to 
their containing more or less of a substance called the matter of heat; and, as 
I think Sir Isaac Newton’s opinion that heat consists in the internal motion of the 
particles of bodies much tho most probable, I chose to use the expression heat it 
generated' (Phil. Trane., 1783, quoted by Forbes). We shall not now be in dan ger 

of any error if we use latent heat as an expression meaning neither more nor less 
than this : — 

Definition. Intent heat is the quantity of heat which must he communicated to 
a body in a given state in order to convert it into another state without changlna its 
temperature." — Maxwell's Theory of Heat, pp % 72, 73. 
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that basin, and has not become sensible in the other. It is there- 
fore well said to have become latent. 

Calorimetry. 

3. Caloi'imetry by Latent Heat . — The doctrine of latent heat 
leads us very smoothly to a most important measurement in 
thermal science, tho measurement of quantities of this wonderful 
property of matter which we call heat; and this without our 
knowing anything of what the nature of heat is, — whether it be 
a subtle elastic fluid, or a state of motion, or possibly some 
modification of matter related to action of force. Without, in 
the first place, admitting into our minds any definite idea as to 
tho nature of heat, we may agree to measure quantities of heat 
by quantities of ice melted into water without change of tem- 
perature. Thus if a kilogramme of ice is melted by a large 
quantity of water at a lukewarm temperature, or by a compara- 
tively small quantity of very hot water, the same quantity of 
heat has certainly gone from the warm water to tho ice in each 
case, supposing that the result in each case is the ice and warm 
water left all in a state of ice-cold water. The measurement of 
quantities of heat, whether thus by the melting of ice, or by any 
other means, received the name of “Calorimetry,” when the essence 
of heat was supposed to be a fluid, and this fluid called caloric. 
The name calorimetry is still by general consent retained to 
designate measurement of quantities of beat, as distinguished from 
thermometry, or the measurement of temperature (§§ 10-07 below). 
As long as tho truth or falsity of the materialistic hypothesis 
seemed an open question, the word “ Caloric ” was held to imply 
tho materiality of heat. Thus Davy, after discussing some of the 
fundamental dogmas of the “ Calorists,” as he called them, and 
describing his own experiments, which proved beyond all doubt 
the falsity of their fundamental hypothesis that heat is matter, 
varied the statement of his conclusion by saying, “ or caloric does 
not exist.” While accepting Davy’s conclusion, however, we need 
not accept this way of stating it; and as most of our best modem 
writers still use the word calorimetry, and as French writers have, 
in comparatively recent times, introduced the word “ calorie ” to 
designate a unit quantity of heat, it is decidedly convenient still 
to retain the name caloric to denote definitely the measureable 
essence of heat. This is convenient scientifically as tending to 
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give precision to language and ideas respecting tlu; two classes of 
measurement, calorimetry and thermometry; and it has the ad- 
vantage of leaving the more popular word heat available for that 
somewhat lax general usage, from which we cannot altogether 
displace it ; in which it may sometimes moan high temperature, 
as when we speak of great heat, or summer heat, or blood heat ; 
sometimes a measureable quantity ot heat, as in the term latent 
heat; and sometimes a branch of study or science dealing with 
the transference of heat by conduction and radiation, as in the 
title of Fourier's great work Theorie analytique de la Chaleur; or 
the whole province of science concerned with heat, including 
calorimetry and thermometry, and conduction and radiation of 
heat, and generation of heat, and dynamical relations of heat, as 
in English titles of separate books such as Dixon’s, Balfour 
Stewart’s, and Maxwell’s, or of chapters or divisions of larger 
treatises, such as even the present article. 

4. Calorimetry by Melting of Ice . — Calorimetry was first 
practised by means of the melting of ice as explained above, and 
the first thermal unit, or unit quantity of heat, or “ Calorie,” 
although not then called calorie, was the quantity of heat required 
to melt unit weight of ice. This, for example, is the unit on 
which Fourier founds his reckoning illustratively when he explains 
the fundamental principles of his theory of the conduction of heat. 
Ice seems to have been first used for calorimetry by Wilcke, a 
Swede. For the systematic application of this method for the 
measurement of quantities of heat in various physical inquiries 
Laplace and Lavoisier constructed an instrument, the first to 
which the name of calorimeter was applied, and described it in 
the memoirs of the French Academy of Sciences for 1780*. 
Though in the hands of Laplace and Lavoisier it gave good 
results, it had a great inconvenience, which with less careful and 
less scientific experimenters might lead to great inaccuracies, on 
account of the water adhering by capillary attraction to the 
broken ice, instead of draining away from it completely and show- 
ing exactly how much ice had been melted. To avoid this evil 
Sir John Herschel suggested that, instead of draining away the 
water from the ice, the water and ice should all be kept together, and 
the whole bulk measured. The diminution of bulk of the whole 

* Th ® instrument itself is preserved in the Conservatoire des Arts et Metiers in 
1 ans. It is described and explained in Maxwdl’s Theory of Heat , chap. 8. 
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thus gives an accurate measurement of the quantity of ice melted, 
because ice melting into water comes to occupy just 91‘675 per 
cent, of its original volume. This suggestion is admirably carried 
out by Bunsen* in his ice-calorimeter, an instrument possessing 
also other novel features of remarkable beauty and scientific 
interest. It is particularly valuable for the measurement of small 
quantities of heat. Its inventor, for example, by means of it 
succeeded in making satisfactory determinations of the specific 
heats of some of those rarer metals, such as Indium, of which only 
a few grammes have been obtained. 

5. Calorimetry by the Evaporation of Water . — By another 
application of Black’s doctrine of latent heat, the evaporation of 
water may be used for calorimetry with great advantage in many 
scientific investigations. It is used generally in engineering prac- 
tice, particularly for testing the heating power of different quali- 
ties of coal and the economy of various forms of furnaces. The 
thermal unit, which presents itself naturally in this system, is the 
quantity of heat required to evaporate unit weight of water when 
the pressure of the atmosphere as measured by the barometer is 
of some conventional standard amount, such as that called one 
atmosphere, or one atmo, being that for which the barometer, with 
its mercury column at zero centigrade (or the temperature at 
which ice melts), stands at 76 centimetres in the latitude of Paris, 
48° 50' f, or at 

„„ (1 + -00531 sin* 48° 50') 

70 *-'-l+«3lS?7 

in any latitude l. This thermal unit is, according to Regnault’s 
observations, equal to 6’8 times the ice-calorimetric unit. 

6. Thermometric Calorimetry . — The most prevalent mode of 
calorimetry in scientific investigation has been hitherto, however, 

* Pogg. Ann., Sept. 1870, and Phil. Mag., 1871 ; Maxwell’s Theory of Heat, 
p. 61. 

t This is chosen because all the most accurate experimental determinations 
depending on a conventional standard for atmospheric pressure, such as measure- 
meats of thermal expansions and specific heats of gases, of latent heat of melting 
solids in terms of a calorimetric unit depending on the centigrade thermometric 
scale, of latent heats of vapours, and thermal expansions of mercury and glasB, and 
comparisons of mercury and air thermometers, are those of Begnault, and were 
mo a* i n Paris and calculated and given to the world according to an arbitrary 
standard atmosphere corresponding to 76 centimetres of mercury there. 


Bunsen's 

ice- 

calori- 

meter. 



122 


ELASTICITY AND HEAT. 


[XCII. PT. II. 


neither that by the melting of ice, nor that by evaporation of water, 
nor indeed by any mode founded on tho doctrine of latent heat at 
all. It has been founded on the elevation of temperature produced 
in water by the communication to it of the heat to be measured ; 
and, for the sake of distinction from calorimetry by latent heat or 
otherwise, it may be called thcrmometric calorimetry. We can 
only consider it now in anticipation, as we have not yet reached 
the foundation of any thermometric scale ; but even now we can 
see that, if in any way we fix upon any two particular deter- 
minate temperatures, tho quantity of water warmed from the 
lower to the higher of them by the heat to be measured is a 
perfectly definite measure for the quantity of this heat. The two 
temperatures chosen for tliennometric calorimetry are those marked 
0° and 100° on the centigrade scale. The first of these we can 
understand at present, being the temperature at which ice melts 
under ordinary atmospheric pressure. The second is fully de- 
fined in §§35, 37, 51, 67 below. The quantity of heat required to 
raise unit mass of water (1 kilogramme, or 1 gramme, or 1 milli- 
gramme, or 1 lb., as the case may be) from zero to 1° C. is called 
tho thermal unit centigrade, and sometimes, especially by French 
writers, the “calorie.” 

7. Comparison of Calorimetric Units. — Observations by 
Prevostaye and Desians, and by Regnault, on the latent heat of 
fusion of ice, show it to be 79’25 thermal units centigrade, a 
result differing but little from Black’s original determination, 
which made it 142 thermal units Falir., — this being equal to 78 9 
thermal units centigrade. Thus if one kilogramme of ice be put 
into 79 £ kilogrammes of water at 1° C., and left till the whole is 
melted (the process may be accelerated by not too violent 
stirring, § 9 below), the result will be 80J kilogrammes of water 
at 0° C. 

Rcgnault’s experiments on the latent heat of steam show that 
the quantity of heat required to convert into steam unit mass of 
water at the boiling temperature, under standard atmospheric 
pressure (§ 5 above), is 536 5 thermal units centigrade. This 
number, which is no doubt very accurate, differs but little from 
Watt’s final result, 960 thermal units Fahr. (equal to 533*3 thermal 
units centigrade), obtained by him, in a repetition in 1781 of 
experiments which he had commenced in 1765 at the invitation of 
Black, whose pupil he was. 
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8. Dynamical Calorimetry. — Preliminary regarding the Na- 
ture of Heat . — From the dawn of science till the close of the eigh- 
teenth century two rival hypotheses had been entertained regarding 
the nature of heat, each with more or less of plausibility, but nei- 
ther on any sure experimental basis : — one that heat consisted of 
a subtle elastic fluid permeating through the pores or interstices 
among the particles of matter, like water in a sponge ; the other 
that it was an intestine commotion among the particles or mole- 
cules of matter. In the year 1799 Davy, in his first published 
work entitled An Essay on Heat, Light, and Combinations of 
Light*, conclusively overthrew the former of these hypotheses, 
and gave good reason for accepting as true the latter, by his 
celebrated experiment of converting ice into water by rubbing two 
pieces of ice together, without communicating any heat from sur- 
rounding matter. A few years earlier Bumford had been led to 
the same conclusion, and had given very convincing evidence of it 
in his observation of the great amount of heat produced in the 
process of boring cannon in the military arsenal at Munich, and 
the experimental investigation on the excitation of heat by 
friction ■!* with which he followed up that observation. He had 
not, however, given a perfect logical demonstration of his con- 
clusion, nor even quite a complete experimental basis on which it 
could be established with absolute certainty. According to the 
materialistic doctrine it would have been held that the heat 
excited by the friction was not generated \, but was produced, 
squeezed out, or let flow out like honey from a broken honeycomb, 
from those parts of the solid which were cut or broken into small 
fragments, or rubbed to powder in the frictional process. If this 
were true, the very small fragments or powder would contain 
much less heat in them than an equal mass of continuous solid of 
the same substance as theirs. But unhappily the caloristic doc- 
trine, besides its fundamental hypothesis, which we now know to 
be wrong, had given an absurd and illogical test for quantity of 

* Published in 1799 in Contributions to Physical and Medical Knowledge, princi- 
pally from the West of England, collected by Thomas BeddoeB, M.D. , and republished 
in Dr Davy’s edition of his brother's collected works, vol. ii., London, 1836. 

f "An Enquiry concerning the Source of -Heat which is excited by Friction ” 
(Phil. Trans., abridged, vol. xviii. p. 286; see also vol. i. of “ The Complete Works 
of Count Bumford” published by The American Academy of Arte and Sciences, 
Boston, 1870). 

$ Compare quotation from Cavendish, footnote, % 2 above. 
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heat in a body, of which a not altogether innocuous influence still 
survives in our modem name “ specific heat; ’ and Rumford actually, 
in trying to disprove the materialistic doctrine, was baffled by this 
sophism. That is to say, he measured the specific heat or “capacity 
for heat” of the powder, and he found that tlio powder took as 
much heat to warm it to a certain degree as did au equal mass of 
the continuous solid, and from this ho concluded that the powder 
did not contain loss heat than the continuous solid at the same 
temperature. This conclusion is so obviously unwarranted by 
the premises that it is difficult to imagine how Rumford could 
have for a moment put forward the “ capacity for heat ” ex- 
periment as proving it, or could have rested in the conclusion 
without a real proof, or at least the suggestion of a real proof. 
All that Rumford’s argument proved was that the fundamental 
hypothesis of the “ calorists,” and their other altogether gratuitous 
doctrine of equality of “ specific heat ” as a test for equality of 
whole quantities of heat in matter, could not be both true ; and 
any one not inclined to give up the materialistic hypothesis 
might have cheerfully abandoned the minor doctrine, and re- 
mained unmoved by Rumford’s argument. If Rumford had but 
melted a quantity of the powder (or dissolved it in an acid), and 
compared the heat which it took with that taken by an equal 
weight of the continuous solid, he would have had no difficulty 
in proving that the enormous quantity of heat which he had 
found to be excited by the friction had not been squeezed, or 
rubbed, or pounded, out of the solid matter, but was really brought 
into existence, and therefore could not be a material substance. 
He might even, without experiment, have pointed out that, if the 
materialistic doctrine were true, it would follow that sufficiently 
long-continued pounding of any solid substance by pestle and 
mortar, whether by hand or by aid of machinery, would convert it 
into a marvellous powder possessing one or other of two properties 
about equally marvellous. Either the smallest quantity of it 
thrown into an acid would constitute a freezing mixture of un- 
limited intensity, — the longer it had been pounded, the more 
intense would be its frigorific effect on being dissolved,— or the 
powder would bo incapable of being warmed by friction, because it 
had already parted with all the heat which friction could rub out 
of it. The real effect of Rumford’s argument seems to have been 
to salve the intellectual consciences of those who were not in- 
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dined to give up the materialistic doctrine, and to save them from 
the trouble of reading through Rumford’s paper and thinking for 
'themselves, by which they would have seen that his philosophy 
was better than his logic, and would inevitably have been forced to 
agree with him in his conclusion. It is remarkable that Davy’s 
logic, too, was at fault, and on just the same point as Rumford’s, 
but with even more transparently logical fallaciousness, because 
his argument is put in a more definitely logical form. 

“ Let heat be considered as matter, and let it be granted that 
the temperature of bodies cannot be increased unless their capa- 
cities are diminished from some cause, or heat added to them from 
some bodies in contact”!! 

****** 

“Experiment II. — I procured two parallelepipedons of ice*, of 
the temperature of 29°, G inches long, 2 wide, and 2/3 of an inch 
thick; they were fastened by wires to two bars of iron. By a 
peculiar mechanism their surfaces were placed in contact and kept 
in a continued and violent friction for some minutes. They were 
almost entirely converted into water, which water was collected 
and its temperature ascertained to bo 35° after remaining in an 
atmosphere of a lower temperature for some minutes. The fusion 
took place only at the plane of contact of the two pieces of ice, 
and no bodies were in friction but ice. From this experiment it 
is evident that ice by friction is converted into water, and, accord- 
ing to the supposition, its capacity is diminished ; but it is a well- 
known fact that the capacity of water for heat is much greater 
than that of ice, and ice must have an absolute quantity of heat 
added to it before it can bo converted into water. Friction con- 
sequently does not diminish the capacities of bodies for heat.” — 
Davy’s Essay on Heat, Light, and Combinations of Light, pp. 10 — 12. 

[Delete from “ and, according to the supposition,” to “ greater 
than that of ice ” inclusive ; and delete the lame and impotent 
conclusion stated in the last eleven words. The residue constitutes 
an unanswerable demonstration of Davy’s negative proposition that 
heat is not matter.] 

D. Joule's Dynamical Equivalent of Heat. — It is remarkable 
that, while Davy’s experiment alone sufficed to overthrow the 

* “ The result of the experiment is the same if wax, tallow, resin, or any sub- 
stance fusible at a low temperature be used; even iron may be fused by collision, 
as is evident by the first experiment. 
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hypothesis that heat is matter, and Rumford’s, with the addition 
of just a little consideration of its relations to possibilities or proba- 
bilities of inevitable alternatives, in effect did the same, fifty years 
passed before the scientific world becamo converted to their con- 
clusion, — a remarkable instance of the tremendous efficiency of bad 
logic in confounding public opinion and obstructing true philosophic 
thought. Joule’s great experiments from 1840 to 1849*, creating 
new provinces of science in the thermodynamics of electricity, and 
magnetism, and electro-chemistry, recalled attention to Davy s 
and Rumford’s doctrine regarding the nature of heat, and supplied 
several fresh proofs, each like Davy’s absolutely in itself complete 
and cogent, that heat is not a material substance, and each ad- 
vancing with exact dynamical measurement on the way pointed 
out by Rumford in his measurement of the quantity of heat 
generated in a certain time by the action of two horses not urged 
to overwork themselves. The full conversion of 1 the scientific 
world to the kinetic theory of heat took place about the middle of 
this century, and was no doubt an immediate consequence of 
Joule’s work, although Rumford’s and Davy’s demonstrative experi- 
ments, and the ingenious and penetrating speculations of Mohr, 
and Sdguin, and Mayer, and the experimental thermodynamic 
measurements of Colding, all no doubt contributed to the result. 

* List of titles of, and references to, papers by Dr James Prescott Joule, F.R. S.: — 

“ Description of an Electromagnetic Engine,” Sturgeon Ann. lilectr. ii. 1838, pp. 
122 — 123. “On the Production of Heat by Voltaic Electricity,” 1 toy. Soc. Proe., 
iv., 1810, pp. 280 — 282. “On the Heat evolved by Metallic Conductors of Elec- 
tricity, and in the Cells of a Battery during Electrolysis,” Phil. Mag. xix., 1811, 
pp. 260 — 277. “ On the Electric Origin of the Heat of Combustion,” Brit. Axsoe. 
Report, 1842 (Pt. 2), p. 31. “On the Electrical Origin of Chemical Heat,” Phil. 
Mag., xxii., 1843, pp. 204 — 208. “On the Calorific Effects of Magneto-electricity, 
and on tho Mechanical Value of Heat,” Phil. Mag., xxiii., 1843, pp. 263 — 276, 
347 — 355, 435 — 443. “On the Changes of Temperature produced by the Rarefaction 
and Condensation of Air,” Roy. Soc. Proe., v., 1844, pp. 617-618. “On the 
Mechanical Equivalent of Heat,” Brit. Assoc. Report, 1845 (Pt. 2), p. 31. “ On tho 
Existence of an Equivalent Relation between Heat and tho ordinary forms of 
Meohanioal Power,” Phil. Mag., xxvii., 1845, pp. 205—207. “ On tho Heat evolved 
during the Electrolysis of Water (1843),” Manchester Phil. Soc. Mem., vii., 1846, 
PP* 87 — 118. “ On a new Theory of Heat,” Manchester Phil. Soc. Mem., vii., 1846, 
PP* 111 — 118 * “ 0n the Theoretical Velocity of Sound,” Phil. Mag., xxxi., 1847, pp. 
H4 — 115. “ On the Mechanical Equivalent of Heat as determined by the Friction 
of Fluids,” Phil. Mag., xxxi., 1847, pp. 173 — 176. “ On tho Mechanical Equivalent 
of Heat, and on tho Constitution of Elastic Fluids,” Brit. Assoc. Report, 1848 (Pt. 2), 
pp. 21—22. “On Shooting Stars,” Phil. Mag., xxxii., 1848, pp. 849—351. [See 
Joule’s collected papers, vol. i. (Physical Society of London), 1844.] 
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Each of the several subjects of thermodynamic measurement 
undertaken by Joule gave him a means of estimating the quan- 
tity of work required to generate a certain quantity of heat ; but 
after several years of trials he was led to prefer to all others the 
direct method of simply stirring a quantity of water by a paddle, 
and measuring the quantity of heat produced by a measured 
quantity of work ; and this method he has accordingly used in all 
his experiments for the purpose of determining the “dynamical 
equivalent of heat ” from the year 1845 to the present time. By 
this ho found his final result of 1849*, which was 772 Manchester 
foot-pounds for the quantity of work required to warm by 1° Fahr., at 
any temperature between 55° and 61° Fahr., 1 lb. of water weighed 
in vacuum. In 1870 he commenced work for a fresh determination 
of the dynamical equivalent of heat at the request of the British 
Association, and the result was communicated to the Royal Society *f* 
about the end of 1877, with the following preface : — 

“The committee of the British Association on standards of 
electrical resistance having judged it desirable that a fresh deter- 
mination of the mechanical equivalent of heat should be made by 
observing the thermal effects due to the transmission of electrical 
currents through resistances measured by the unit they had issued, 
I undertook experiments with that view, resulting in a larger 
figure (782*5, Brit. Assoc. Report, Dundee, 1867, p. 522) than that 
which I had obtained by the friction of fluids (772*6, Phil. Trans. 
1850, p. 82). 

“The only way to account for this discrepancy was to admit 
the existence of error either in my thermal experiments or in the 
unit of resistance. A committee, consisting of Sir William Thomsou, 
Professor P. G. Tait, Professor Clerk Maxwell, Professor B. Stewart, 
and myself, were appointed at the meeting of the British Associa- 
tion in 1870; and with the funds thus placed at my disposal I 
was charged with the present investigation, for the purpose of 
giving greater accuracy to the results of the direct method.” 

The result of this final investigation of Joule’s is 772*43 Man- 
chester foot-pounds for the quantity of heat required to warm 
from 60° to 61° Fahr. a pound of water weighed in vacuum, 

* Joule “ On the Mech anical Equivalent of Heat,” Philoeojphical Transactions of 
Royal Society for 1850. 

+ 14 New Determination of the Mechanical Equivalent of Heat,” by James Pres- 
cott Joule, Phil. Trane, of Royal Society for 1878, pp. 865—383. 
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which is about ^jth per cent, greater than the result of 1849 ex- 
pressed in the same terms. According to Regnault's measure- 
ments* of the thermal capacity of water at different temperatures 
from 0° to 230° C., it must be about 08 per cent, greater at 60° Fahr. 
than at 32°. According to this. Joule’s thermodynamic result 
would be 771*81 Manchester foot-pounds, for the work required 
to warm a pound of water from 32° to 33° Fahr., or 1389*26 to 
warm a pound of water from 0° to 1° O. Reducing 1389*26 feet 
to metres, we have 423*437 metres. At Paris the force of gravity 
is about per cent, less than in Manchester. Hcnco for about 
the middle of France and the southern latitudes of Germany, 
Joule’s result, according to the ordinary reckoning of French and 
German engineers, may be stated as 423*5 kilogramme- metres 
for the amount of work required to warm 1 kilogramme of water 
from 0° to 1°C. The force of gravity at Manchester is 981*34 
dynes (centimetres per second per second). Multiplying 423*437 
by this, we find accordingly 41,553,000 centimetre -dynes, or "ergs,” 
for the amount of work in C.G.S. measure required to warm 
1 gramme of water from 0° to 1° C. 

Thermometry. 

10. Preliminary for Thermometry. — Sense of Heat {resumed 
from § 1 above ). — The sense of heat and cold is not simply de- 
pendent on the temperature of the body touched. If a person 
takes a piece of iron, or a stone, or a piece of wood, or a ball of 
worsted, or a quantity of finely carded cotton-wool, or of eider 
down, in his hand, or touches an iron column, or a stone wall, or 
a wooden beam, or a mass of wool or of down, ho will perceive 
the iron cold, the stone cold, but less cold than the iron, the 
wood but slightly cold — much less cold than the stone, the wool 
or down decidedly warm. 

We now know that if all the bodies before being touched 
were near one another in similar exposure, they must have been 
at the same temperature, and from the iron and stono being felt 
cold we know that this mean temperature is lower than tho 
temperature of the hand. Each of the bodies touched must at the 
first instant have taken some heat from the hand, and therefore, 
if the perception were quick enough, all at the very instant of being 
touched would have seemed cold to the sense. The iron by its 
* Relation dei Experiences, vol.M. p. 748, Faris, 1847. 
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high thermal conductivity (§§ 76, 78, 80 below) keeps drawing off 
heat from the hand and lowering its temperariire, till after many 
seconds of time an approximately permanent temperature is 
reached, which may be considerably lower than the temperature of 
the hand before contact, but somewhat higher than the previous 
temperature of the iron, because of the internal furnace generating 
heat in the hand. A similar result, but in less time and with less 
ultimate lowering of temperature of the hand, takes place when 
stone is touched. When wood is touched its comparatively small 
conductivity (§ 76 below) allows its surface to be warmed again 
after the first few seconds, sometimes to a higher temperature 
than that of the hand before contact ; and thus, if the sensation 
could be perfectly remembered, it would be perceived that the wood 
was first felt to bo cold, and afterwards to bo warm. This latter 
warmth is rendered very perceptible by first holding the hand in 
contact with a*piece of wood, as for instance a mahogany table, 
for a considerable time, half a minute or more, and then suddenly 
removing it; a sense of cold is immediately perceived in conse- 
quence of the exposure of the hand to the air. The foot is 
similarly sensitive. If, after holding a bare foot for some time in 
the air, it bo placed on a varnished wooden floor, the floor is 
perceived to be cold, and if, after standing some time with it 
pressed to the floor, the foot be suddenly lifted, the air now seems 
cold by contrast. If a person walks with bare feet on a wooden 
floor, a continued sense of cold is experienced; and if, immediately 
after doing so, he sits down, and holds his feet in the air, the air 
seems to be warm by contrast. The same sensations are perceived 
even on a carpeted floor, but much less markedly than on a 
plain woodon floor, and much less markedly on a plain wooden 
floor than on a varnished wooden floor, and much less markedly 
on a varnished wooden floor than on a stone floor. In the case of 
touching soft wool, or finely carded cotton-wool, or eider down, the 
first instantaneous sensation of cold is scarcely if at all perceived, 
and that which first provokes consciousness is the subsequent 
heating ; and it is very startling to find a body which we know 
to be ice-cold on a frosty day feeling positively warm to the first 
consciously perceptible sensation after it is touched. In this case 
the small thermal conductivity or great thermal resistance of the 
substance is such that heat is carried off by it from the hand 
slower than it was carried off by radiation and aerial convection 
T. m. 9 
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(§§70,71 below) before contact; and thus, after the first momentary 
cooling of the hand by the initial cataract of heat from it to the 
cold body touched, in a small fraction of a second of time a higher 
temperature is attained by the hand than it had before contact, 

11. Sense of Temperature .— The sense of heat is in reality 
a somewhat delicate thermal test when properly used. Even an 
unskilled hand alternately dipped into two basins of water will, 
as we have found by experiment, detect a difference of tem- 
perature of less than a quarter of a degree centigrade ; .and there 
can be no doubt that bath and hospital attendants, and persons 
occupied with hot liquors in various manufactures, such as dyeing, 
can detect much smaller differences of temperature than that, 
and, what is still more remarkable, can remember permanently 
sensations of absolute temperature sufficiently to tell within less 
than a degree centigrade that the temperature of a bath, or a 
poultice, or dyeing liquor is “ blood heat,” or “ fevef heat,” or some 
other definite temperature to which they have been accustomed. 

12. Thermometry by Sense of Heat — with arbitrary Centi- 
grade Scale deduced from Mixtures of Hot and Cold Water . — 
Without knowing anything of the nature of heat wo might found 
a complete system of thermometry on the mixing of hot and cold 
water with no other thermoscopo (§13 below) than our sense of 
heat, if we had but two definite constant temperatures of refer- 
ence. These in practical thermometry are supplied by the melting- 
point of ice and the temperature of steam from water boiling in 
air at a definite pressure (the “atmo” or standard atmosphere, 
§ 5 above). Thus, suppose perfectly abundant supplies of iced 
water and of water at the boiling temperature to be available, 
and suppose it to be desired to measure the temperature of a 
river, or lake, or sea. Take measured quantities of the boiling 
and of the ice-cold water, and mix them by trial until, tested by 
the hand, tho mixture is found to have the same temperature as 
that of tho mass of water of which tho temperature is to be 
determined. Suppose, for example, the mixture giving tho re- 
quired temperature to consist of 86-6 parts by weight of ice-cold 
water, and 13'4 parts by weight of boiling water; the required 
temperature is 13‘4 on a perfectly definite scale of thermometry 
in which the temperature of ice-cold water is called zero, th a t of 
boiling water 100, and other temperatures are reckoned according 
to the law of proportion of mixtures of water in the manner 
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indicated by the example, and defined generally in § 31 below* 
For temperatures within the range of sensibility of the hand this 
method would give more accurate results than many common 
thermometers sold by instrument makers for ordinary popular 
purposes. It may be relied upon for absolute accuracy within 
-j^ths of a degree centigrade, provided the mixing of hot and cold 
water is performed with sufficiently large quantities of water, and 
with all proper precautions to obtain in that part of the process 
all the accuracy obtainable by the living thermoscope. 

We shall see (§ 25 below) that with the most accurate mercury 
or air thermometers, made for scientific investigation and carefully 
tested, absolute determinations can scarcely be depended upon 
within -j^th of a degree centigrade. The method of mixtures 
with only the sensory thermoscope is not limited to the range of 
temperature directly perceptible with unimpaired sensibility; but 
when the temperature to be tested is beyond this range an indirect 
method may be followed, as thus : — 

A large quantity of water too warm for the hand is to be 
tested. Mix it with say twice its weight of ice-cold water, this 
giving a convenient temperature for the hand ; then find by trial 
what proportions of ice-cold and boiling water give a mixture of 
the same temperature as tested by the hand; suppose these 
proportions to be 262 of boiling water and 73‘8 of ice-cold water. 
The temperature of the mixture is by definition 26 - 2, and on 
the same principle the required temperature is three times this, 
or 78‘6. 

This system of thermometry is, however, strictly limited to 
the range between the freezing and boiling points of water, for 
we do not at present consider the possibilities of obtaining and 
using thermometrically quantities of water below the freezing 
point and above the boiling point. It is described here, not only 
because it is very instructive in respect to the principles of ther- 
mometry, but because it is in point of fact the thermometric 
method used through a large range of processes not only in the 
arts but in scientific investigation. In many cases the hand is 
a more convenient and easy test than a common mercury thermo- 
meter, and it has just about the same sensibility; the commonest 
thermometers in popular use being in fact scarcely to be read to a 
quarter of a degree centigrade. In respect to accuracy a common 
cheap thermometer, though perhaps a degree or two wrong in its 

9—2 
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absolute indications, may still be used as an accurate indicator of 
equality of temperatures just as is the hand in the method o 

mixtures. 

In many cases the hand is more convenient than the thermo- 
meter, in other cases the thermometer is more convenient than 
the hand, but in many cases the thermometer is applicable when 
the hand is not. When the quantities of water tested are abun- 
dant, the hand is always the quicker test, but (hero must be 
abundance of water to allow it to be satisfactorily and accurately 
applicable. 


Thermoscopes Differential and Intrinsic. 

Differential Tliermoscopes essentially continuous. — Intrinsic Ther- 
moscopes discontinuous and continuous. — Single and Multiple 
Intrinsic Thermoscopes (discontinuous). — Continuous Intrinsic 
Thermoscopes. 

13. A thermoscope is an indicator of temperature. A 
differential thermoscope is a thermoscope which shows difference, 
or tests equality, of simultaneous temperatures in two places. Its 
action is essentially continuous, depending on difference of tem- 
perature between the two places, and showing zero continuously 
when the temperatures of the two places are varied, provided they 
are kept exactly equal. Every kind of differential thermoscope, 
and of continuous intrinsic thermoscopo, must be founded on some 
property of matter continuously varying with the temperature, 
as density of a fluid under constant pressure, pressure of a fluid 
in constant volume, volume of the liquid part of a whole mass of 
liquid and solid kept in constant volume*, steam-pressure of a 
solid or liquidf, shape or density of an elastic solid under con- 
stant stress, stress of an elastic solid in a constant state of strain, 
viscosity of a fluid, electric current in a circuit of two metals 
with their junctions at unequal temperatures, electric resistance 
of a conductor, magnetic moment of a steel or loadstone magnet. 

Examples: — (1) Leslie’s differential air thermometer; (2) 
steam-pressure differential thermometers (§§ 39—44 below) ; (3) 
Joule’s hydraulic and pneumatic differential tliermoscopes (Mem. 

* This is the principle of the ordinal’s meroury or spirit thermometer. 

+ For definition of steam, see § 17 below. 
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Ghem. Soc., vol. hi. p. 201 ; Proc . Lit. and Phil. Soc. Manchester, 
vol. in. p. 73; Ibid., vol. VII. p. 35) (Joule’s Papers, vol. I. pp. 535, 
573); (4) viscosity differential thermoscope {Proc. R.8.E., April 19, 
1880); (5) thermo-electric differential thermometer; (6) Siemens 
electric resistance differential thermometer; (7) thermo-magnetic 
differential thermometer (see Proc. R.S.E., April 19, 1880). 

14. Intrinsic Thermoscopes. — An intrinsic thermoscope is 
an instrument capable of indicating one definite temperature or 
several definite temperatures, or all temperatures within the range 
of the instrument, whatever it may be — the temperature or tem- 
peratures indicated being intrinsically determined by the consti- 
tution of the instrument, and indicated by some recognizable 
feature of the instrument which changes discon tinuously or con- 
tinuously, as the case may be, and which is always the same when 
the instrument is brought back again and again to the same tem- 
perature, whatever changes it may have experienced in the 
intervals. Discontinuous intrinsic thermoscopes show only a 
limited number of temperatures. A continuous intrinsic thermo- 
scope shows any temperature whatever throughout the range of 
efficiency of the instrument, ideally any temperature whatever, 
though in practice every thermoscope is limited, some with both 
inferior and superior limit, as the mercury thermometer by the 
freezing of mercury at about — 39° C., and the bursting pressure of 
mercury-steam a little above + 360° C.; others with only a superior 
limit, as metallic thermoscopes, whether thermo-elastic, or thermo- 
electric, or electric-resistance, or thermo- magnetic, by the melting 
of their substances at very high temperatures, or, in the case of 
the thermo-magnetic instrument, by the total or partial loss of its 
magnetism at some temperature much below the melting point of 
its substance. A continuous intrinsic thermoscope, when applied 
to a body whose temperature is changing, shows continuously every 
variation of temperature within its range of efficiency. 

15. Discontinuous Intrinsic Thermoscopes. — A single intrinsic 
thermoscope is a thermoscope which shows whether the tempera- 
ture of the body to which it is applied is higher or lower than 
some one definite temperature depending on the intrinsic quality 
of the instrument. 

Examples: — (1) a piece of ice, or of wax, or of fusible metal; 
(2) an apparatus for boiling w&ter or other liquid under a perfectly 
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constant pressure ; (3) an apparatus for boiling water under the 
natural atmospheric pressure, and a barometer to measure exactly 
what the pressure is at the time. 

A multiple intrinsic thermoscope might be made by preparing 
a graduated scries of metallic alloys, numbering them in the order 
of their melting points, and arranging them together conveniently 
for use*. The temperature might be reckoned numerically, accord- 
ing to the number of the alloys that melt, when the whole series 
is exposed to the temperature to be tested. This discontinuous 
numerical reckoning of temperature is perfectly analogous to the 
Birmingham reckoning of wires and sheet metals by numbered 
gauges. Ideally it may be made infinitely nearly continuous by 
making a series of alloys with fine enough gradation of composition, 
but the method is in its essence discontinuous. It is useful for 
many special applications in science and in the arts, as for instance 
in that very fundamental one (§ 12 above) of giving one of the 
fixed points in the ordinary thermometric scale, the “freezing 
point”; also in a form of safety valve for boilers or hot- water 
pipes, in which a plug fixed by solder is released by the melting of 
the solder when the temperature reaches a certain limit ; also an 
exceedingly useful guard against overheating in the flue of a stove, 
by which a stopper is allowed to fall by the melting of a leaden 
support, and stop the draught, before the temperature reaches the 
highest limit judged permissible. 

16. Continuous Intnnsic Thermoscopes . — Continuity of indi- 
cation requires, as said in § 13 above, choice of some property 
or properties of matter varying continuously with temperature, 
such as those enumerated in § 13 above. A continuous intrinsic 
thermoscopc must have a feature, depending on the chosen pro- 
perty of matter, which shall vary with perfect continuity when the 
temperature is gradually changed, and shall always be the same 
when the instrument is brought to the same temperature again 
and again, whatever variation of temperature it may have ex- 
perienced in the intervals. The accuracy of an intrinsic thermo- 

* [Note of March 26, 1886. A multiple intrinsic thermoscopc has actually 
been made, according to this plan, by Mr J. J. Coleman, and was exhibited by 
him at a meeting of the Philosophical Society of Glasgow on 23rd January 1884 
{Proc. Phil. Soc. vol. xv. p. 94). Mr Coleman has used in this instrument a 
graduated series of paraffins which become solid at certain definite temperatures 
between 40° F. and 100° F., and mixtures of glycerine and water for the fawn p*- 
ratures from - 86° F. to 30° F. W. T.l * ^ 
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meter, whether discontinuous or continuous, depends upon perma- 
nence of quality of the material and of the mechanical constitution 
of the instrument, according to which the recognized feature shall 
always be very accurately the same for the same temperature. 

The sensibility or delicacy of a continuous intrinsic thermometer 
depends upon the recognisability of change in its indicating feature 
with very small change of temperature. 

17. The property of matter chosen as the foundation of 
almost all ordinary continuous intrinsic thermoscopcs in common 
use is interdependence of the density, the temperature, and the 
pressure of a fluid. The only other thermoscopes which can be 
said to be in common use at all are “ metallic thermometers”; these 
depend upon the change of shape of a rigid elastic solid under 
a stated stress, or on the change of shape of a compound solid, 
composed of two elastic solids of different substances melted or 
soldered together. For the present we confine our attention to the 
former and much larger class of instruments. The general type of 
all those instruments, except the steam-pressure thermometer 
(§§ 39 — 46 below), is a glass measure, measuring the bulk of 
a fluid. To give the requisite practical sensibility to the measure- 
ment, the glass, except for the case of the constant-pressure gas 
thermometer (§§ 64 — 67 below) and of the steam-pressure thermo- 
meter, is made of a shape which may be generally described as a 
bottle with a long narrow neck. The body of the bottle, which 
may either be spherical or of an elongated form, is called the bulb, 
and the neck is called the tube or stem (stem we shall most fre- 
quently call it, to obviate ambiguities without circumlocutions). 

The thermometric fluid may be all liquid, as mercury, or oil, or alco- 
hol, or ether, or glycerine and water ; or it may be all gas, as common 
air, or hydrogen, or carbonic acid ; or it may be partly liquid and 
partly steam (steam being a name which we shall invariably use to Steam, 
designate the less dense portion of a fluid substance at one tern- \ 
perature and pressure throughout, and in equilibrium, in two por- 
tions of different densities). This last case is different from the 
two preceding, in respect to the character of the thermometric in- 
dication : the whole volume of the thermometric substance may be 
changed from that of all liquid to that of all steam, without 
changin g the temperature or the pressure, and the pressure cannot 
be changed without changing the temperature, provided the sub- 
stance is kept in the double condition of part liquid and part 
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steam; in other woids, in this case the pressure depends upon the 
temperature alone and is independent of the volume. In the 
steam-pressure thermometer, therefore, there is no delicate mea- 
suring of volume of the thermometric substance, and tin* vessel 
containing it is not in the shape of bulb and stem ; but the instru- 
ment consists essentially of a means of measuring the pressure of 
the thermometric substance, with a test that it is really in the 
twofold condition of pait liquid and part steam, whether by seeing 
it through a glass containing-vessol, or by a proper hydraulic ap- 
pliance for ascertaining that the pressure is not altered by rare- 


faction or condensation when the temperature 
is kept constant Realized thermometers of 
this species, quite convenient tor many practical 
purposes, with steam of sulphurous acid, of 
water, and of mercury, to serve for different 
ranges of temperature, from below — 30° C. to 
above + 520° (J., are described in §§ 35) — 44? 
below. 

18. In respect to general convenience for 
large varieties of uses, whether for scientific 
investigation, or for the arts, or for ordinary 
use, liquid thermometers are generally and with 
good reason preferred ; but the general prefer- 
ence of either mercury or spiiits of wine for the 
liquid, which is so much the rule, is not (§ 20 
below) so clearly reasonable. For ordinary uses 
in which the thermometer has to bo moved 
about and placed in various positions, gas ther- 
mometers are much less convenient, because 
they require essentially an accurate measure- 
ment of pressure, and generally for this purpose 
a column of liquid. But when the thermo- 
meter is to be kept always in one position, as 
for instance when it is devoted to testing the 
temperature of the air indoors oi out of doors, Fig. 2. 

Amonton’s air or gas thermometer is reallv as conv^nm.* ' i 
easily read as any liquid thermometer can be : but even it ^runT 
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vapourlcss liquid*, and the third vacuous : and it is by so much 
the less simple than the liquid thermometer, that in the liquid 
thermometer the enclosed space is divided into only two parts, one 
occupied by tbe thermometric liquid, and the other by its steam, 
with or without some admixture of common air. For accuracy the 
air or gas thermometer is superior, we might almost say incom- 
parably superior, to the mercury thermometer, and, though in a 
much less degree, still decidedly superior to even the most accurate 
liquid thermometer, on account of the imperfect constancy of the 
glass containing-vessel. 

19. If we were quite sure of the bulk measurement given 
by the glass bulb and tube, liquid thermometers would be quite as 

* All instrument closely resembling that shown in the drawing (fig. 2), but with 
common air instead of hydrogen, was made for the writer of this article, by Casella, 
about fifteen years. ago, and has been used for illustrations in the natural philosophy 
class in Glasgow University ever since. It is probably an exceedingly accurate air 
thermometer. When it was set up in the new lecture-room after the migration to 
its present locality in 1870, the tube above the manometric liquid column was 
cleared of air. To do this the instrument must be held in such a sloping position 
with the closed end of the tube down, as to allow the bubble of air always found in 
it to rise and burst in the bulb. If now the instrument is placed in its upright 
position, the liquid refuses to leave the top of the tube, and it would remain filling 
the tube (probably, for over ?) if left in that position. No violence of knocking which 
has been ventured to try to bring it down has succeeded. To bring it down a bubble 
of air must be introduced. The bubble must be very small, so that the pressure 
of the air which fills it may become insensible when this air expands into the space 
of the tube left above the manometric column after it descends to its proper thermo- 
scopie position. Special experiments made for this article in September 1879 
showed that in the nine years during which the instrument had remained undis- 
turbed in the lecture-room a very sensible quantity of air (enough to render the 
temperature indication about 35° C. too low) had leaked from the bulb through the 
sulphuric acid into the tube above the liquid column. This air was eliminated, and 
the instrument again set up for use, an operation completed in a minute at any time 
if need be. Some careful experiments were then made by Mr Macfarlane to ascertain 
if the pressure of vapour or gas from the sulphuric acid, in the tube, was sensible, 
with a happily decisive result in the negative. The bulb was kept at a very constant 
temperature by cold water ; the uppermost few centimetres of the liquid column, 
and the whole of the tube above it, were heated to about 100° G. by steam blown 
through a glass jacket-tube, fitted round it for the purpose. The height of the 
manometric column remained sensibly unchanged ! Further experiments must be 
made to ascertain whether or not there is enough of variation of absorption of the 
air by the sulphuric acid with variation of temperature, and enough of the conse- 
quent variation of pressure in the bulb, to vitiate sensibly the thermometric use of 
the instrument. If, as seems improbable, the answer to this question be unhappily 
affirmative, a satisfactory negative might be found by substituting hydrogen for 
common air. 
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accurate as gas thermometers. For there is no difficulty in giving 
any required degree of sensibility to the instrument by making the 
bulb large enough; and the quality of the liquid itself, hermeti- 
cally sealed in glass, may bo regarded as being as constant as any- 
thing we know of in the material world. 13ut, alas for thermome- 
try, tho glass measure is not constant ! In tact, glass is a substance 
of very imperfect elasticity (Part 1, § 4, above); and it is tound 
that the bulb of a thermometer is not always of the same volume 
at the same temperature, but that, on the contrary, it experiences 
uncertain changes exceedingly embarrassing in thermometry. In 
the course of a few months after a thermometer is filled and 
sealed, the bulb generally shrinks by some uncertain amount of 
from to jjjjjjjj of its bulk, sometimes even in tin; course 

of years to almost T jnfon>' This has been discovered by a gradual 
rising of the freezing point in new mercury thermometers, gene- 
rally as much as from 4° to 4', sometimes to as dnuch sis 1 0., 
which corresponds to a shrinkage of 1*8/1 0 4 , as the bulk-expansion 
of mercury is, when its temperature is raised from 0 to 100 O. 
(Table II. below) 1/55*1, or '01815, of its bulk at 0 C. After a few 
months or a few years this progressive shrinkage ceases to be 
sensible ; but if the thermometer at any time is exposed to the 
temperature of boiling water or any higher temperature, an abrupt 
sub-permanent enlargement of the bulb is produced, and the 
freezing point, if tested for by placing the thermometer in ice and 
water, is found to be lowered; then again for weeks or months or 
years there is a gradual shrinkage, as shown by a gradual rising of 
the freezing point when the thermometer is tested again and again 
by placing it in ice and water. A very delicate mercury thermo- 
meter, which has been kept for years at ordinary atmospheric 
pressures when out of use, and never when in experimental use 
exposed to any temperature higher than about 30° C., or much 
lower than the freezing point, becomes very constant, and probably 
may never show any change of as much as ^ of a degree C. in its 
freezing point or in its indication at any other absolutely definite 
temperature, within some such range as from — 20° or — 10° C. to 
+ 30 or + 40 C. But the abrupt and irregular changes, pro- 
duced by exposing the thermometer to temperatures much above 
or much below some such limited range as that, constitute a very 
serious difficulty in the way of accurate thermometry by the 
mercury-in-glass thermometer. Although the greatest care has 
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been bestowed by Regnault, J oule, and all other accurate thermo- 
metric experimenters to avoid error from this cause, we have still 
but little definite information as to its natural history in thermo- 
meters of different qualities of glass, different shapes of bulb, or 
differently constructed in respect to processes of glass-blowing, 
boiling the mercury, and sealing the stem. We do not even know 
whether the excess of the atmospheric pressure outside the bulb, 
over the pressure due to mercury and Torricellian vacuum inside, 
is influential sensibly, or to any considerable degree, in producing 
the gradual initial shrinkage. If it wore so we might expect that 
the effect of heating the thermometer up to 100° C. or more at 
any time would be rather to produce an accelerated shrinkage for 
the time than what it is found to be, which is a return towards the 
original larger volume, followed by gradual shrinkage from day to 
day and week to week afterwards. A careful comparison between 
two thermometers constructed similarly in all respects, except 
sealing one of them with Torricellian vacuum and the other with 
air above the mercury, would be an important contribution to 
knowledge of this subject, interesting, not only in respect to ther- 
mometry, but also to that very fundamental question of physical 
science, the imperfect elasticity of solids (see Part I, § 4 above). 

20. The error of a thermometer due to irregular shrinkages 
and enlargements of the bulb, is clearly the less the greater is the 
expansion of the thermometric fluid with the given change of tem- 
perature. By the investigation of § 30 below we can calculate 
exactly how much the error is for any stated amount of abnormal 
change of bulk in the bulb. But it is enough at present to remark 
that for different liquids in the same or in similar bulbs the errors 
are very nearly in the inverse proportions of the expansions of the 
liquids. Now (Table III. below) in being warmed from 0° to 1° C. 
alcohol expands 6 times as much as mercury, methyl butyrate 
7 times, and sulphuric ether 8J times. Hence if irregular changes 
of bulk of the bulb leave, as they probably do in practice, an 
uncertainty of t^ths of a degree in respect to absolute temperature 
by the best possible mercury-in-glass thermometers used freely at 
all temperatures from the lowest up to 100° C., the uncertainty 
from this cause will be reduced to g^th of a degree by using alcohol, 
or ^th by using methyl butyrate instead of mercury; it may 
therefore, in a glass thermometer of alcohol or of the methyl buty- 
rate, be considered as practically annulled (§ 19 above) after a few 
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weeks or months have passed, and the first main shrinkage is 
over. 

21. An alcohol-in-glass thermometer is easily made strong 
enough to bear a temperature of 100° C., as this gives by the 
pressure of the vapour an internal bursting pressure of not quite 
an atmosphere and a quarter in excess of the atmospheric pressure 
outside. The boiling point of methyl butyrate (Table III. below) 
is 103 o, 5C.; a thermometer of it may therefore be used for tempe- 
ratures considerably above 100° C., but how much above we cannot 
tell, as we have not experiments as yet on the pressure of its 
vapour at temperatures above its boiling point. The pressure of 
vapour of sulphuric ether (Table VIII. below) is too great to allow 
a thermometer of this liquid sealed in glass to be used much above 
60° or 70° 0., but for low temperatures it makes a very valuable 
thermometer. It was used in 1<S5() by tlio author in finding by 
experiment the lowering of the freezing point of ftater, predicted 
theoretically by Prof. J. Thomson in 1849 (Tram. It. 8. K.), and 
gave a sensibility of 128 divisions to 1° C. Glass thermometers 
with ether, or chloroform (whose expansion is about 4 per cent, 
greater than that of ether), were used by Joule and the author in 
experiments* on changes of temperature experienced by bodies 
moving through air, in one of which the sensibility was as great as 
330 scale divisions to the 1" C. All these liquids, and many others 
in the modern chemist’s repertory of oils and ethers and alcohols, 
besides the superior sensibility which they give by their greater 
expansions, have a great advantage over mercury for some thermo- 
metric purposes in their smaller specific gravity. This allows the 
bulb to be larger, with less liability to break or to give disturbed 
readings through distortion by the weight of the contained liquid. 

22. Liquids which wet tho glass have another great advan- 
tage over mercury in their smaller capillary attraction and in the 
constancy of their 180° angle of contact with the glass, instead of 
the much greater absolute intensity of capillary attraction in the 
mercury, and its very variable angle of contact, averaging about 
45° when the mercury is rising, and about as much as 90° when it 
is falling. On account of these variations the bulb of the mercury 
thermometer is subjected to abrupt variations of pressure when 
the mercury is rising or falling. The greatest and least pressures 

* Phil. Tratu. for 1860, p. 826 [Art’mx. l>t. ni. Vol. i. above]. 
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due to this cause are experienced when the angle of contact is 
respectively least and greatest, and differ by the pressure due to a 
vertical column of mercury equal in height to the difference of 
depressions of mercury in a capillary tube of the same bore as the 
thermometer stem, when the angle of contact is changing from one 
to the other of the supposed extreme values. Hence the mercuiy 
in a thermometer rises and falls by jerks very noticeable in a 
delicate thermometer when looked at with a lens of moderate 
magnifying power, or even with the naked eye. Dr Joule informs 
us that this defect is much greater in some thermometers than in 
others, and that he believes it is greatly owing to the tube being 
left unsealed for too long a time after the introduction of the 
mercury, (by which it is to be presumed something of a film of 
oxide of mercury is left on the glass, to reappear on the surface 
of the mercury when it sinks as it cools after the sealing of the 
end). In Joule’s own thermometers not the smallest indication 
has ever been detected of Avbat he calls “this untoward phenome- 
non, which is calculated to drive an observer mad, if he discovers 
it towards the close of a series of careful experiments.” Their 
admirable quality in this respect is no doubt due to the great care 
taken by the maker, Mr Dancer, under Joule’s own instructions, to 
have the mercury and the interior of the bulb and tube thoroughly 
clean, and to guard it from exposure to any “ matter in its wrong 
place” until completion of the sealing. But no amount of care 
could possibly produce a mercury thermometer of moderate 
dimensions moving otherwise than by jerks of ever so many 
divisions, if its stem were of fine enough bore to give anything 
approaching to two or three hundred divisions to the centigrade 
degree. 

23. One chief objection to the use of alcohol or other volatile 
liquid, for the thermometric substance in ordinary glass thermo- 
meters, is the liability to distillation of some of the liquid into the 
stem and head reservoir, unless the glass above the level of the 
liquid be kept at least as warm as the liquid. On this account a 
spirit thermometer is not suitable for being plunged into a space 
warmer than the surrounding atmosphere with the stem simply 
left to take the temperature to which it comes in the circumstances. 
But whether for elaborate experimental use, or for the most 
ordinary thermometric purposes, there is little difficulty in 
arranging to keep the part of the stem which is above the liquid 
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surface somewhat warmer than at the liquid surface, and this 
suffices absolutely to prevent the evil of distillation. The only 
other objection of any grave validity* against the use of highly 
expansive liquids instead of mercury, is the difficulty of allowing 
for the expansion of the liquid in the stem, if it is not at the same 
temperature as the bulb. With the same difference of tcmpeia- 
tures in different parts of the instrument, the error on this account 
is clearly in simple proportion to the expansibility of the liquid ; 
and therefore, the residual error due to want of perfect accuracy in 
the data for the allowance will, generally speaking, be greater with 
the more expansive than with the less expansive liquid. But in 
every case in which the bulb and stem can Jill conveniently bo 
kept at one temperature, a thermometer having for its thermo- 
metric substance some highly expansive oil or alcohol or ether, or 
other so-called organic liquid of perfectly permanent chemical 
constitution, cannot but be much more accurate and* sensitive than 
the mercury thermometer, which has hitherto been used almost 
exclusively in thermometric work of the highest rank. We shall 
see (§§ 62 and 64 — 68 below) that the ultimate standard for ther- 
mometry, according to the absolute thermodynamic scale (§ 34 
below), is practically attained by the use of hydrogen or nitrogen 
gas as the thermometric substance, but that for ordinary use a gas 
thermometer can scarcely be made as convenient as one in which 
the thermometric substance is a liquid. For practical thermometry 
of the most accurate kind it seems that the best plan will be to 
use as ordinary working standard thermometers highly sensitive 
thermometers constructed of some chosen “organic” liquid, and 
graduated according to the absolute thermodynamic scale, by aid 
of the thermodynamically corrected air thermometer (§ 62 below) 

* There is one other objection which, though often Btatcd as very grave against 
the thermoinctric use of any other liquid than mercury, we do not admit to bo ho. 
It is that when the temperature is rapidly sinking, before becoming stationary, a 
little of the liquid lags behind the descending free surface, detained on the glasH, 
and, trickliug slowly down to rejoin the main column, must be waited for before the 
stationary temperature can be correctly read. We believo that if a fairly inviscid (or 
mobile) liquid such as alcohol or ether or butyrate of oxide of methyl be used, there 
will be practically no time lout from this cause, and certainly no accuracy lost when 
proper care is taken by the observer. The observer must be on his guard against a 
possibly falso steadiness, through the falling of temperature being momentarily 
balanced in its effect on the free surface by the trickling down of liquid from the 
glass above, when the free Burface is still above, or, it may be, has gone down to a 
little below, the true position for the final temperature. 
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used as ultimate standard of reference. The great convenience of 
the mercury thermometer in respect to freedom from liability to 
distillation, and smallness of error on account of difference of tem- 
perature between the bulb and stem, renders it the most conveni- 
ent for a large variety of scientific and practical purposes in which 
the most minute accuracy or the most extreme sensibility is not 
required. 

24. Without any thermodynamic reason for preferring air to 
mercury as thermometric fluid, Rcgnault preferred it for two very 
good reasons. (1) Its expansion is 20 times that of mercury and 
160 times the cubical expansion of glass, and therefore with air the 
error due to irregularity in the expansion of the glass is 20 times 
smaller than with mercury, and small enough to produce no prac- 
tical defalcation from absolute accuracy in thermometry, as he 
found by elaborate and varied trials. So far as this is concerned, 
some highly expansive organic liquids would answer nearly as well 
as air for thermometric fluid, and would have the advantage of 
giving a thermometer much more easily used. (2) For an ultimate 
standard of reference air has the advantage over organic liquids 
generally, that different samples of it taken at different times, or 
in different parts of the world, and purified of water and carbonic 
acid* by well-known and easily practised processes, are sufficiently 
uniform to give thermometric results between which the accord- 
ance is practically perfect, provided the thermometric plan accord- 
ing to which the different samples are used is the same, or as 
approximately the same as is easily secured in practice. Two plans 
for the therraomctric use of air naturally present themselves : — 

(I.) augmentation of volume of air kept in constant pressure ; and 
(II.) augmentation of pressure of air kept in constant volume. 
Regnault tried both plans, but found that he could only arrange Beg- 
ins apparatus to give good results by the second, and on it there- 
fore he founded what he called his “normal air thermometer.” a* thw- 
For the sake of perfect definiteness he chose, as the density of the 
air in his normal thermometer, the density which air has when at 

* H e n ce fo r th, to avoid circumlocutions, the unqualified word “air” will be used 
to denote atmospheric air taken in any part of the world, and deprived of carbonio 
acid and whatever vapour of water it may have contained, by aid of hydrated lime, 
or caustic potash, or some other suitable reagent for removing the carbonio acid, 
and quicklime, or chloride of calcium,^ or sulphuric aoid, or phosphoric acid, for 
removing the water. 
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the temperature of melting ice and under the pressure of one atm... 
He adopted the centigrade scale in respect to the marking «>f the 
freezing and boiling points by 0° and 100"; and the principle which 
he assumed for the reckoning of other temperatures was to call 
equal those differences of temperature for which differences of 
pressure of the air in his normal thermometer are equal. Thus he 
was led to a definition of temperature expressed bv the following 
formula : — 


where IT denotes the pressure one atmo, and p and p„„ the pres- 
sures of the air of the normal thermometer at tin* temperatures 
denoted by t and by 100 respectively, the latter being the tempe- 
rature of steam issuing from water boiling under the pressure of 
one atmo. By the most accurate observations which lie could 
make Regnault found for his “normal air” p’ m = 1’3663 x II. 
Hence his thermometric formula becomes 


t = 100 


p - 11 

•3605x 11 


= 272-85 ( £ - 1 


■ • •( I /.) 


25. Regnault compared with his normal air thermometer 
other thermometers on the same plan of constant volume, but with 
air at other than the normal density of one atmo, and with other 
gases than air ; also air and gas thermometers on the plan of 
constant apparent volume as measured in a glass bulb and stem: 
also a thermometer founded simply on the dilatation of mercury : 
also thermometers of mercury in different kinds of glass, each 
graduated on the glass stem with divisions corresponding to exactly 
equal volumes of the bore; also overflowing thermometers (thermo- 
mbtres & ddversement), in which a bulb with a short piece of fine 
stem was perfectly filled with mercury at 0° and the quantity 
of mercury expelled by the high temperature to be measured was 
weighed, instead of being volumetrically measured by divisions of 
a long stem as in the ordinary thermometer. 

The whole of this thermometric investigation is full of scient ifie 
interest, and abounds with results of great practical value in 
respect even of the minutest details of Regnault’s work It will be 
found fully described in the first of his three volumes, untitled 
Relation des Experiences entreprises par ordre de Monsieur le 
Ministre des Travawv Publics et sut la proposition de la Commission 
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centrale des Machines d Va,peur pour Determiner les Principals 
Lois et Donnees Numc.riques qui entrent dans le Calcul des Machines 
(i Vapeur, which were published at Paris in 1847, 1862, and 1870. 
Here wc can but state some of the most important of the general 
conclusions : — 

(1) The air thermomoters with pressure at 0° of from 44 to 149 
centimetres of mercury agreed perfectly with the normal air 
thermometer calculated according to the same formula (l b ), and 
nearly the same numerical coefficient 272*85. A slightly larger 
value 272*98 (or ’0036632 -1 ) gave the best agreement for the 
44 centimetres pressure, and the somewhat smaller value 272'7 (or 
•003667" 1 ) for the pressure 149 centimetres. 

(2) The hydrogen gas thermometer, with pressure one atmo at 
0°, and with its indications calculated according to formula (l b ) but 
with a different numerical coefficient*, agreed perfectly with the 
normal air thermometer from 0° to 325°. 

(3) The carbonic acid gas thermometer with pressure 46 cen- 
timetres at 0°, and its indications calculated with the coefficient 
271*59 (•003682 - *), agreed perfectly with the normal air thermo- 
meter from 0° to 308 1 ). 

(4) The carbonic acid gas thermometer with pressuro 74 centi- 
metres (or nearly 1 atmo) at 0°, calculated with the coefficient 
270*64 (-003695 -1 ) to make it agree with the normal air thermo- 
meter at 100°, gave numbers somewhat too large for all tempe- 
ratures from 200 Q to 323°. The difference seemed to rise to a 
maximum at about 180°, when it was about £°, and to diminish so 
as to bo only about at the highest temperatures of the com- 
parison. Two sulphurous acid gas thermometers, with pressures 
59 centimetres and 75 centimetres at 0°, calculated with coefficients 
263*6 (*003794 -1 ) and 261*4 (*003825 -1 ) respectively to make them 
agree at 100° with the normal air thermometer, each gave numbers 
too small for the higher temperatures by differences increasing 
gradually from at 140° to 3° at 320°. 

* Instead of tlio '003065 of his normal air thermometer, Begnault states that 
for his hydrogen thermometer he used *003052 (which would make the coefficient 
in formula (1») be 273-82 instead of 272-85). But this must Burely be a mistake, 
as he found -0036078 for the “coefficient of dilatation” of hydrogen calculated from 
its increase of pressure in constant volume, and -0030013 for the coefficient of 
sUtttfttinn observed directly for hydrogen under constant pressures of from 1 to 4 
atmos (Experience*, Vol. i. pp. 78, 80, 91, 115, 116), and he nowhere speaks of 
having found any smaller value than *003661 for hydrogen. 

T. III. 


10 
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(5) Air and gas thermometers, calculated according to 
differences of pressure of the gas kept at the same apparent 
volume, (that is to say, with the bounding mercury column at a 
constant mark on the glass stem of the thermometer) gave 
numbers too small at the higher temperatures by differences 
gradually increasing up to 2J° at 350° in the case of Choitii le Itui 
crystal, a hard glass without lead, and to as much as 3J° in the 
case of ordinary glass. 

In connexion with these observations Regnault remarks that 
the greatest cause of uncertainty in his air thermometry is the 
allowance for expansion of the glass. It was only by most care- 
fully made special experiments* on each particular bulb and tube, 
to determine its expansion throughout the range for which it was 
to bo used, that he succeeded in obtaining the great accuracy 
which we find in his results, according to which the probable error, 
whether by his normal air thermometer, or by other air or gas 
thermometers of those stated above to agree with it perfectly, 
was not more than from ‘1 to '15 of a degree for any temperature 
up to 350°. 

(6) The mcrcury-in-glass thermometers which Regnault gene- 
rally used for comparison with his normal air thermometer were 
overflowing thermometers, because he found that with such ho 
could more easily obtain the very minute accuracy at which he 
aimed than with the ordinary volumetric thermometers ; but the 
formula by which he calculated temperature from the overflowing 
thermometer, was adapted to give exactly the same result as 
would have been obtained by the ordinary thermometer with 
divisions on the stem corresponding to equal volumes of the bore. 
It must be remembered, however, that this perfect agreement 
between the volumetric and overflowing thermometers, would not 
be found unless the expansion of the bulb and tube were uniform 
and isotropic throughout. 

(7) 1 he general results of Regnault’s comparisons of mercury 
thermometers with his normal air thermometer, were given by 

* These experiments were made by finding the weight of mercury contained 
in each bulb and tubo at several different temperatures throughout the range 
t trough which it was to be used, and thence calculating the bulks according to the 
density of mercury for the different temperatures found by his independent in- 
vestigation of the absolute dilatation of mercury by tho hydrostatic mothod, this 
method being independent of the expansion* of the containing glass or other ««»im 
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himself in a diagram of curves from which the accompanying is 
copied on a reduced scale (fig. 3). It shows that at a temperature 
of 320° the independent mercury thermometer stands at 329'8°, 
the thermometer of mercury in Choisi le.Roi crystal at 327*25°, 
and the thermometer of mercury in ordinary glass at 32 18° ; and 
that the independent mercury thermometer and the mercury 
in Choisi le Roi crystal stand 10° higher 
than the normal air thermometer at the 
temperatures by it of 323° and 345° re- 
spectively. 

26. The curve for the independent 
mercury thermometer is merely Kegnault’s 
graphic "representation of his experiments 
on the absolute expansion of mercury ( Re- 
lation des Experiences, Yol. I. p. 328). It 
shows that the* addition of bulk given to 
the same mass of mercury under constant 
pressure by elevation of temperature is for 
the same difference of temperatures as in- 
dicated by his normal air thermometer 
regularly greater and greater the higher 
the temperature. 

27. It is interesting to see by the 
diagram that at the high temperatures all 
the mercury thermometers keep nearer to 
the air thermometer than does the inde- 
pendent mercury thermometer, and that 
the mercury in ordinary soft glass keeps much nearer to the 
air thermometer than does the mercury in the hard Choisi le Roi 
glass. We infer that, still reckoning temperature by the air 
thermometer, we have regular augmentation of expansion at tho 
high temperatures in all the different glasses, each greater than 
the augmentation of expansion of mercury, and that this aug- 
mentation is greater in the soft ordinary glass than in the hard 
Choisi le Roi glass, being in the ordinary glass great enough 
to overcompensate in the resulting thermometric indication the 
augmenting expansion of the mercury from 100° to 245° ; while 
above 245° in the ordinary glass thermometer, and at all tem- 
peratures above 100° in the Choisi le Roi thermometer, the com- 
pensation is only partial. Between 0° and 100° the independent 
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mercury thermometer stands regularly lower than the air ther- 
mometer by as great a difference as ’33 at 50°, where it 
is a maximum. The curves for the mercury-ill-glass ther- 
mometers are not shown between 0 J and 1 00", but it is 
clear from the diagram that the Choisi le lloi themiometer 
must, like the independent mercury thermometer, stand 
lower than the air thermometer, but by a smaller difference, 
probably only about '2° at 50°; and the ordinary glass 
thermometer higher than the air thermometer from 0° to 
100’ by a difference which may be ’2° or ‘3 ’ at 30°. This 
last inference from the diagram is confirmed by Regnault’s 
table of results facing page 227 of his first volume. 

28. In the best modern thermometers the graduations 
are actually engraved on the glass; but in most popular 
thermometers, and in many for scientific investigation, they 
are on an attached scale of wood, or ivory, or brass, or 
paper. Some of the best popular thermometers are the 
German bath thermometers, in which the graduation is 
on a paper scale guarded by being enclosed in a wide 
glass tube hermetically sealed round the stem and over the 
bulb of the glass which contains the mercury in the manner 
shown in fig. 4. The graduation is clearer and more easily 
read in this kind of thermometer than in any other. The IllfcTf 
complete protection of the paper scale against damp and damage, 
afforded by its hermetically sealed glass envelope, gives a perenni- 
ally enduring quality to this form of thermometer* such as is 
possessed by no others except those graduated on the glass; and 
the lightness of the paper renders its proper attachment to the 
inner stem, by gum or otherwise, thoroughly trustworthy, when 
once well done by the maker of the instrument. For scientific 
purposes the paper scale was too cheap, and common, and 
good, to satisfy the ideas of those instrument makers who in 
Germany and France substituted the heavy graduated slab of 

* Provided it is never exposed to “browning 1 ’ temperatures (or temperatures 
high enough to produce partially destructive distillation of the paper). Instrument 
makers ignoring this caution have actually made it with graduation extending to 
such temperatures for kitchen use. The result is that it gets injured to the extent 
of partially browning the hermetically sealed paper, and befogging the inner surface 
of the glass envelope, by applying it to test the temperature of melted fat in 
cooking. For this purpose the simple scientific thermometer with graduation on 
the glass stem is proper. 
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opal glass for the paper, while still adhering to the bath thermo- 
meter pattern in hermetically enclosing this scale in an 
outer containing glass tube, — very unnecessarily, as the 
glass scale, unlike the paper scale, does not require any 
such protection. 

This is now, however, a thing of the past. At the pre- 
sent time all high-class scientific thermometers are graduated 
on the glass of the stem, without any attached scale of 
other material. Except in respect to ease of reading the 
indications, this simplest form is, both for popular and for 
scientific purposes, superior even to the German bath ther- 
mometer with hermetically sealed paper scale ; and this will 
bo the form intended (Fig. 5) when we speak of a mercury 
thermometer, or a spirit thermometer, or a liquid thermo- 
meter, without any special qualification. 

29. PropeHies of Matter concerned in Liquid Thermo- 
meters . — The indications of the liquid thermometer depend 
not only upon the expansion of the liquid with heat ; they 
are seriously modified by the expansion experienced also by 
the containing solid. The instrument in fact consists of a 
glass measure measuring the bulk of a liquid. If the bulk 
of the hollow space in the glass and the bulk of the liquid 
expand by the same amount, the apparent bulk of the liquid 
as thus measured will remain unchanged. Now, supposing 
the glass to be perfectly homogeneous and isotropic (see 
Part I. above; §§ 38, 39, and chap. I. of Mathematical 
Theory), and the bulb to be free from internal stress, the 
glass will, when warmed uniformly, expand equally in all 
directions, and the volume of the hollow space will be altered 
in the same ratio as the volume of the glass itself. Hence 
the indications of the thermometer depend on a difference 
between the expansion of the glass and the expansion of 
the liquid. 

30. To define exactly the indications of a thermo- 
meter founded on the expansion of a fluid, let the volume H 
of the bore of the stem between two consecutive divisions 9 
be called for brevity a degree-measure. The degree measure Fig< 6 * 
is habitually made as nearly as possible equal throughout the 
scale in the best mercury-in-gkss thermometers ; and, as we shall 
see (§ 62 below), it ought to be so in an air-thermometer to give 
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indications agreeing with the absolute thermodynamic scale, 
nearly enough for the most accurate practical thermometry. But 
in practical spirit-thermometers the divisions are made to cor- 
respond as nearly as may be to degrees of a standard mercury 
or air thermometer, and the degree measures are therefore 
(Table II. below) larger and larger from the lower to the upper 
eud of the scale. For the purpose, however, of comparing the 
thermometric performances of different liquids, we shall suppose 
the degree-measure to be of equal volume throughout the scale in 
each case. 


Let X bo the number of degree-measures contained in the 
volume of the bulb aud stem up to the point marked zero on the 
scale; and let D, denote the volume, at any temperature t, of the 
degree-measure reckoned in absolute units of volume. The volume 
of the bulb and stem up to zero will be XD t . On^the supposition 
of perfect isotropy and freedom from stress in the glass, N will be 
independent of the temperature and 1)J D n will be the ratio of the 
volume of any portion of the glass at temperature t to its volume 
at the temperature called zero, if D a denote the volume of the 
degree-measure when the glass is at this zero temperature. Let 
now L t and L a denote the volumes of the whole liquid in a thermo- 
meter at the two temperatures t and 0 ; we have L a = ND 0 . And 
if s be the number of scale divisions marking the place of the 
liquid surface in the thermometer tube, we have L, = (X + a) J) t . 

Hence LJL, = (1 + s/N) DJD 0 . Hence 5 = - 1 J . Hence, 

if E, denote augmentation of bulk of the liquid, and E,' aug- 
mentation of bulk of each degree-measure of the stem, when the 
temperature is raised from 0 to t, each reckoned in terms of the 
bulk at zero temperature, we have 


■ = n ( 1 
\i +x; 



e, -e; 

l + x; * 


This is the formula for the ordinary liquid thermometer. It 
is also applicable to the constant-pressure air thermometer, in 
which, with proper instrumental means to keep the pressure 
constant, air is allowed to expand or contract with elevation or 
depression of temperature, and its volume is measured in a 
properly shaped glass measuring vessel. We may arbitrarily de- 
termine to take 8 as the numeric' for the temperature which is 
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indicated by any one particular thermometer of this kind, for 
instance, a methyl butyrate thermometer, or an alcohol thermo- 
meter, or a mercury or an air thermometer. But if s = t for any 
one individual thermometer, it cannot he exactly so for any other. 

In the first advances towards accurate thermometry it was taken 
so for the mercury-in-glass thermometer, and by general consent 
it was continued so until it was found (§ 25 above) that different 
mercury-in-glass thermometers, each made with absolute accuracy, 
differ largely in their reckonings of temperature. 

31. Numerical Thermometry . — In § 12 above, a perfectly Thenno- 
definitc and very simple basis for numerical thermometry was 
described, not as having been adopted in practice, hut as an ^ make 
illustration of a very general principle upon which reckoning of the spe- 
temperature may be done in numbers. The principle is this, of 
Two definite temperatures depending on properties of some par- water, 
ticular substance or substances are first fixed upon and marked 

by two arbitrary numbers, — as, for instance, the temperature of 
melting ice marked zero, and the temperature of steam issuing 
from boiling water under atmospheric pressure of exactly one 
atmo, marked 100. Then any intermediate temperature t is 
obtained by taking t parts of water at 100° and (100 — t ) parts at 0° 
and mixing them together. As said in § 12 above this method is 
limited to temperatures at which liquid water can be obtained, 
and therefore practically it is only applicable between the melting 
point of ice and the boiling point of water, under ordinary 
atmospheric pressure. 

32. Any other liquid of permanent chemical constitution Thermo- 
might be used instead of water, as the thermometric substance in 
thermometry founded on mixtures; so even might a powdered tnre8 > 
solid. Oil, if used instead of water, would have the advantage 

of being available for higher temperatures ; but want of perfect 
definiteness and constancy of chemical constitution is a fatal dis- 
qualification for it as the fundamental thermometric substance for 
thermometry by mixtures. Liquid mercury might be used with 
the advantage of being available for both higher and lower tempe- 
ratures than water, through a much wider whole range indeed 
than either water or oil. For use as thermometric substance for 
the method of mixtures both water and mercury, in the conditions 
of approximate purity in which they are easily obtained in 
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abundance, have a paramount advantage over all other liquids 
in near enough approximation to perfect definiteness and con- 
stancy of constitution, to give practically perfect thermometric 
results. 

33. In §§ 12, 24, 25, 30, 31, and 32 above, several distinct 
definitions of numerical reckoning of temperature have been given. 
In each of these the differences of temperature which are to bo 
called equal are defined specially, and this is the essence of tho 
thermometric scale in each case (tho marking of O’ and 100° for 
the “freezing” and “boiling” points being common to all as a 
matter of practical usage, and not ail essential of the thermometric 
principle in any case). Thus in §§12, 31, and 32 above differences 
of temperature are called equal, which are produced by the com- 
munication of equal quantities of heat to a given quantity of tho 
particular thermometric substance chosen — water, *for example, or 
mercury; in other words (§08 below), this thcrmoinetric system 
is chosen so as to make the specific heat of a particular thermo- 
metric substance the same for all temperatures. Again in § 24 
above differences of temperature are called equal, for which the 
differences of pressure are equal in air of the particular density 
which air has if its pressure is one atmo when its temperature is 
“ freezing.” This is Regnault’s “ normal thermometry.” In § 25 
(1), (2), (3), and (4) above, other reckonings of temperature 
differing essentially from this, though, as Regnault’s experiments 
proved, by but very small differences, are given sinqfiy by the 
substitution of air of other than Regnault’s normal density, and 
of other gases than air, for the air of Regnault’s normal thormo- 
meter. In § 25 (5) above, a thermometry founded on a complex 
coefficiency of change of pressure and volume of a gas and change 
of volume of some one particular glass vessel is defined and com- 
pared with Regnault’s normal thermometry ; and in § 25 (G) and 
(7) above, the same is done for the ordinary mercury-in-glass 
thermometer, which depends on a coefficieucy of glass and mercury 
leading to the reckoning of temperature defined in § 30 above. 
Again in §§ 20 to 23 above is indicated a system of thermometry 
founded on the absolute dilatation of some fluid, such as mercury 
or alcohol or butyrate of oxide of methyl or other permanent 
liquid or air, at some constant pressure, such as one atmo, with 
equal differences of temperature defined as those which give 
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equal dilatations of the particular substance chosen as the thermo- 
metric fluid. 

34. Each of all these different definitions of temperature 
is founded on some particular property of a particular substance. 

A thermometer graduated to fulfil one of the definitions for one 
particular substance would not agree with another thermometer 
graduated according to the same definition for another substance, 
or according to some of the other definitions. A much more satis- Prelim- 
factory foundation for thermometry is afforded by thermodynamic thermo^ 
science, which gives us a definition of temperature depending on dynamio 
certain thermodynamic properties of matter, in such a manner tionof 
that if a thermometer is graduated according to it from observation 
of one class of thermal effects in one particular substance, it will 
agree with a thermometer graduated according to the same 
thermodynamic law from the same class of effects in any other 
substance, or from the same or from some other class of effects 
in another substance. Thus we have what is called the absolute 
thermodynamic scale. This scale is now in modem thermal 
science the ultimate scale of reference for all thermometers of 
whatever kind (§ 67 below). It is defined in §§ 35 and 37 below 
after the following preliminary. A piece of matter which we shall 
call the “ thermomotric body ” or “ thermometric substance ” must 
be given, and at each instant it must be throughout at one 
temperature, whatever operations we perform upon it. For simpli- 
city we -shall suppose it to be of one substance throughout. It 
may bo all solid, or it may be partly solid and the remainder 
gaseous (as the contents of a wholly frozen cryophorous or any 
other form of closed vessel full of ice and vapour of water, 
but with no air); or it may at one particular temperature in the 
course of its use be partly solid and partly liquid and partly 
gaseous (as the contents of a partially frozen cryophorus); or 
it may be partially liquid and partially gaseous (as the con- 
tents of an unfrozen cryophorus or of a “philosopher’s hammer”); 
or it may be all liquid; or it may be all gas; or it may 
be all fluid at a temperature above the Andrews "critical 
temperature.” If it be all solid it may be under any homogeneous 
stress (Fart I. above. Mathematical Theory, Fart I. Chap. i.);.but in 
any case we suppose for simplicity the stress to be homogeneous 
throughout, and therefore if the thermometric body be partly solid 
and partly fluid, the stress in the solid as well as in the fluid must 
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be uniform pressure in all directions . To avoid excluding the 
case of all solid from our statements, we shall use generally the 
word stress, which will mean normal pressure reckoned in number 
of units of force per unit of area in every case in which the whole 
or any part of the thermometric body is fluid, and will denote 
this or any other possible stress when the thermomctric body is 
all solid. 

35. (1) Alter the bulk or shape of the thermomctric sub- 
stance till it becomes warmer to any desired degree. (2) Keeping 
it now at this higher temperature, alter bulk or shape farther, and 
generate the heat which the substance takes to keep its tempera- 
ture constant, by stirring water, or a portion of the substance itself, 
if it is partly fluid, and measure the quantity of work spent in 
this stirring. (3) Bring it back towards its original bulk and 
shape till it becomes cooled to its original temperature. (4) Keep- 
ing it at this temperature, reduce it to its original bulk and shape, 
carrying off, by a large quantity of water, the heat which it must 
part with to prevent it from becoming warmed. Find by a 
special experiment how much work must be done to give an 
equal amount of heat to an equal amount of water by stirring. 
Then the ratio of the first measured quantity of work to the 
second is the ratio of the higher temperature to the lower on the 
absolute thermodynamic scale. 

36. The following is equivalent to § 35, and is more con- 
venient for analytical use. It is derived from § 35 by supposing 
the first and third operations to be so small that the ratio defined 
as the ratio of the two temperatures is infinitely nearly unity, 
and conversely § 35 — our first form of definition of absolute tempe- 
rature — may be derived from the second, which is to be now given, 
by passing through a finite range of temperature by successive 
infinitesimal steps, and applying the second definition to each step. 

37. Let the thermometric body be infinitesimally warmed 
by stirring a portion or the whole of itself if it be partially or 
wholly fluid, or by stirring a quantity of fluid in space around 
it if it be all solid ; and during the process let the stress upon 
the body be kept unchanged. The body expanding or contrac ting 
or changing its shape with the heat, as the case may be, does 
work upon the surrounding matorial by which its stress is main- 
tained. Find the ratio of the amount of work thus done to the 
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amount of work spent in the stirring. For brevity we shall call 

this the work-ratio. Again, let the stress be infinitesimally in- tion of 

creased, the thermometric body being now for the time enclosed 

in an impermeable envelope so that it may neither gain ner lose tore:— 

heat. It will rise (or fall)* in temperature in virtue of the^^ tl ° 

augmentation of stress. The ratio of this infinitesimal elevation 

of temperature to the whole absolute temperature is equal to the differ- 

work-ratio multiplied into the ratio of the infinitesimal augmenta - 

tion of stress to the whole stress. turea to 

whole 

38. To show how our definition of absolute temperaturo is tempera- 
to be applied in practice take the following examples. Example 1. ture * 

— Any case in which the thermometric substance is part in one 
condition and the remainder in another of different density, as 
part solid and part vapour, or part solid and part liquid, or part 
liquid and part steam. In this last case, as explained above 
(§ 34 above), wo suppose the stress to be uniform pressure in 
all directions. 

Let p be its amount, and let t be the absolute temperaturo 
corresponding to this pressure. Let tr be the ratio of the density 
of the rarer to that of the denser portion, p the density of the 
rarer portion, and Jk the quantity of work required to generate 
the heat taken to convert unit mass of the substance from the 
lower to the higher condition (* being the “latent heat” of transi- 
tion from the lower to the higher condition per unit mass of the 
substance, and J the dynamical equivalent of the thermal unit 
in which k is measured). The work done by the substance in 
passing from the denser to the rarer condition per unit volume 
of the latter is p (1 — a), and the amount of work required to 
generate the heat taken in doing so is JpK. Hence the work- 
ratio of our second definition is 


P (1 - <0 

JpK 


( 1 ). 


Let now the pressure be increased by an infinitely small quantity 
dp, and, the substance being still in the two conditions but of 
uniform temperature throughout, let dt be the corresponding rise 
in temperature. We have by the definition (§ 37) 


* In the ease of fall the elevation of temperature is to be regarded as negative; 
and in this ease the '‘work-ratio” is nqptive also. 
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Hence 


dt _ p ( 1 - o') cfy) ^ 1 - <r , 
t J pie p JpK 

1 dt _ 1 — <r 
t' dp~ jpK 

Hence by integration 

' 1*1 

t A Jp, jpK 


( 2 ). 


or 


t=*t.£ Pt 


r 

V Do 


-ar)tlp 

Jpic 


(3). 


30. Fig. 6 represents a thermometer constructed to show 
absolute temperature on the plan of Example 1, § 38 above, 
realised for the case of water and vapour of water as thermomctric 
substance. The containing vessel consists of a tube with cylindric 
bulb like an ordinary thermometer; but, unlike an ordinary 
thermometer, the tube is bent in the manner shown in the 
drawing. The tube may be of from 1 to 2 or 3 millims. bore, and 
the cylindrical part of the bulb of about ten times as much. The 
length of the cylindrical part of the bulb may bo rather more 
than 1/100 of the length of the straight part of the tube. The 
contents, water and vapour of water, are to be put in and the 
glass hermetically sealed to enclose them, with the utmost pre- 
cautions to obtain pure water as thoroughly freed from air as 
possible, after better than the best manner of instrument makers 
in making cryophoruses and water hammers. The quantity of 
water left in at the scaling must be enough to 611 the cylindrical 
part of the bulb and the horizontal branch of the tube. When in 
use the straight part of the tube must be vertical with its closed 
end up, and the part of it occupied by the manometric water- 
column must be kept at a nearly enough definite temperature 
by a surrounding glass jacket-tube of iced water. This glass jacket- 
tube is wide enough to allow little lumps of ice to be dropped into 
it from its upper end, which is open. By aid of an india-rubber 
tube connected with its lower end, and a little movable cistern, 
as shown in the drawing, the level of the water in the jacket is 
kept from a few inches above to a quarter of an inch below that 
of the interior manometric column. Thus, by dropping in lumps 
of ice so as always to keep some unmelted ice floating in the 
water of the jacket, it is easy to keep the temperature of the top 
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of the nianometric water-column exactly at 
the freezing temperature. As we shall see 
presently, the manometric water below its 
free surface may be at any temperature 
from freezing to 10° C. above freezing with- 
out more than 1/40 per cent, of hydrostatic 
error. The temperature in the vapour-space 
above the liquid column may be either freez- 
ing or anything higher. It ought not to he 
lower than freezing, because, if it were so, 
vapour would condense as hoar frost on tho 
glass, and evaporation from the top of the 
liquid column would either cryophoruswise 
freeze the liquid there, or would cool it below 
the freezing puint. 

40. Tho chief object of keeping the 
top of the manometric column exactly at 
the freezing point is to render perfectly 
definite and constant the steam pressure 
in the space above it. 

A second object of considerable im- 
portance when the bore of the tube is so 
small as one millimetre is to give constancy 
to the capillary tension of the surface of the 
water. The elevation by capillary attraction 
of ice-cold water in a tube of one millimetre 
bore is about 7 millims. The constancy of 
temperature provided by the surrounding 
iced water will be more than sufficient to 
prevent any perceptible error due to in- 
equality of this effect. To avoid error from 
capillary attraction the bore of the tube 
ought to be very uniform, if it is so small 
as one millimetre. If it be threo millimetres 



Fig. 6. 


or more, a very rough approach to uniformity would suffice. 

A third object of the iced- water jacket, and one of much more 
importance than the second is to give accuracy to the hydrostatic 
measurement by keeping the density of the water throughout the 
long vertical branch definite and constant. But the density of 
water at the freezing point is* only 1/40 per cent, less than the 
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maximum density, and is the same as the density at 8° C. ; and 
therefore when 1/40 per cent, is an admissible error on our thermo- 
metric pressure, the density will be nearly enough constant with 
any temperature from 0° to 10° C. throughout the column. But 
on account of the first object mentioned above the very top of the 
water column must be kept with exceeding exactness at the 
freezing temperature. 

41. In this instrument the u thermometric substance ” (§ 34 
above) is the water and vapour of water in the bulb, or more 
properly speaking the portions of water and vapour of water in- 
finitely near their separating interface. The rest of the water 
is merely a means of measuring hydrostatically the fluid pressure 
at the interface. When the temperature is so high as to make 
the pressure too great to be conveniently measured by a water 
column, the hydrostatic measurement may be done, as shown in 
the annexed drawing (fig. 7), by a mercury column" in a glass tube, 



surrounded by a glass water-jacket not shown in the drawing, to 
keep it very accurately at some definite temperature so that the 
density of the mercury may be accurately known. 
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The simple form of steam thermometer represented with 
figured dimensions in fig. 6 will be very convenient for practical 
use for temperatures from freezing to 00° C. Through this range 
the pressure of water-steam, reckoned in terms of the balancing 
column of water of maximum density, increases (Table V.) from 
6*25 to 202*3 centimetres ; and for this therefore a tube of a little 
more than 2 metres will suffice. From 60° to 140° 0. the pressure 
of steam now reckoned in terms of the length of a balancing 
column of mercury at 0° increases from 14*88 to 271*8 centimetres; 
and for this a tube of 280 centimetres may be provided. For 
higher temperatures a longer column, or several columns, as in the 
multiple manometer, or an accurate air pressure-gauge, or some 
other means, such as a very accurate instrument constructed on 
the principle of Bourdon’s metallic pressure-gauge, may be em- 
ployed, so as to allow us still to use water and vapour of water 
as thermomctric substance. 

42. At 230° C., the superior limit of Regnault’s high- High- 

pressure steam experiments, the pressure is 27*53 atmos, but 

there is no need for limiting our steam thermometer to this th ermo- 

. . meter, 

temperature and pressure. Suitable means can easily be found 

for measuring with all needful accuracy much higher pressures 
than 27 atmos. But at so high a temperature as 140° C., vapour 
of mercury measured by a water column, as shown in the diagram 
(fig. 8), becomes available for purposes for which one millimetre 
to the degree is a sufficient sensibility. The mercury-steam- 
pressure thermometer, with pressure measured by water-column, 
of dimensions shown in the drawing, serves from 140° to 280° C., 
and will have very ample sensibility through the upper half of its 
scale. At 280° C. its sensibility will be about 4f centimetres to the 
degree ! For temperatures above 280° C. sufficient sensibility for 
most purposes is obtained by substituting mercury for water in 
that simplest form of steam thermometer shown in fig. 6, in which 
the pressure of the steam is measured by a column of the liquid 
itself kept at a definite temperature. When the liquid is mercury 
there is no virtue in the particular temperature 0° O., and a stream 
of water as nearly as may be of atmospheric temperature will be 
the easiest as well as the most accurate way of keeping the 
mercury at a definite temperature. As the pressure of mercury 
steam is at all ordinary atmospheric • temperatures quite imper- 
ceptible to the hydrostatic test When mercury itself is the balancing 
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liquid, that which was the chief reason for fixing the temperature 
at the interface between liquid and vapour at the top of tho 
pressure-measuring column when the balancing liquid was water 
(§ 40 above) has no weight in the present case ; but, on the other 
hand, a much more precise definiteness than the ten degrees 





latitude allowed in the former case for tho temperature of the 
main length of the manometric column is now necessary. In fact, 
a change of temperature of 2 - 2° C. in mercury at any atmospheric 
temperature produces about the same proportionate change of den- 
sity as is produced in water by a change of temperature from 0° to 
10° C., that is to say, about 1/20 per cent. ; but there is no diffi- 
culty in keeping, by means of a water jacket, the mercury column 
constant to some definite temperature within a vastly smaller 
margin of error than 2 - 2° C., especially if we choose for the definite 
temperature something near the atmospheric temperature at the 
time, or the temperature of whatever abundant water supply may 
be available. If the vertical tube for the pressure-measuring 
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mercury column be 830 centimetres long, the simple mercury- 
steam thermometer may be used up to 520° C., the highest tempe- 
rature reached by Regnault in his experiments (Table V. below) 
on mercury-steam. By using an iron bulb and tube for the part 
of the thermometer exposed to the high temperature, and for the 
lower part of the measuring column to within a few metres of its 
top, with glass for the upper part to allow the mercury to be seen, 
a mercuiy-steam-pre8sure thermometer can with great ease be 
made which shall be applicable for temperatures giving pressures 
up to as many atmospheres as can be measured by the vertical 
height available. The apparatus may of course be simplified by 
dispensing with the Torricellian vacuum at the upper end of the 
tube, and opening the tube to the atmosphere, when the steam- 
pressure to be measured is so great that a rough and easy baro- 
meter observation gives with sufficient accuracy the air-pressure 
at the top of the measuring column. The easiest, and not neces- 
sarily in practice the least accurate, way of measuring very high 
pressures of mercury-steam will be by enclosing some air above 
the cool pressure-measuring column of mercury, and so making 
it into a compressed-air pressure-gauge, it being understood that 
the law of compression of the air under the pressures for which 
it is to be used in the gauge is known by accurate independent 
experiments such as those of Regnault on the compressibility of 
air and other gases. 

43. The water-steam thermometer may be used, but some- 
what precariously, for temperatures below the freezing point, be- 
cause water, especially when enclosed and protected as the portion 
of it in the bulb of our thermometer is, may be cooled many degrees 
below its freezing point without becoming frozen : but, not to 
speak of the uncertainty or instability of this peculiar condition 
of water, the instrument would be unsatisfactory on account of in- 
sufficient thermometric sensibility for temperatures more than 
two or three degrees below the freezing point. Hence, to make 
a steam thermometer for such temperatures some other substance 
than water should be taken, and * none seem better adapted 
for the purpose than sulphurous acid, which, in the apparatus 
represented with figured dimensions in the accompanying diagram 
(fig. 9), makes an admirably convenient and sensitive thermo- 
meter for temperatures froifi + 20° to something far below 
Hi. 11 
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— 30° C., as wo see from the results of Regnault’a measurements 
(Table VIII. below). 

44. To sum up, we have in §§ 39 — 43 above, 
a complete series of steam-pressure thermometers, 
of sulphurous acid, of water, and of mercury, 
adapted to give absolutely definite and highly 
sensitive thermometric indications throughout the 
wide range from something much below — 30° to 
considerably above 520° of the centigrade scale. 

The graduation of the scales of those thermometers 
to show absolute temperature is to be made by cal- 
culation from formula (3) of § 38 above, when the 
requisite experimental data, that is to say, the 
values of a and pie for different values of p through- 
out the range for which each substauce is to be 
used as thermometric fluid are available. Hithertcr 
these requisites have not been given by direct 
experiment for any one of the three substances 
with sufficient accuracy for our thermometric 
purpose through any range whatever. Water, 
naturally, is the one for which the nearest ap- 
proach to the requisite information has been 
obtained. For it Regnault’s experiments have 
given, no doubt with great accuracy, the values 
of p (the steam pressure) and of * (the latent 
heat of steam per unit mass) for all temperatures 
reckoned by his normal air thermometer, which 
we now regard merely as an arbitrary scale of tem- 
perature, through the range from — 30° to + 230°. 

If he, or any other experimenter, had given us with 
similar accuracy through the same range, the Fig. *j. 
values of p (the density of steam) and <r (the ratio of the density 
of steam to the density of water in contact with it), for tempera- 
tures reckoned on the same arbitrary scale, we should have all the 
data from experiment required for the graduation of our water- 
steam thermometer to absolute thermodynamic scale. For it is 
to be remarked that all reckoning of temperature is eliminated 
from the second member of formula (3) of § 38 above, and that in 
our use of it Regnault’s normal thermometer has merely been 
referred to for the values of pie and of 1 — <r, which correspond to 
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stated values of p. The arbitrary constant of integration, t Qt is 
truly arbitrary. It will be convenient to give it such a value 
that the difference of values of t between the freezing point of 
water and the temperature for which p is equal to one atmo shall 
be 100, as this makes it agree with the centigrade scale in respect 
to the difference between the numbers measuring the tempera- 
tures which on the centigrade scale are marked 0° and 100° C. 
We shall see (§ 56 below) that indirectly by means of ex- 
periments on hydrogen gas this assignation of the arbitraiy 
constant of integration would give 273 for the absolute tempe- 
rature 0° C., and 373 for that of 100° C. Meantime, as said 
above, wo have not the complete data from direct experiments 
even on water-steam for graduating the water-steam thermo- 
meter; but on the other hand we have, from experiments on 
air and on hydrogen and other gases, data which allow us to 
graduate indirectly any continuous intrinsic thermoscope (§ 19 
above) according to the absolute scale; and we shall see that by 
thus indirectly graduating the water-steam thermometer, we learn 
the density of steam at different temperatures more accurately 
than it has hitherto been made known by any direct experiments 
on water-steam itself. 

45. Merely viewed as a continuous intrinsic thermoscope, 
the steam thermometer, in one or other of the forms described 
above to suit different parts of the entire range from the lowest 
temperatures to temperatures somewhat above 520° C., is no doubt 
superior, in the conditions for accuracy specified in § 16 above, to 
every other thermoscope of any of the different kinds hitherto in 
use ; and it may be trusted more surely for accuracy than any other 
as a thermometric standard, when once it has been graduated ac- 
cording to the absolute scale, whether by practical experiments 
on steam, or indirectly by experiments on air or other gases. In 
fact the use of steam-pressure, measured in definite units of 
pressure, as a thermoscopic effect in the steam thermometer, is 
simply a continuous extension to every temperature of the prin- 
ciple already practically adopted for fixing the temperature which 
is called 100° on the centigrade scale ; and it stands on precisely 
the same theoretical footing as an air thermometer, or a mercury- 
in-glass thermometer, \>r an alcohol thermometer, or a methyl 
butyrate thermometer, in respect to the graduation of its scale 
according to absolute temperature. Any one intrinsic thermoscope 

11—2 
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may be so graduated ideally by thermodynamic experiments on 
the substance itself without the aid of any other thermometer or 
any other thermometric substauce; but the steam-pressure thermo- 
meter has the great practical advantage over all others except the 
air thermometer, that these experiments are easily realizable with 
great accuracy ; instead of being, though ideally possiblo, hardly 
to be co nsi dered possible as a practical means of attaining to 
thermodynamic thermometry. In fact, for water-steam it is only 
the most easily obtained of experimental data, the measurement 
of the density of the steam at different pressures, that has not 
already been actually obtained by direct experiment. Whether 
or not, when this lacuna has been filled up by direct experiments, 
the data from water-steam alone may yield more accurate thermo- 
dynamic thermometry than we have at present from the hydrogen 
or nitrogen gas thermometer (§§ 64 — 69 below), we are unable at 
present to judge. But when once we have tin? means, directly 
from itself, or indirectly from comparison with hydrogen or 
nitrogen or air thermometers, of graduating once for all a sul- 
phurous acid steam thermometer, a water-steam thermometer, or 
a mercury-steam thermometer, that is to say, when once we have 
a table of the absolute thermodynamic temperatures corresponding 
to the different steam pressures of the substances sulphurous acid, 
water, and mercury, we have a much more accurate and more 
easily reproducible standard than either the air or gas thermo- 
meter of any form, or the mercury thermometer, or any liquid 
thermometer, can give. In fact, the scries of steam thermo- 
meters for the whole range from the lowest temperatures can 
be reproduced with the greatest ease in any part of the world 
by a person commencing with no other material than a piece 
of sulphur and air to burn it in*, some pure water, and some 
pure mercury, and with no other apparatus than can be made 
by a moderately skilled glass-blower, aud with no other standard 
of physical measurement of any kind than an accurate linear 
measure. He may assume the force of gravity to be that 
calculated for his latitude, with the ordinary rough allowance 
for his elevation above the sea, and his omission to measure 
with higher accuracy the actual force of gravity in his locality 

* Practically, the best ordinary chemical means of preparing sulphurous acid, 
as from sulphuric acid by heating with copper, might be adopted in preference to 
burning sulphur. 
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can lead him into no thermometric error which is not in- 
comparably less than the inevitable errors in the reproduction 
and use of the air thermometer, or of mercury or other liquid 
thermometers. In temperatures above the highest for which 
mercury-steam pressure is not too great to be practically available, 
nothing hitherto invented but Deville’s air thermometer with hard 
porcelain bulb suited to resist the high temperature is available pyro- 
for accurate thermometry. meter. 

46. We have given the steam thermometer as our first 
example of thermodynamic thermometry, because intelligence in 
thermodynamics has been hitherto much retarded, and the student 
unnecessarily perplexed, and a mere quicksand has been given as 
a foundation for thermometry, by building from the beginning on 
an ideal substance called perfect gas, with none of its properties 
realized rigorously by any real substance, and with some of them 
unknown, and utterly unassignable, even by guess. But after 
having been moved by this reason to give the steam-pressure 
thermometer as our first theoretical example, we have been led 
into the preceding carefully detailed examination of its practical 
qualities, and we have thus become convinced that though hitherto 
used in scientific investigations only for fixing the “ boiling point,” 
and (through an inevitable natural selection) by practical en- 
gineers for knowing the temperatures of their boilers by the 
pressures indicated by the Bourdon gauge, it is destined to be of 
great service both in the strictest scientific thermometry and as 
a practical thermometer for a great variety of useful applications. 

47. Example 2 (including Example 1, § 38 above). — Any case 
in which the stress is uniform pressure in all directions. 

Let p and v denote the pressure and volume. The condition 
of the substance (single, double, or triple, as the case may be) is 
determinate when p and v are given, and it will therefore be 
spoken of shortly as the condition (p, v). Let e be the energy 
which must be communicated to the substance to bring it from 
any conveniently defined zero condition (p 0 , v 0 ) to any condition 
whatever (p, v). Remark that e is a function of the two inde- 
pendent variables p, v to be found by experiment, and that the 
finding of it by experiment is a perfectly determinate practical 
problem, which can be carried out without the aid of any thermo- 
scope, and without any consideration whatever relating to tern- 
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Operation 
called 
adiabatic 
compres- 
sion by 
Rankine. 


pcrature. We shall see in fact that accurate practical solutions 
of it for many different substances have been obtained by experi- 
ment. The absolute temperature t is also a function of p and v 
to be also determined by experiment, according to the equivalent 
definitions of §§ 35 and 37 above. Let heat be communicated to 
the substance so as to cause its volume to increase by dv, the 
pressure being kept constant. The energy of the hotly will be 
augmented by 

de , 

~r . dv. 

dv 

At the same time the body in expanding and pressing out the 
matter around it does work to the extent of 

p.dv (4). 

Hence the whole work required to generate the heat given to it 
amounts to 

{% + p) dv < 5 >- 

Hence the ratio of (4) to (5), or 



is the “ work-ratio ” of § 37 above. Hence by the definition 

T=f 

3i + » 

where Dt denotes the change of temperature produced by aug- 
menting the pressure by dp, and at the Bame time preventing the 
substance from either giving heat to or taking heat from the sur- 
rounding matter. To express this last condition analytically, let 
dv be the augmentation of volume (negative, of course, if dp be 
positive) which it implies. The work done on the substance by 
the pressure from without is —pdv, and the energy of the sub- 
stance is augmented by just this amount, because of the condition 
to be expressed. Hence 

de , de 
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whence 


and so we have 


dvss l^ d ^ 

Tv + P 

m= T P *+»* 


\dp 


dt de > 

dv dp 

3T” 

sr + '> 


Eliminating Dt/dp from this by (7) we find 


-K) 


de\dt^_de dt 
dvl dp dp dv 


48. This is a linear partial differential equation of the first 
order for the determination of t, supposing, as wo do for the 
present, that»e is a known function of p and v. The following 
graphical illustration of the well-known analytical process for 
finding the complete solutions of such equations shows exactly 
how much towards determination of temperature can be done 

de 

with no other data from experiment than the values of and 

cfe • , • 

as functions of p and v, and what additional information is 

required to fully determine t. 

First remark that (11) is the condition that i be a factor ren- < 

t t 

dering ^ j dv + ^dp a complete differential of a function* f 

of two independent variables p and v. Let <f> be this function, — j 
that is to say, let <p be such that t 

t 

* This function is of great importance in practical thermodynamics : multiplied by T 
t 0 , it is equal to the excess of the energy of the substance above its motivity. Motivity 
(defined in paper “ On Thermodynamic Motivity, ” Phil . Mag. May, 1879 [Art. l. Vol. L 
above]) is the amount of work obtainable by letting the substance pass from the 
state (p, v) in which it is given to the zero condition (po, v 0 ), without either taking 
in heat from or giving out heat to matter at auy other temperature than 


Called 

thermo- 

dynamic 

function 

by 

Rankine, 
called en- 
tropy by 
Clausius 
and sub- 
sequent 

writArs. 
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f-iL + %), and 

dv t v dvJ 9 dp t dp 


de de 
P + dv dp 
l ~ dd> ~M 


GaUed 

adiabatics 

by 


Then every solution of the differential equation 

de 

(13) 

dv de 

d P 

Called renders <f> constant, and conversely, every series of values of p 
by and v which renders <f> constant, constitutes a solution of (13). 
isentrop’ ^ ow ^is differential equation may be solved graphically by taking 
ies by p and v as rectangular coordinates of a point in a plane, and draw- 
Sbte^ * n £ the whole series of curves which satisfy it as follows. Coin- 
Complete mence with any point and calculate for its values of p and v the 
adiabatics* vft l ue °f the second member of (13). Draw through this point 
drawn. an infinitesimal line in the direction of the tangent to the curve 

given by the value so found for With the altered values of p 

and v corresponding to the other cud of this infinitesimal line, 

calculate a fresh value of an( j continue the curve in the 

dv 

slightly altered direction thus found, and so on. Take another 
point anywhere infinitesimally near this curve but not in it, and 
draw by a similar process the curve through it satisfying the 
equation. Take a third point infinitely near this second curve, 
and draw through it a third curve satisfying (13), and so on till 
the whole area of values p, v, possible for the substance in question, 
is filled with a series of curves one of which passes through, or 
infinitely nearly through, every point of the area. Assign arbi- 
trarily a particular value of to each of these curves; then 

graphically find and for any or every value of p and v. 

Then either of the two second forms of equation (12) gives us 
explicitly a value of t for any values whatever of p and ». 

Completed ^ The solution for t thus obtained involves the arbitrary 
solution at assumption of a particular value of <f> for each one of the series of 
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curves which we have determinately traced. Hence, to render t differ- 

wholly determinate, something more must be given than e as a eq^on 

function of p and v. Now the only thing that can be given 

respecting temperature for any particular substance before wetnuy 

have a thermometric scale is the relation subsisting between ft” 1041011 ' 

p and v when the temperature is constant. This relation can, 

with merely a single -temperature -thermoscope (§ 15 above), in 

addition to dynamical instruments, be determined for some one 

particular temperature; and this, if e be known for every value 

of p and v, is the only additional knowledge required for the Arbitrary 

determination of t for every value of p and v. For let p = f(v) J)fthSj on 

be the relation between p and v for some one particular tern- analytical 

1 1 solution 

perature, t 0 . If by this we eliminate p from (12) we find deter- 

mined by 



de 

where - 5 ^, when p =f(v), becomes a known function of v alone. 
Hence by integration we find 


*=r[*» + C] (15), 

c o 

where F denotes a known function and G an arbitrary constant Completed 
Now'trace the curve p = f(v) on our diagram. It must generally tloifof*" 
cut every one of the previously drawn determinate scries of curves, absolute 
Hence equation (15), with two arbitrarily assigned constants t 0 ture from 
and G, gives determinately the value of <f> for every one of the of 
diagram of curves, and thus <j> is determined for every value of p ment. 
and v. Either of equations ( 12 ) then gives t determinately as a 
function of p and v, with only the value t a arbitrary. The infor- 
mation from experiment, regarding the properties of the thermo- 
metric substance, on which this determination is founded, consists 
of a knowledge of the relation between p and v for any one tem- 
perature, and of the value of e—e 0 for all values of p, v, (e 0 denoting 
the unknown value of e for some particular values p 0 vj). Although, 
theoretically, this information is attainable by purely dynamical 
operations and measurements, with no other thermal guidance or 
test than that afforded by a single-temperature-intrinsic-thermo- 
scope (§ 15 above), the whole of it has not in fact been explicitly 
obtained for any one substance. But less than the whole of it* 
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suffices to make a perfect absolute thermometer of any given 
substance. 

50. For this purpose it is not necessary to find t for all 
values of p and v: it is enough to know it for all values mutually 
related in any manner convenient for thcrmomctric practice. For 
example, if we could find t for every value of v with p constant 
at some one particular chosen value, — this would give a “ constant 
pressure ” absolute thermometer. Or again, if we find t for every 
value of p with v kept constant, — this would give us a “ constant 
volume ” absolute thermometer. Let us now examine into the 
restricted dynamical and thermoscopic investigations upon any 
particular substance, which will suffice to allow us to make of it 
a standard absolute thermometer of one or other of these species. 

51. Dynamical and thermoscopic investigation required to 
graduate, according to the absolute scale, a constant-pressure ther- 
mometer of any particular fluid. — Let a large quantity of fluid be 
given, and let proper mechanical means be taken to cause it to 
flow slowly and uniformly through a pipe, in one short length of 
which there is a fixed porous plug. If, as is the case with common 
air, nitrogen, oxygen, carbonic acid, and no doubt many other 
gases, the fluid leaves the plug cooler than it enters it, let there 
be a paddle in the stream flowing from the plug, and let this 
paddle be turned so as to stir the fluid and cause the temperature, 
when the rapids are fairly past and the eddies due to the stirring 
subsided, to be the same as in the stream flowing towards the 
plug. When, as in the case of hydrogen and of all ordinary 
fluids, the stream flows away from the plug warmer than it entered 
it, let a uniform stream of water be kept flowing in a separate 
canal outside the tube round a portion of it in which the internal 
flow is from the plug, and by this means let the temperature of 
the internal fluid be brought to equality with that which it had 
on entering the plug. By a separate thermodynamic experiment 
find how much work would have to be spent in stirring the 
external stream of water by a paddle to warm it as much as it is 
warmed by conduction from the internal fluid across the separating 
tube. Returning now to the internal fluid flowing towards and 
from the plug, let p + Sp be the pressure in the steady stream 
approaching the disturbed region, and p the pressure in the steady 
stream flowing from the disturbed region; and let &u> be the 
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quantity of work done by the paddle per unit of mnaa of the 
fluid passing hy, reckoned positive in the first case, that namely 
in which the paddle compensates a cooling effect experienced in 
passing through the porous plug. In the second case — Sw (in 
this case a positive quantity) must denote the work done hy 
the paddle upon the supposed external stream of water in the 
separate thermodynamic experiment. It is to he reckoned per 
unit mass of the internal fluid, irrespectively of the rate of flow 
of the external water. Let t denote the temperature of the fluid 
according to the thermodynamic scale, and let St denote the 
infinitely small change of temperature which it must experience 
to produce an infinitesimal expansion from volume v to volume 
v + 8v under constant pressure. We have 


v dt 
t dv 


v op 


(16). 


Proof— Let v + St?, v, and e + Se, e, be respectively the amounts 
of the volume and of the energy of the fluid per unit mass, in 
the tranquil stream before and after passing the disturbed region. 
The work done by an ideal piston pressing the fluid in towards 
the disturbed region is (p + Sp ) (t? + St?), and the work done by the 
emergent stream upon an ideal piston moving before it is pv, each 
reckoned per unit of mass, of the fluid. The whole work done 
on the fluid per unit mass by these ideal pistons is pSv+vSp ; 
add to this 8w done by the paddle, and we find that, on the whole, 
an amount of work equal to pSv + vSp + Sw is done on the fluid 
in passing through the disturbed region. Hence e exceeds e + Se 
by this amount ; that is to say, 

— Se =pSv + vSp + Sw (17). 


Now the paddle and plug together act so as to render the tem- 
peratures equal in the tranquil streams at pressures p and p + Sp. 
But if there were change of temperature its analytical expression 
would be 

8t =l s ” + § i *’ < 18 >- 

Hence St? and Sp are so proportioned as to make this vanish. 
That is to say, we have 
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dt 

*~f* 

dv 

and we have 

hence (17) divided by 8p becomes 

dt dt 

de dp de dp , 8w 

dv 'at dp ^ dt_ V 8p 
dv dv 

Using this in (11) we find 

t 8to 

dt V + 8p 

dv 


( 19 ) ; 


( 20 ). 


( 21 ). 


Dividing (21) by v, and taking the reciprocal of both members, we 
have the equation (16) which was to be proved. 


52. Now if for any particular fluid at some one given pres- 
sure p, with infinitesimal excess 8p above this pressure for the 
higher pressure in the thermodynamic experiment, we find neither 
heating nor cooling effect in passing through the porous plug, the 
paddle has nothing to do ; that is, 8to = 0. If, with always the 
same pressure p, but with different values of v, that is to say, with 
the fluid given at different temperatures,’ but with pressures in- 
finitely nearly the same, we always find the same result, 8*v = 0, it 
follows from (16) that for this particular fluid at the particular 
pressure of the experiment, and for all the temperatures of the 
experiment, we have 


v dt _ 1 
t dv~ 


( 22 ). 


Hence by integration 


t = Cv 


(23). 


Hence we infer that with this fluid for thermometric substance, 
with the particular pressure of the experiment, and throughout the 
range of temperatures for which experiment has given us 8w = 0, 
absolute temperature is shown on a scale graduated and numbered 
in simple proportion to the whole volume of the fluid. 
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53. If the thermodynamic test repeated for the same fluid at 
different pressures gives still the same result, we have, for all 
pressures and temperatures within the range for which the sup- 
posed result 8w = 0 has been found by the experiment, 

t=f(p)v (24); 

where f(p) denotes the quantity which depends only on the pres- 
sure of the fluid and is independent of its density. 

54. Joule and Thomson’s experiments on the thermal effects 
of fluids in motion * showed that for pressures of from one to five 
or six atmos hydrogen gas, common air, nitrogen, oxygen, and 
carbonic acid, all somewhat approximately fulfil the condition of 
passing through the porous plug without change of temperature, — 
hydrogen much more approximately, carbonic acid much less ap- 
proximately, than any of the others. Hence we infer that absolute 
temperature is* somewhat approximately proportional to the volume 
of the fluid, if any one of these gases bo used as the thermometric 
fluid in a constant-pressure thermometer. We shall presently see 
that the requisite correction of this statement for the case of 
hydrogen is so small as to be almost within the limits of accuracy 
of the most accurate thermometric usage. 

55. In the case of common air, nitrogen, oxygen, and car- 
bonic acid, the experiments showed a slight cooling effect upon 
the fluid in passing through the porous plug ; in the case of hydro- 
gen, a much smaller heating effect. According to the rigorous 
dynamical form of our statement of § 51 above, we have no right 
to measure these heating and cooling effects on any scale of tem- 
perature, as wo have not yet formed a thermometric scale. And it 
is interesting to remark that in point of fact the thermodynamic 
experiment described in that section involves the use of a differen- 
tial thermoscope (§13 above) and not of any intrinsic thermoscope 
at all ; and in respect to this requisite it may be contrasted with 
the thermodynamic investigation of § 49 previously, which involved 
the use, not of any continuous thermoscope, but only of a single- 
temperature intrinsic thermoscope (§ 14 above). Now, instead of 
reckoning on any thermometric scale the cooling effect or the 
heating effect of passage through the plug, we have to measure the 
quantity of work (8w) required to annul it, in the case of the 

* Transactions Royal Society, Jun^ 1853, June 1854, June 1860, and June 1862 
[Art. xlix. Vol. I. above]. 
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majority of gases ; and in the case of hydrogen, instead of reckon- 
ing on any thermometric scale the heating effect, we have to 
measure — Sw as explained in § 51. The experiments as actually 
made by Joule and Thomson simply gave the cooling effects and 
heating effects shown by mercury thermometers in the tranquil 
stream towards and from the plug; but the very thermometers 
that were used had been used by Joule in his original experiments 
determining the dynamical equivalent of heat, and again in his 
later experiments by which for the first time the specific heat of 
air at constant pressure was measured with sufficient accuracy for 
our present purpose. Hence by putting together different experi- 
ments which had actually been made with those thermometers of 
Joule’s, the operation of measuring Sw, at all events for the case of 
air, was virtually completed. Thus according to our present view 
the mercury thermometers are merely used as a step in aid of the 
measurement of Sw, and their scales may be utterly arbitrary, 
provided we know the quantity of work required to raise unit mass 
of any of the fluids concerned through the particular differences of 
temperature actually shewn by the thermometers in the Joule and 
Thomson experiment. The best way of doing this of course is to 
take advantage of the best measurements, that is to say, Rcgnault’s, 
of the thermal capacity of air at constant pressure, and then to 
calculate according to Joule’s own measurement the dynamical 
equivalent of the heat required to warm water through one degree 
of his own thermometers. 

56. Let K be the thermal capacity, pressure constant, of the 
fluid experimented on, J the dynamical equivalent of the thermal 
unit, and St the cooling effect (reckoned negative when the effect 
is rise of temperature), as measured by Joule’s thermometers. We 
have 

Sw — JKSt (25). 

Hence (16) becomes 

vdt 1 

JJTTt ( 26 )- 

+ v 8p 

The experiment showed St to be simply proportional to Sp not 
merely for an infinitesimal difference of pressures but for pressures 
up to 5 or 6 atmos. For the case of hydrogen* the heating effect 
* Joule and Thomson, Trarwactiam Royal Society , June 1860 [Art. xlix. Vol I 

ahnVAl ■ * * 



XCII. PT. IT.] 


HEAT. 


175 


observed amounted, per 100 inches of mercury, to ’100 of a degree 
centigrade at temperatures of 4° or 5° centigrade, and to *155 of a 
degree centigrade at temperatures of from 89° to 93° centigrade. 
The investigation was not carried out in sufficient detail to give 
any law of variation of this effect with temperature, and it was not 
even absolutely proved to be greater for the higher than for the 
lower temperature. In the circumstances we may take the mean 
of the results for the higher and lower temperatures, say *13 per 
100 inches of mercury, or ’039 per atmo. Hence if II denotes the 
force per unit of area in the pressure called “ one atmo,” we have 


Hence 


8t *039 

8 P ~ n '* 

v dt 1 

t dv ~ 1 — •039JK/tiv 

dt _ dv 

7“i/- 039JifyiI’ 


(27). 


which gives by integration 

t = C(v — -039 JK/U) (28). 

The arbitrary constant C depends on the unit adopted for tempera- 
ture. Let this be such that the difference of temperature between 
freezing and boiling is 100 (which will make our arbitrary scale 
agree with the ordinary centigrade scale in respect to the difference 
between these two temperatures). Denote now by t 0 the absolute 
temperature corresponding to 0° C. The absolute temperature 
corresponding to 100° C. will be t a + 100. Denote also by v 0 and 
®ioo> f° r ^e same two temperatures, the bulks of unit mass of 
hydrogen at any constant pressure within the limits of Joule and 
Thomson’s experiments, say, from one to five or six atmos. Then 
by dividing the value of each member of (28) for 0° O. by the 
difference of its values for 0° and 100°, we find 


Hence 


t 0 v 0 - -039Jif/n 


100 


VlOO - % 


.(29). 


t, - ^ (l - -OSMK/Uv,) (8*) ; 


where E denotes the expansion of hydrogen, pressure constant, 
from 0° to 100° C. in terms of its volume at 0°, that is to say, 
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Let V a denote what the volume would ho at 0° C. if tlu* pressure 
were 11 instead of the actual pressure p. Wo have 


u = (l - y a -039 JK, n V.) (32). 

Regnault finds {Experiences, vol. ii. p. 122) that the value of 
KJll V 0 for hydrogen agrees within 1/2 per cent, with its value for 
common air ; and for common air he finds K = *23.S. Thus with 
423'o for the value of./ in metres (§ 9 above) we find JK = 10079 
metres. And Regnault’s observations on the density of air give for 
II r 0 (or the height of the homogeneous atmosphere at 0 C.) 7990 
metres. Hence for common air, and therefoie also for hydrogen, 
JK / n V 0 = '0126 ; and thus (32) becomes 



with c — — 00049 for hydrogen. For this gas expanding under 
constant pressuie of one atmo Regnault found ( Experiences , vol. i. 

p. 80) E = 36013, which gives ^^=273'13. Hence (33), with 


= V„, gives 
that is to say: — 


t 0 = 27300 


(34) ; 


Evalua- 57. We conclude from Rcgnault’s observations on the expan- 
rat io°of siou of hydrogen from 0' to 100 J C. under a constant pressure of 

lute & tem* one a *' mo » an< ^ f rom the small heating effect discovered in Joule 
perature and Thomson’s experiments on the forcing of hydrogen through a 
porous plug, that the absolute temperature of melting ice is 
to 100° C. 273 00 ', if the unit or degree of absolute temperature is so chosen 
solute tem- 48 ma ko the difference one hundred between the temperatures 

perature of melting ice and of water with steam at one atmo of pressure, 
corre- 1 


sponding 
to 0° C. 


58. An almost identical number for that most important 
physical constant, the absolute temperature of melting ice, is 
obtained from observations on common air, and a not very different 
number from observations on carbonic acid, the only two gases besides 
hydrogen for which Regnault {Experiences, vol. i. p. 90) measured 
the expansion uuder constant pressure, and for which Joule and 
Thomson made their experiment on the thermal effect of passage 
through a porous plug. For each of these two gases fjie thermal 
effect observed was a lowering of temperature, and was found 
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to vary at different temperatures very nearly in the inverse 
proportion of the square of temperature C., by mercury thermo- 
meter, with 273 added. Hence nearly enough for use in the 
small term of the denominator of (26) we have, for air and 
carbonic acid, 

St . /273 \*p 

zj, =A [-r) n (8S)> 

where t denotes as before absolute temperature, and A the amount 
of the cooling effect per atmo of difference of pressures on the two 
sides of the plug, at the temperature of melting ice. The values of 
A found for common air and carbonic acid are ’275 and 1’388. 
Bcgnault ( Experiences , vol. ii p. 126) finds JK/UV 0 greater for 
carbonic acid than for common air in the ratio of 1*39 to 1 on the 
average of temperatures from 0° to 210°. But he found also that 
the specific heat of carbonic acid varies greatly with the tempera- 
ture ; and, takin'g the mean of the values which he finds for it at 
0 a and 100° (Expdr. vol. ii. p. 130), as the proper mean for our 
present purpose wo find for JKj UV 0 , a value 1’29 times its value 


Name of tins. 

Expansion at 
one atmo 
according to 
llcgnault. 

K 

Proper mean 1 
cooling-effect 
of forcing 
through 
porous plug 
per atmo 
according to 
Joule and 
Thomson. 

M. 

Uncorrected 
estimate of 
absolute 
temperature 
of melting 
ice. 

100 

K ' 

Correction 
calculated from 
cooling-effect. 
100 JK 

k * nr a M - 

Resulting 
estimate of 
absolute 
temperature 
of molting 
ice. 

*0- 

Hydrogen 

Air 

Carbonic acid . 

■36613 

•36706 

■37100 

- 0° *030 
+0°-208 
+ l°-005 

273-13 

272-44 

269-5 

-0°-13 
+ 0°-70 
+4° -4 

27300 

27314 

273-9 


for common air. From these experimental results we find by the 
mathematical process below (§ 61) still the same approximate 
formula (33), but with c = + 0026 for common air and c = + '0163 
for carbonic acid. At constant pressure of one atmo Begnault’s 
measurements gave E = '36706 for common air, and E— 3710 for 
carbonic acid ; and dividing 100 by these decimals we find re- 
spectively 272*44 and 269*5. The corrections on these numbers 
by formula (33) to give the absolute temperature of freezing are 
accor ding ly +*70 and +4*4, and the corresponding estimates for 
the required absolute temperature are 273*14 and 273*9. Bringing 

1 Investigated in 8 01 below. 


T. III. 


12 



ELASTICITY AND HEAT. 


Determi- 
nation of 
duty of 
perfect 
engine 
with 
source 
and refri- 
gerator 
at those 
tempera- 
tures. 


178 


[XC1I. PT. II. 


together the results in the three cases, wo see them conveniently 
in the preceding table. 

The close agreement of the results from hydrogen and common 
air is very satisfactory, and it is interesting to see it brought about 
with so large a correction calculated from the Joule and Thomson 
effect. It is also interesting to see the sevenfold larger correction 
of nearly 5° bringing so nearly the same result from the 1 per cent., 
larger expansion of carbonic acid. The ^ per cent, discrepance 
Avhicli remains between the results from carbonic acid and from 
hydrogen is not satisfactory, and requires explanation, particularly 
when we remark that, of five measurements by Rcgnault (Ex- 
periences, vol. I. p. 84) of the expansion of carbonic acid under 

constant pressure of one atmo, all lie within ~ per cent, of the 

mean number ‘3710 which ho has given, and we have taken, as his 
result. 

Notwithstanding that the Joule and Thomson correction is so 
much greater for common air than for hydrogen, the result from 
common air is probably the most trustworthy of the three, because 
both Regnault’s experiments and Joule and Thomson’s were pro- 
bably more accurate for air than for either of the other two gases. 
The true result to one place of decimals may therefore be considered 
as most probably being 273 - l°, but tho probability that it is 
nearer 2731° than 2730' 5 is scarcely enough to make it worth while 
to use in any ordinary thermodynamic calculations any other num- 
ber than 273°, which is exactly that found from hydrogen. 

59. The real meaning of our result 273 r for the absolute 
temperature of melting ice, expressed without any choice of degrees 
or units for temperature, is that the ratio of the temperature at 
which vapour of water has a pressure of one atmo to the tempera- 
ture at which ice melts is 373 - l/273*l. Still another way of saying 
the same thing, this time eliminating all numerical reckoning of 
temperature, is as follows : — 

For every hundred units op heat converted into work 

BY A PERFECT THERMODYNAMIC ENGINE, 373‘1 ARE TAKEN FROM 
THE SOURCE, AND 273' 1 REJECTED TO THE REFRIGERATOR, IF THE 
TEMPERATURE OF THE SOURCE BE THAT AT WHICH STEAM OF 
WATER HAS A PRESSURE OF ONE ATMO, AND THE T EMP ERATURE 
OF THE REFRIGERATOR THAT AT WHICn ICE MELTS. 
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60. Integration of differential equation (26), § 56 above, between 
volume and absolute temperature for a gas, derived from the Joule 
and Thomson experiment. 


Returning to § 56 we may write equation (26) as follows : — 

•s— 

For each of the five gases experimented on, namely, common air, 
oxygen, nitrogen, carbonic acid, hydrogen, the experiment showed 
that, for all pressures up to five or six atmos, St/Sp was sensibly 
independent of the pressure, but that it varied very considerably 
with the temperature. Hence, if we put St/Sp = 0/U , 0 , which will 
thus denote the cooling effect per atmo of differential pressure, is a 
function of the temperature, and is independent of the whole pres- 
sure. With this notation (36) becomes 


, dv JK n 

‘s-'-tt 9 - 


This is a linear equation in z with a second member, if for a 
moment we put z — log t. Integrating it, and replacing t, wo find, 
as the complete integral, 


v = t 



JK f‘ddt) 

+ n 


(37). 


61. Expansions of different gases, pressure constant, calculated 
from the Joule and Thomson experiment. We have from equation 
(37) 

. JKt 0 1 ftffdt} 
v 0 ~ t 0 t n* 0 i _tJu 

t 



For each of the gases experimented on, except hydrogen, 8 was 
found to vary nearly in the inverse ratio of f. Putting then 
0 = A ( tjt )*, we find 


t o j*0dt/t' = iA[ 1-(|) # • 


Hence, for these gases at pressures from 0 to 5 or 6 atmos, (38) 
becomes 


v-v 0 t- 


[ i+ H‘?)']} (39 >- 


This shows that the "proper mean cooling effect” ( M in the table 
of § 58) is 

12—2 
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^ [ 1 + iooV < 0 + (ioo+0l A ‘ 

= ^ ( 1+ +3663 + + 3663 s ) A = 756j4, 
which differs so little from 

^ 0 + 1-3663*) A = 769 ‘ 4, 

the arithmetic mean of the cooling effects at 0 ° and 100 ° C., that if 
we had simply taken the arithmetic mean for each of the other 
gases, as for want of knowing better we took it for hydrogen, the 
difference in the result would have been barely perceptible. 


62. Modifying (39) or (38) to suit any two temperatures, t, 
t', we have 



M denoting the proper mean cooling effect per atmo in the Joule 
and Thomson experiment (to be reckoned as negative in the case 
of hydrogen or any other gas, if there is any other, in which the ex- 
periment shows a heating effect). This “ proper mean ” may be 
taken as the arithmetic mean of the values for t and t', unless 
t — t' considerably exceeds 100 . 

To reduce (40) to numbers, let V 0 be the volume of unit mass 
of the gas when at the temperature of melting ice, and under one 
atmo of pressure. Rcgnault (vol. n. p. 303) finds that the value of 
K/V 0 is within 1 per cent, the same for oxygen, nitrogen, and 
hydrogen as for common air. He also (vol. n. pp. 224 — 226) finds 
if to be the same for common air at from 1 to 12 atinos ; for 
hydrogen, 1 to 9 atmos ; for carbonic acid, 1 to 37 atinos. 

No doubt similar constancy would be found for oxygen and 
nitrogen. Hence, as above (§ 56), for common air we still have 
JK/UV, — ’0126, and thus (40) becomes 


V ~T~ = t / f 1 + ~J *0126Jlf) {f 0r , cornmon “ r « own,) 
v t \ v / (hydrogen, and nitrogen) 

Kin this formula wo take t and if for the temperatures of 100 ° C. 

. inn 


and 0 C., (i t t)/t becomes 273^1 or ‘3662; and we therefore find 

E = -3662 (l + *0126Jlf) (42), 

which agrees with ( 33 ) above. * 
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63. The values given by Joule and Thomson’s experiment 
for M are — 0’039° for hydrogen, + 0‘208° for air, + 0253° for 
oxygen, and + 0-249° for nitrogen. 

From these and from the previous results for carbonic acid 
(§ 58) we have tho following table for calculating the expansions 
from 0° C. to 100° C. of the gases named : — 


Name of Gas. Expansion under constant pressure (=!£). 

Hydrogen *3662 (1 — 0-00049 VJvJ ' 

Common air *3662 (1 + 0"0026 VJv 0 ) 

Oxygen -3662 (1 + 0-0032 VJvJ ^ (43). 

Nitrogen *3662 (1 + 0‘0031 VJv J 

Carbonic acid -3662 (1 + 0 0163 VJv J 


These formulae must be exceedingly near the truth for all pres- 
sures from 0 to 6 atmos, because within this range the thermal 
effects in the Joule and Thomson experiment were very approxi- 
mately in simplfe proportion to the differences of pressure on the 
two sides of the plug. The following table of results calculated 



Ratio of Hulk 

Ratio of Density 
at 0" CL to Den- 




at O ' CL to Hulk 

expansion, pressure constant, 


supposing 

sity supposing 

from o° 

to 100® c. 


Pressure were 

Pressure were 



Niuuo of Gun. 

1 atmo at tlio 

1 atmo at tho 



same tempera- 
ture. 

same tempera- 
ture. 

According to 
theory. 

According to 


Vo 

Vo' 

Vo m 

Vo 

direct experi- 
ments by 
Hcgnauli. 



0 

•3662 




1 

•3660 

*36613 

Hydrogen . 


3 

•3657 

... 


3-35 

■3656 

•36616 



6 

•3651 

... 



0 

•3662 




1 

■3672 

-36706 

Common Air .. 


3 

•3691 

,,, 


3-38 

•3694 

•36954 



6 

■3719 




0 

•3662 


Oxygen 


1 

•3674 



3 

•3697 




G 

•3732 




0 

•3662 


Nitrogen 


1 

•3673 



3 

•3696 




6 

•8730 




0 

•3662 




1 

-3721 

•87099 

Carbonic Add . 


8 

•8841 

••• 


8-316 

•8859 

•38455 



6 

•4019 
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Practical 
construc- 
tion of 
constant- 
pressure 
gas ther- 
mometer. 


from (43) for several pressures of from 0 to 6 atmos is interesting, 
as showing such different expansions for the different cases, deter- 
mined by thermodynamic theory from Regnault’s measurements of 
specific heats and Joule and Thomson’s of their particular thermal 
effect, with absolutely no direct measurement of expansion except 
the one for common air at one atmo, shown as the third entry of 
column 5 in the table. The other five entries of column 5 show a 
fair amount of agreement between our theoretical results and the 
only direct measurements by Regnault. More of direct measure- 
ment, to allow a more extensive comparison, is very desirable. 

64. We are now quite prepared to make a practical working 
thermometer directly adapted to show temperature on the absolute 
thermodynamic scale through the whole range of temperature, 
from the lowest attainable by any means to the highest for which 
glass remains solid. It is to be remarked that our investigation of 
§ 51 above, and all the deduced formulae and relative calculations, 
are absolutely independent of the approximate fulfilment of Boyle’s 
law by the gases to which we have applied them, and are equally 
applicable without any approach to fulfilment of Boyle’s law ; also 
that the only experimental data on which are founded our special 
numerical conclusions of §§ 59 to 63 above arc Regnault’s measure- 
ments of specific heats under constant pressures, and Joule and 
Thomson’s measurements of the thermal effect of forcing gas through 
a porous plug. From these experimental data alone we see by 
formula (38) of § 61 above how to graduate a constant-pressure gas 
thermometer so that it shall show temperature on the absolute 
thermodynamic scale. Hence, notwithstanding the difficulty (§ 24 
above) which Regnault found in the thermometric use of air or 
other gases on the system of constant pressure, and his practical 
preference for the constant-volume air thermometer, it becomes of 
the highest importance to construct a practical constant-pressure 
gas thermometer. This we believe may be done by avoiding the 
objectionable expedient adopted by Pouillet and Regnault of 
allowing a portion (when high temperatures are to be measured 
the greater portion) of the whole gas to be pressed into a cool 
volumetric chamber out of the thermometric chamber proper by 
the expansion of the portion which remains in ; and instead fulfil- 
ling the condition, stated, but pronounced practically impossible, 
by Regnault (Expiriences, vol. i. pp. 168, 169), that the thermo- 
metric gas “ shall, like the mercUry of a mercury thermometer. 
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be allowed to expand freely at constant pressure in a cali- 
brated reservoir maintained throughout 
at one temperature.” We have ac- 
cordingly designed a constant-pressure 
gas thermometer to fulfil this condition. 

It is represented in the accompanying 
drawing (fig. 10), and described in the 
following section. 

65. The vessel containing the 
thermometric fluid, which in this case 
is to be either hydrogen or nitrogen*, 
consists in the main of ‘a glass bulb and 
tube placed vertically with bulb up and 
mouth down ; but there is to be a 
secondary tube of much finer bore 
opening into the bulb or into the main 
tube near its top, as may be found 
most convenient in any particular case. 

The main- tube which, to distinguish it 
from the secondary tube, will be called 
the volumetric tube, is to be of large 
bore, not less than 2 or 3 centimetres, 
and is to be ground internally to a truly 
cylindric form. To allow this to be 
done it must be made of thick, weil- 
annealed glass, like that of the French 
glass-barrelled air - pumps. The SC- Fig. 10. Constant-Pressure 
condary tube, which will be called the Hydrogen Thermometer. 

manometric capillary, is to be of round bore, not very fine, say 
from half a millimetre to a millimetre diameter. Its lower end is 
to be connected with a mercury manometer to .show if the pressure 
of the thermometric air is either greater or less than the definite 

* Common air is inadmissible because even at ordinary temperatures its oxygen 
attacks mercury. The film of oxide thus formed would be very inconvenient at the 
surface of the mercury caulking, round the base of the piston, and on the inner 
surface of the glass tube, to which it would adhere. Besides sooner or later the 
whole quantity of oxygen in the air must be diminished to a sensible degree by the 
loss of the part of it which combines with the mercury. So far as we know, 
Begnault did not complain of this evil in his use of common air in his normal air 
thermometer (see §§ 24, 25 above), nor in his experiments on the expansion of air 
( Experiences , vol. i.), though probably it has vitiated his results to some sensible 
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pressure to which it is to be brought every time a thermometric 
measurement is made by the instrument. The change of volume 
required to do this for every change of temperature is made and 
measured by means of a micrometer screw* lifting or lowering a 
long solid glass piston, fitting easily in the glass tube, and caulked 
air-tight by mercury between its lower end and an iron sole-plate 
by which the mouth of the volumetric tube is closed. To perform 
this mercury caulking, when the piston is raised and lowered, 
mercury is allowed to flow in and out through a hole in the 
iron sole-plate by an iron pipe, connected with two mercury 
cisterns at two different levels by branches each provided with a 
stopcock. When the piston is being raised the stopcock of the 
branch leading to the lower cistern is closed, and the other is 
opened enough to allow the mercury to flow up after the piston 
and press gently on its lower side, without entering more than in- 
finitesimally into the space between it and the surrounding glass 
tube (the condition of the upper bounding surface of the mercury 
in this respect being easily seen by the observer looking at it 
through the glass tube). When the piston is being lowered the 
stopcock in the branch leading from the upper cistern is closed, 
and the one in the branch leading to the lower cistern is opened 
enough to let the mercury go down before the piston, instead of 
being forced to any sensible distance into the space between it 
and the surrounding tube, but not enough to allow it to part 

degree. But he found it to produce such great irregularities when, instead of com- 
mon air, he experimented on pure oxygen that from the results he could draw no 
conclusion as to the expansion of this gas (Experiences, vol. i. p. 77). Another 
reason for the avoidance of air or other gas containing free oxygen is to save the oil 
or other liquid which is interposed between it and the mercury of the manometer 
from being thickened or otherwise altered by oxidation. 

* This screw is to be so well fitted in the iron sole-plate as to be sufficiently 
mercury-tight without the aid of any soft material, under such moderate pressure 
as the greatest it will experience when the pressure chosen for the thermometrio gas 
is not more than a few centimetres above the external atmospheric pressure. When 
the same plan of apparatus is used for investigation of the expansion of gases 
under high pressures, a greased leather washer may be used on the upper side of 
the sole in the screw-hole plate, to prevent meroury from escaping round the screw. 
It is to be remarked that in no oase will a little oozing out of the mercury round the 
screw while it is being turned introduce any error at all into the thermometrio 
result; because the correctness of the measurement of the volume of the gas 
depends simply on the mercury being brought np into contact with the bottom of 
the piston, and not more than just perceptibly np between the piston and volumetrio 
tube surrounding it. 
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company with the lower surface of the piston. The manometer is 
simply a mercury barometer of the form commonly called a siphon 
barometer, with its lower end not open to the air but connected 
to the lower end of the manometric capillary. This connexion 
is made below the level of the mercury in the following manner. 
The lower end of the capillary widens into a small glass bell or 
stout tube of glass of about 2 centimetres bore and 2 centimetres 
depth, with its lip ground flat like the receiver of an air-pump. 
The lip or upper edge of the open cistern of the barometer (that 
is to say, the cistern which would be open to the atmosphere were 
it used as an ordinary barometer) is also ground flat, and the 
two lips are pressed . together with a greased leather washer 
between them to obviate risk of breaking the glass, and to 
facilitate the making of the joint mercury tight. To keep this 
joint perennially good, and to make quite sure that no air shall 
ever leak in, ill case of the interior pressure being at any time 
less than the external barometric pressure or being arranged to 
be so always, it is preserved and caulked by an external mercury- 
jacket not shown in the drawing. The mercury in the thus con- 
stituted lower reservoir of the manometer is above the level of 
the leather joint; and the space in the upper part of the reservoir 
over the surface of the mercury, up to a little distance into the 
capillary above; is occupied by a fixed oil or some other practically 
vapourless liquid. This oil or other liquid is introduced for the 
purpose of guarding against error in the reckoning of the whole 
bulk of the thermometric gas, on account of slight irregular 
changes in the capillary depression of the border of the mercury 
surface in the reservoir. 

66. In the most accurate use of the instrument, the glass 
and mercury and oil of the manometer are all kept at one definite 
temperature according to some convenient and perfectly trust- 
worthy intrinsic thermoscope (§§ 15 and 16 above), by means of 
thermal appliances not represented in the drawing but easily 
imagined. This condition being fulfilled, the one desired pressure 
of the thermometric gas is attained with exceedingly minute 
accuracy by working the micrometer screw up or down until the 
oil is brought precisely to a mark upon the manometric 
capillary. 

In fact, if the glass and mercury and oil are all kept rigorously 
at one constant temperature, the only access for error is through 
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irregular variations in the capillary depressions in the borders of 
the mercury surfaces. With so large a diameter as the 2 centi- 
metres chosen in the figured dimensions of the drawing, the error 
from this cause can hardly amount to per cent, of the whole 
pressure, supposing this to be one atmo or thereabouts. 

For ordinary uses of our constant-pressure gas thermometer, 
where the most minute accuracy is not needed, the rule will still 
be to bring the oil to a fixed mark on the manometric capillary ; 
and no precaution in respect to temperature will be necessary 
except to secure that it is approximately uniform throughout the 
mercury and containing glass, from lower to higher level of the 
mercury. The quantity of oil is so small that, whatever its 
temperature may be, the bringing of its free surface to a fixed 
mark on the capillary secures that the mercury surface below the 
oil in the lower reservoir is very nearly at one constant point 
relatively to the glass, much more nearly so than il could be made 
by direct observation of the mercury surface, at all events without 
optical magnifying power. Now if the mercury surface be at a 
constant point of the glass, it is easily proved that the difference 
of pressures between the two mercury surfaces will be constant, 
notwithstanding considerable variations of the common tempera- 
ture of the mercury and glass, provided a certain easy condition 
is fulfilled, through which the effect of the expansion of the glass 
is compensated by the expansion of the mercury. This condition 
is that the whole volume of the mercury shall bear to the volume 
in the cylindric vertical tube from the upper surface to the level 
of the lower surface the ratio (A — £<r)/(A — or), where \ denotes the 
cubic expansion of the mercury, and a the qubic expansion of the 
solid for the same elevation of temperature, it being supposed for 
simplicity of statement that the tube is truly cylindric from the 
upper surface to the level of the lower surface, and that the 
sectional area of the tube is the same at the two mercury surfaces. 
The cubic expansion of mercury is approximately seven times the. 
cubic expansion of glass. Hence 

(\ - *r)/(X - o-) = (7 - *)/6 = 1111. 

Hence the whole volume of the mercury is to be about 1111 
times the volume from its upper surface to the level of the lower 
surface; that is to say; the volume from the lower surface in 
the bend to the same level in the vertical branch is to be A of the 
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volume in the vertical tube above this surface. A special ex- 
periment on each tube is easily made to find the quantity of 
mercury that must be put in to cause the pressure to be absolutely 
constant when the surface in the lower reservoir is kept at a 
fixed point relatively to the glass, and when the temperature is 
varied through such moderate deferences of temperature as are 
to be found in the use of the instrument at different times and 
seasons. 

A sheet-iron can containing water or oil or fusible metal, with 
external thermal appliances of gas or charcoal furnace, or low- 
pressure or high-pressure steam heater, and with proper internal 
stirrer or stirrers, is fitted round the bulb and manometric tube 
to produce uniformly throughout the mass of the thermometric 
gas the temperature to be measured. This part of the apparatus, 
which will be called for brevity the heater, must not extend so 
far down the nlanometric tube that when raised to its highest 
temperature it can warm the caulking mercury to as high a 
temperature as 40° C., because at somewhat higher temperatures 
than this the pressure of vapour of mercury begins to be per- 
ceptible (see Table V. below), and would vitiate the thermometric 
use of the pure hydrogen or nitrogen of our thermometer. To 
secure sufficient coolness of the mercury it will probably be ad- 
visable to have an open glass jacket of cold water (not shown 
in the drawing) round the volumetric tube, 2 or 8 centimetres 
below tho bottom of the heater, and reaching to about half a 
cen tim etre above the highest position of the bottom of the 
piston. 

67. It seems probable that the constant-pressure hydrogen Condu- 
or nitrogen gas thermometer which we have now described may j^. 0 
give even more accurate thermometry than Kegnault’s constant- mometiy. 
volume air thermometers (§ 24 above), and it seems certain that 
it will be much more easily used in practice. 

We have only to remark here further that, if Boyle’s law were 
rigorously fulfilled, thermometry by the two methods would be 
identical, provided the scale in each case be graduated or calculated 
so as to make the numerical reckoning of the temperature agree 
at two points,— for example, 0° C. and 100° C. The very close 
agreement which Begnault found among his different gas thermo* 
meters and his air thermometers with air of different densities 
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(§ 25 above), and the close approach to rigorous fulfilment of 
Boyle’s law which he and other experimenters have ascertained 
to be presented by air and other gases used in his. thermometers, 
through the ranges of density, pressure, and temperature at which 
they were used in these thermometers, renders it certain that in 
reality the difference between Regnault’s normal air thermometry 
and thermometry by our hydrogen gas constant-pressure thermo- 
meter must be exceedingly small. It is therefore satisfactory to 
know that for all practical purposes absolute temperature is to 
be obtained with very great accuracy from Regnault’s thermo- 
metric system by simply adding 273 to his numbers for tem- 
perature on the centigrade scale. It is probable that at the 
temperatures of 250° or 300° C. (or 523 or 573 absolute) the greatest 
deviation of temperature thus reckoned from correct absolute 
temperature is not more than half a degree. 


68. The thermometric scale being now thoroughly established 
in theory and practice (§§ 33 — 69 and §§ 18 — 30), we are prepared 
to define, without any ambiguity, the expressions thermal capacity 
and specific heat with reference to matter at any temperature and 
in any physical condition. 


‘•Thermal Definition 1. — The thermal capacity of a body (whether it be a 

capaci- portion of matter homogeneous throughout or of homogeneous 
“specifio substance in two different conditions as liquid and steam, or solid 
heats.” ^d vapour of solid, or a piece of apparatus consisting of different 
parts as glass and metals, and containing as the case may be 
liquids or gases, — subject only to the condition that the whole 
matter considered is at one temperature) is the quantity of heat 
required to raise its temperature by one degree on the absolute 
thermodynamic scale : the external circumstances of the body, 
whether geometrical, as regards its bounding surface, or dynamical, 
as regards force on its bounding surface, being dctcrminately de- 
fined. When the substance is fluid the circumstantial definition 


may be : (1) that the volume be constant, or (2) that the pressure 
be constant, or (3) that the pressure vary as a given arbitrary 
function of the volume. Each of the three kinds of the circum- 
stantial definition occurs in practice, and is practically essential for 
the completion of our statement. When the substanco is solid 
more varied and complex circumstantial definition may occur. 
An important case is, that the ‘solid be free to expand in all 
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directions under any uniform constant pressure, and this condition 
is nearly enough approximated to in all ordinary modes of dealing 
with solids for determination of specific heats. Other condi- 
tions as to external stress, or as to shape or bulk of the solid, 
which may occur in practice, are carefully considered in books on 
Thermodynamics. 

Definition 2. — The specific heat of a substance is the thermal 
capacity of a stated quantity of it. This stated quantity is 
generally understood to be the unit of mass, unless some other 
definite quantity is explicitly designated, as for instance the 
quantity of the substance which occupies unit of volume at some 
definite pressure and temperature, for instance, one atmo and 
temperature 273° absolute. It is of no consequence what unit of 
mass is chosen provided it be the same as that which is used in 
defining the thermal unit ; but, unless the contrary be explicitly 
stated, we always understand one gramme as the unit of mass 
and the thermal unit as the quantity of heat required to raise 
one gramme of water from 273° to 274° absolute (compare § 6 
above). 


69. There is scarcely any subject upon which more skilled 
labour in scientific laboratories, chemical and physical, has been 
spent than the measurement of specific heats, whether of solids, 
liquids, or gases. An ample and well-arranged table of results 
is to bo found in Clarke’s Constants of Nature, a compilation of 
numerical results of scientific experiments made in all parts of 
the world by various observers and experimenters, a most valuable 
aid to scientific knowledge given to the world as No. 255 of the 
Smithsonian Miscellaneous Collections. It is most interesting as 
showing how very differently different substances behave in respect 
to constancy or variation of specific heat with temperature. Thus 
it shows that, according to the results of all the oxperimenters, the 
specific heats of all the substances experimented on, whether 
simple or compound, are very nearly constant at all events for 
ranges between -10° and 200° or 300° C., except the three 
elementary substances, boron, carbon, silicon. The specific heats 
of these three have been found by F. Weber to vary greatly with 
temperature. Thus for diamond he finds the specific heat to be 
•1 at 0° C. and -27 at 206° O., or nearly threefold of the amount 
at 0° ; at -60°C. the specific 'heat is 063; and at +985° it is 
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‘459 or about seven, and a half times the specific heat at — 50° 
(a curious practical commentary, we may remark in passing, on 
the doctrine of the calorists on specific heat referred to in § 8 
above). The specific heats of carbon in its other forms of graphito 
and charcoal through wide ranges of temperature according to the 
same observer, F. Weber, are particularly interesting and signifi- 
cant. The approximate equality of the product of specific hoat 
into the atomic weight for the simple metals is interesting and 
important ; no less so is the utter want of constancy and uniformity 
in the corresponding product for other substances, whethor simple 
or compound. If we were to define a metal as a substance for 
which through the range of temperature from 0° to 250° C. the 
product of the specific heat into the atomic weight is not less than 
5‘86 and not greater than 6‘93, we should include every substance 
commonly called a metal, and no substance not commonly called a 
metal, except phosphorus, and solid sulphur lately’ fused. 

Transference of Heat. 

Trans- 70. When two contiguous portions of matter are at different 
ofheat temperatures, heat is transferred from the warmer to the colder, 
by con- This process is called conduction of heat. 

When two bodies at different temperatures are separated by a 
transparent medium, such as air, or water, or glass, or ice, heat 
by ra- passes from the warmer to the colder irrespectively of the tempe- 

diatlon ' rature of the intervening medium, except in so far as its trans- 

parency may in some slight degree be affected by the temperature. 
Light and Thus the colder of the two bodies becomes actually heated above 
|^ nt the temperature of the intervening medium if the warmer be kept 
identical, above this temperature, and if heat is not otherwise drawn off 
from the colder body in greater quantity than the heat entering 
it from the warmer. This process of transference from one body 
to another body at a distance through an intervening medium 
is called radiation of heat. The condition, which we know 
to be a state of wave-motion, of the intervening matter in 
virtue of which heat is thus transferred is called light; and 
radiant heat is light if we could but see it with the eye, and 
not merely discern with the mind, as we do, that it is perfectly 
continuous in quality with the species of radiant heat which we 
see with the material eye through its affecting the retina with 
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the sense of light. Thus a white hot poker in a room perfectly 
darkened from all other lights is seen as a brilliant white light 
gradually becoming reddish and less bright, until it absolutely 
fades from vision in a dull red glow. Long after it has ceased to 
bo visible to the eye, the fact that heat is being transferred from it 
to colder bodies all round it, or above it or below it, is proved by 
our sense of heat in a hand or face held near it on any side or 
above it or below it. By considering the whole phenomenon of 
the white hot mass, without much of experimental investigation, 
we judge that there is perfect continuity through the whole 
process, in the first part of which the radiant heat is visible, and 
in the second part invisible, to the human eye : and thorough 
experimental investigation confirms this conclusion. Thus radiant 
heat is brought under the undulatory theory of light, which in its 
turn becomes annexed to heat as a magnificent outlying province 
of the kinetic theory of heat. 

71. In this article we confine ourselves to a practical evalua- Thermal 
tion of rate of gain or loss of heat across the surface of an isolated 
solid placed in a medium such as air, and enclosed in a solid 
surface all at one temperature, as is approximately the case with 
the air and the floor, walls, and ceiling of an ordinary room. A 
rough approximation to the law of this action, founded on sup- 
posing the rate of motion to be in simple proportion to the excess 
of the temperature of the isolated solid above the temperature 
of the surrounding medium and enclosure was used by Fourier in 
those of his solutions in which surface emissivity or, as he called it, 

“ Conductibilitd extdrieure,” is concerned. Without adopting any 
hypothesis, wo define thermal emissivity as the quantity of heat 
per unit of time, per unit of surface, per degree of excess of tem- 
perature, which the isolated body loses in virtue of the combined 
effect of radiation and convection by currents of air. This defi- 
nition does not involve the hypothesis of simple proportionality ; 
and the surface emissivity is simply to be determined by ex- 
periment for any given temperature of the enclosure, and any 
given temperature of the isolated body. Dulong and Petit made 
elaborate experiments on this subject, but did not give any results 
in absolute measure (App. C, below). 

So far as we know the first thoroughly trustworthy experiments 
giving emissivities in absolute measure were made in the Laboratory 
of the Natural Philosophy class in the University of Glasgow by 
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Conduc- 
tion of 
heat. 


Mr D. Macfarlane, in a series of experiments on the cooling of a 
copper ball. The results are given in Table IX. The ball ex- 
perimented on was 4 centimetres in diameter, and was suspended 
in the interior of a double-walled tin-plate vessel. The space 
between the double walls of this vessel was filled with water at 
the temperature of the air, and tho interior surface was coated 
with lampblack. Two thermo-electric junctions, one at the centre 
of the ball the other in contact with the exterior surface of 
the enclosure, in circuit with a sensitive mirror galvanometer, 
served to measure the difference of temperatures between 
the centre of the ball and the exterior surface of the en- 
closure. By this arrangement the exterior junction was kept 
very uniformly at a temperature of 14° C., while the other had 
the varying temperature of the centre of the ball. Two sets of 
experiments were made. In one the ball had a bright surface, 
in the other it was coated with soot from the flame of a lamp, 
and in both the air was kept moist by a saucer of water placed in 
the interior of the tinplate enclosure. The results are given in 
terms of the number of units of heat lost per second, per square 
centimetre of surface of the copper, per degree of difference be- 
tween the temperatures of the two junctions (App. B, below). 

72. Returning to the conduction of heat, we have first to 
say that the theory of it was discovered by Fourier and given 
to the world through the French Academy in his Th&yrie Analy- 
tique de la Chaleur \ with solutions of problems naturally arising 
from it, of which it is difficult to say whether their uniquely 
original quality, or their transcendently intense mathematical 
interest, or their perennially important instructiveness for physical 
science, is most to be praised. Hero we can but give the very 
slightest sketch of the elementary law of conduction in an isotropic 
substance, the mathematical expression for it in terms of ortho- 
gonal plane or curved coordinates, and a few of the elementary 
solutions in Fourier’s theory. 

73. Consider a slab of homogeneous solid bounded by two 
parallel planes. Let the substance be kept at two different 
temperatures over these parallel planes by suitable sources of heat 
and cold. For example, let one side be kept cold by a stream of 

1 A translation into English by Freeman has been recently published, in 1 vol. 
8vo. by the Cambridge University Press, 1879. 
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cold water, or by a large quantity of ice and water in contact 
with it, and the other kept warm by a large quantity of warm 
water or by steam blown against it. Whatever particular plans 
of heater and refrigerator be adopted, care must be taken that 
the temperature be kept uniform over the whole, or over a 
sufficiently large area of oacli side of the slab, to render the 
isothermal surfaces sensibly parallel planes through the whole of 
the slab intercepted between the two calorimotric areas, and that 
the temperature at each side is prevented from varying with time. 
Jt will be found that heat must continually be applied at one 
side and removed from the other, to keep the circumstances in 
the constant condition . thus defined. When this constant con- 
dition of surface temperature is maintained long enough, the 
temperature at every point of the slab settles towards a constant 
limiting value ; and when this limiting value has been sensibly 
reached by every point of the slab, the temperature throughout 
remains sensibly constant so long as the surface temperatures arc 
kept constant. In this condition of affairs the temperature varies 
continuously from one side of the slab to the other; and it is 
constant throughout each interior plane parallel to the sides ; in 
other words, the isothermal surfaces are parallel planes. Let V 
and V' be the temperatures in two of these isothermals and a the 
distance between them. The quotient ( V — V')/a is the average 
rate of variation of temperature per unit of length between these 
two iso thermals. Let Q be the quantity of heat taken in per 
unit of time at a certain area A on one side, and emitted at the 
corresponding area of the other side of the slab, measured by 
proper calorimetrical appliances to these areas, which we shall 
call the calorimetric areas of' the apparatus. It will generally 
be found that the value of the quotient (V — V')/a is not the 
same for consecutive isothermal surfaces. 

74. Circumstances being as described in § 73, the thermal 
conductivity (&) of the substance between the isothermals v and v' 
is the value of 


A (v — ) 

It must be remembered that the temperatures v, v' used in this 
definition are temperatures of the substance itself. Some ex- 
perimenters have given largely erroneous results through assuming 
t. in. 13 
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that the temperatures of the two sides of the slab were equal to 
those of the calorimetric fluids, such as warm water or steam on 
one side, and iced water or cold water, with its temperature 
measured by a thermometer, on the other side. To obtain correct 
results, the actual temperatures at two points in the conducting 
body itself must be ascertained by aid of suitable thermometers, 
or thermometers and differential thermoscopes, applied in such a 
way as not sensibly to disturb the isothermal surfaces. This, so 
far as we know, has not been done by any experimenter hitherto, 
in attempting to measure thermal conductivity directly by the 
method indicated in the definition ; and therefore if any results 
hitherto obtained by this method are trustworthy, it is only in 
a few cases, — cases in which the substance experimented upon 
has been of such small conducting power, and the stirring of 
the calorimetric fluids on its two sides so energetic, that we can 
feel sure that the observed or assumed temperatures of these 
fluids, or of the portions of them of which the temperatures 
have been measured by thermometers, have not differed sensibly 
from the temperatures of the slab at its surfaces in contact with 
them. 

75. What utter confusion has permeated scientific literature, 
from experiments on thermal conductivity vitiated through non- 
fulfilment of this condition, is illustrated by results quoted in 
Everett’s Units and Physical Constants (1st ed., London, 1879), 
among which we find *19 for the conductivity of copper according 
to Pdclct, and 1*1 according to Angstrom (which we now know to 
be correct). When we look to Pdclet’s and Angstrom’s own papers 
the confusion becomes aggravated. Pdclet, in his M&moire sur la 
ditermination des coefficients de conductibiliti des mitaux pour la 
chaleur*, quotes old experiments of Cldmcnt, and others more 
recent of Thomas and Laurent, regarding which he gives certain 
details. Taking his information no doubt from Pdclet’s paper, 
Angstrom gives a statement *f* for the conductivity of copper, ac- 
cording to experimenters who had preceded him, which, with tho 

* Annates de Chimie et de Physique, Paris, 1641. 

t In AngstrSm’s own statement the unit quantity of heat is that required to 
raise 1000 grammes of water 1°. The conduction is reckoned per square metre of 
the copper plate per second of time, and the unit chosen for the rate of variation of 
temperature across the plato is 1° per millimetre. To reduce his numbers to the 
0. G. 8. system we must therefore multiply by 10* x 10 - « x 10 _1 =10~*. 
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decimal point shifted two places to the left to reduce to C. G. S., is 
as follows : — 

Cldment : ‘00231 

Thomas and Laurent *0122 

Pdclet *178 


o 

But Angstrom did not notice that Pdclet had stated the thickness 
of the plate experimented on by Cldment to bo between 2 and 3 
millimetres. Pdclet himself in his next sentence seems to have 
forgotten this when ho compares the figure *23 which he had 
calculated from Cldment’s results, without taking account of the 
thickness of the plate, with 1'22 which he calculates from Thomas 
and Laurent’s experiments on copper, without stating any thickness 
for the tube of copper on which (instead of a flat plate) they had 
experimented. Thus we have no data for finding what their 
results really were in either Pdclet’s or Angstrom’s paper ; but 
Pdclet seems to show enough regarding it to let us now feel perfectly 
sure that it is only a question of whether it is tens or hundreds of 
times too small. Omitting it then from the preceding statement, 
completing the correction by multiplying the *0023 by 2£ (as- 
suming the thickness of the plate to be 2£ millimetres, as Pdclet 
says it was between 2 and 3) to give Cldment’s result, and ap- 
pending Angstrom’s result, which we now know to bo more nearly 
correct, we have the following statement for thermal conductivity 
of copper in C. G. S. units : — 

‘0057, according to Cldment. 

•178, „ „ Pdclet*. 

1‘1, „ „ Angstrom. 

76. The comparison of these results is highly instructive. 
Cldment’s result is two hundred times too small, and Pdclet’s six 
times too small. Cldment experimented by exposing one side of 
a plate of copper of a square metre surface and about two and 
a half millimetres thick to steam at 100° C., and the other side 
to water at 28° C. It was assumed that the difference of tem- 
perature between the two sides was 72°. The difference really 
was about *36 of a degree, as we know from the quantity of heat 
actually conducted through it in Cldment’s experiment, indicated 

* This result was published by Pdclet m 1853, in a work entitled Nouveaux docu- 
ments relatifs au chaujfage et ft la ventilation * 
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by the amount of steam which he found to bo condensed into 
water. In fact, the amount of steam condensed did not differ 
sensibly from what it would have been if the copper plate had 
been infinitely thin, or its substance of infinite thermal conduc- 
tivity. It is important in engineering, and in many of the arts 
and manufactures involving thermal processes, and particularly 
in that one of them of greater everyday value to the human raco 
than all the others put together, cookery, to know that for copper 
or iron boilers, or steam-pipes, or pots or frying-pans, the trans- 
mission of heat from radiant burning coal or charcoal, or red or 
white hot fireclay or other solids, and from hot air in contact with 
them, on one side, to hot water or steam or oil or melted fat on 
the other side, or hot liquid or steam on one side ami cool air on 
the other side, is for practical purposes sensibly the same as if 
the thermal conductivity of the metal were infinite, or its resistance 
to the transmission of heat nothing. The explanation is obvious 
to us now with the definite and sure knowledge regarding thermal 
conductivities of different substances and of matter in different 
conditions, solid, liquid, and gaseous, gained within the last twenty 
years. Angstrom, Forbes, F. Neumann, and Tait have given, 
each one of them with thoroughly sufficient experimental evidence 
to leave no room to doubt the substantial accuracy of his results, 
absolute values for the thermal conductivities of copper and iron. 
Clausius and Maxwell have given us thermal conductivities of 
air and other gases, from their splendid development of the kinetic 
theory, which arc undoubtedly trustworthy as somewhat closes 
approximations to the true values, and which it is quite possible 
are more accurate than we can hope to see obtained from direct 
measurements of the conduction of heat through gases. J. T. 
Bottomlcy has given a trustworthy nud somewhat closely accurate 
direct measurement of the thermal conductivity of water. From 
the results of these experimenters’ work, reduced to uniform O.G.S. 
reckoning in our tables (XII. and XIII.) of thermal conductivities 
we see that the thermal conductivity of iron is 80 times, and that 
of copper 500 times that of water. The thermal conductivity of 
iron is 3500 times, and that of copper is 20,000 times that of 
air. Hence, although water or air at the interface of its eon- 
tact with the metal is essentially at the same temperature as 
the metal, there must be great differences of temperature in very 
thin layers of the fluid close to the interface when there is large 
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flux of heat through the metal, and the temperature of the fluid 
as measured by any practicable thermometer, or inferred from 
knowledge of the average temperature of the whole fluid, or from 
the temperatures of entering and leaving currents of fluid, may 
differ by scores of degrees from the actual temperature of the 
solid at the interface. It is remarkable that Pdclet, while per- 
ceiving that Cldment’s result was largely erroneous on this account, 
and improving the mode of experimenting by introducing a 
rotating mechanical stirrer to change very rapidly the fluid in 
contact with the solid, only multiplied Clement’s conductivity by 
30 instead of by 200, which would have been necessary to annul 
the error. Notwithstanding his failure to obtain accurate results 
for metals, we have ventured to include his results for wood, and 
solids of lower conductivity than wood, in our table, because we 
perceive that ho was alive to the necessity for very energetic 
stirring of the liquid, and the mechanical moans which he sulopted 
for it, though utterly insufficient for the case of even the least 
conductive of the metals, were probably not so for wood and solids 
of lower conductivity than wood ; and because it is not probable 
that the complication of heat generated by the stirring (which 
Angstrom suggests as an objection to Pdclot’s method) was in any 
case sufficient to produce a sensible influence upon the experi- 
mental results. 

77. The first correct determinations of thermal conductivities 
were given by Forbes in his paper on the temperature of the 
earth, in the Transactions of the Royal Society of Edinburgh, for 
1840 (Vol. XVI. Part II.), as calculated from his observations of 
underground temperature at three localities in the neighbourhood 
of Edinburgh — the trap rock of Calton Hill, the sand of the Ex- 
perimental Garden, and the sandstone of Craigleith Quarry — by 
an imperfect approximate method indicated by Poisson. A more 
complete analytical treatment of the observational results, ana- 
lysed harmonically and interpreted by application of Fourier’s 
formula (equation (19) of Art. LXXll. Vol. ii. above) to each term 
separately*, gave results (quoted in Table XII. below) for the 
conductivities, which differed but little from Forbes’ approximate 
determinations. 

* “ On the Seduction of Observations of Underground Temperature ; with ap- 
plication to Prof. Forbes’ Edinburgh Observations, and the continued Calton Hill 
Series,” by Prof. (Sir) W. Thomson. Traits. B. S. E., April, 1860. Vol. xxn. Part u. 
[Art. xciii. below.] 
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Estimat- 
ing and 
compar- 
ing the 
annual 
periodic 
variations 
of tempe- 
rature at 
the depths 
of the ther- 
mometers. 


78. It luis always scorned to us that the best mode of ex- 
perimenting on the conductivity of metals must, without doubt, 
be by an .artificial imitation in a metallic bar, of the natural 
periodic variations of underground temperature, produced by 
periodically varied thermal appliances at one end of the bar. The 
effect of loss or gain of heat through the sides (or lateral surface) 
of the bar (ideally annullable by a coating of ideal varnish im- 
permeable to heat) may be practically annulled by making the 
period of the variation small enough. 

Let k be the thermal conductivity of the substance and c its 
thermal capacity per unit bulk. Let e be the omissivity (§71 above) 
of its surface. Let the bar be circular-cylindric, and r the radius of 
its cross section. At time t, let v bo the mean temperature in a 
cross section at distance x from the end, and v the .surface-tem- 
perature at the circular boundary of this section, — all temperatures 
being reckoned as differences from the temperature of the sur- 
rounding medium, called zero temporarily for brevity. The beat 
lost from the circumference of the bar between the cross sections 
x — \dx and x + \dx in time dt is .eo ' . 2irrdxdt, and the heat 
conducted lengthwise, across the cross section x, in the same time, 
dv 

Hence we readily find (see Fourier, Mathematics, 


IS 7T r 


dx ‘ 


Art. LXXII. Vol. ll. above) as the equation of conduction of heat 
along the bar, very approximately if v differs very little from n 
(that is to say, if the temperature is very nearly uniform through- 
out each cross section), 


dv _ d /, dv\ 2e 
dt ~ dx r dx) ~ 


.( 1 ). 


To estimate v, let v" be the temperature at the centre of the cross 
section x, and let ^ ^ denote the rate of decrease of tempera- 
ture from within outwards in the substance of the bar close to its 
surface. We have clearly 

„ , ^ /- dv V 

and, because the emission is supplied by conduction from within, 

, , — dvV 

m=k dr)' 

// t , / 

V - V < k V . 


Hence 
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The value of e for a blackened globe hung within a hollow, with 
blackened bounding surface, is about according to Mac- 

farlane’s experiments* (Table IX. below), and considerably less for 
surfaces with any degree of polish. We may therefore take 4<t i 0(t 
as a maximum value for e. The values of k for copper and iron 
at ordinary temperatures are, in C. G. S., approximately *95 and 
•18. Hence, if r — 5 cms. (or the diameter of the bar 10 cms., 
which is more than it is likely to be in any laboratory experi- 
ments), we find 


9 

V 


(< 


/ 

8S0 for 


l < roo foriron - 

Hence the error will be practically nothing if wc take v = v. 
Thus, and if wc suppose k to be independent of temperature, 
(1) becomes 



dv k d 2 v 2e ^ 

dt c da? rc 

(2), 

or 

dv d l v , 

dt = K cU- hv ' 

(3), 


which is Fourier’s equation for the conduction of heat along a bar 
or the circumference of a thin ring. Its solution to express simple 
harmonic variations of temperature produced in an infinitely long 
bar by properly varied thermal appliances at one end is 

v = Re~° x cos {nt —fa + e) (4), 

n, R, e being arbitrary constants, — the “ speed,” the semi-range, 
and the epoch for x = 0 ; and f g constants given by the formulae 

+ (5). 

For irou aud copper the values of c are respectively ’95 and *845. 
Hence, with the previously used values of k for these metals, and 
with 1/4000 for e, wo find * = 1*1 for copper and *= • 2 for iron ; 
and for either, h = 1/I700r nearly enough. 

Suppose, for example, r = 2 cm., this makes h = 1/3400 ; and 
suppose the period to be 32 m. (the greatest of those chosen by 


* Appendix B to present Article. 
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Angstrom), this makes n = 27 t /(00 x 32), or roughly n = 1/310 ami 
h/n = 1 /17. Now when h/n is small, we liavo approximately 

and therefore with the assumed numbers 

\/%c 0 ~ 34) ’ and 0 = \/ 2/c ’ ( A + 34 
by which wo sec that the propagation of the variation of tempera- 
ture is but little affected by the Lateral surface cmissivity. Little 
as this effect is, it is very perfectly eliminated by the relation 


■^ = 2 * <«>• 

which we find from (5). 

It is convenient to remark that g is the rate of diminution 
of the Napierian logarithm of the range, ami / the rate of retarda- 
tion of the epoch (reckoned in radians) per centimetre of the bar. 
Were there no lateral cmissivity these would bo equal, and the 
ditfusivity (see § 82 below) might be calculated from each sepa- 
rately. This was done in our analysis of the Edinburgh under- 
ground temperature observations (see note to § 77 above). But 
in the propagation of periodic variation of temperature along a 
bar (as of electric potential along the conductor of a submarine 
cable) lateral emissivity (or imperfect insulation) augments the rate 
of diminution of the logarithm of the amplitude, and diminishes 
the rate of retardation of the phase, leaving the product of the 
two rates unaffected, and allowing the diffusivity to be calculated 
from it by equation (6). This was carried out for copper and iron 
by Angstrom in Sweden, and the results communicated to the 
Royal Swedish Academy in January 1861. German and English 
editions of his paper have been published in Pogg Aniuilen, 
Vol. 114, 1861, p. 513, and the Phil. Mug. for 1863 (first half 
year), lhe details of the apparatus and of the actual experi- 
ments, in which Angstrom had the assistance of Thaleu, are 
sufficiently described in this paper*, and in a subsequent paper 


The first paper ib marred unhappily by two or three algebraic and arithmetical 
errors. One algebraic error is very disturbing to a careful reader, and might even 
to a hasty judgment seem to throw doubt on the validity of the experimental use 
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(P°gg. Annalen, Vol. 118, 1863, p. 428), to allow us to feel perfect 
confidence in the very approximate accuracy of the results. 
Hence we have included them in our Table. 

79. The question. Docs thermal conductivity vary with 
temperature? was experimentally investigated by Forbes about 
thirty years ago; and in a first provisional statement of results 
communicated to the British Association at Belfast in 1852 it 
was stated that the thermal conductivity of iron is less at high 
temperatures than at low. Forbes’ investigation was conducted 
by an elaborate method of experimenting, in which the static 
temperature of a long bar of metal is observed after the example 
of the earlier experiments of Desprctz, with a most important 
additional experiment and measurement by means of which the 
static result is reduced to give conductivity in absolute measure, 
and not merely gus in Despretz’s experiments to give comparisons 
between the conductivities of different metals. In 1861 and 1865 
Forbes published in the Transactions Roy. 80 c. Edin., Vols. xxill. 
and XXIV., results calculated from his experiments, including 
the first determination of thermal conductivity of a metal (iron) 
in absolute measure, and a confirmation of his old result that the 
conductivity of iron diminishes with rise of temperature. Forbes’s 
bars have been inherited and further utilized, and bars of copper, 
lead, and other metals have been made and experimented upon 
according to the same method, by his successor in the university 
of Edinburgh, Professor Tait. The investigation was conducted 


which is made of the formulce. There is, however, no real foundation for any such 
doubt. The following little correction suffices to put the matter right. For the 
general term as printed in Angstrom’s paper read 

e" sin (~ - xg{ Ji +/*) , 


with the following values for g if < 7 / : — 


\/~k 


n* 


11 


K*T 3 ±K*i* 2Ki 9 


0t 


= \/ \/ 


jr* H* H_ 
K*T* + 4 KH* “ 2 Ki 5 


instead of these formulas without the as Angstrom gives them. Here we see 

that and it is the product gfll that Angstrom uses in his experimental 

JZl 


application, not the separate values of either or g{, Hence no error is intro- 
duced by his having overlooked that gi is not equal to g l except for t = l. 
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partly with a view to tost whether the electric conductivities and 
the thermal conductivities of different metals, more or less ap- 
proximately pure, and of metallic alloys, arc in the same order, 
and, further, if tlicir thermal conductivities arc approximately in 
the same proportion as their electric conductivities. The following 
results quoted from his paper on “Thermal and Electric Con- 
ductivity” ( Transactions It. 8. E., Vol. xxvm. 187ft) are valuable 
as an important instalment, but expressly only an instalment, 
towards the answering of this interesting question : — 

“Taking the inferior copper (‘Copper C’) as unit both for 
thermal and for electric conductivity, we find the following table 
of conductivities at ordinary temperatures, with the rough 
results as to specific gravity and specific heat referred to in § 15 
above : — 



Thermal. 

* Electric. 

Copper, Crown 

1-41 

1-729 

„ c 

TOO 

1000 

Forbes’s iron 

0-29 

0-204 

Lead 

012 

0149 

German silver 

014 

0117 


“ The agreement of these numbers is by no means so close as 
is generally stated ; but this is no longer remarkable, for it is 
well known that the electric conductivity of all pure metals alters 
very much with the temperature, while we have seen that as 
regards thermal conductivity there is but slight change with 
either copper or lead, though there is a large change with iron. 
This accords with some results of my own on the electric con- 
ductivity of iron at high temperatures (JProc. It. S. E., Vol. vm. 
1872-75, p. 32), and with the results of the repetition of these 
experiments by a party of my laboratory students. Proc. It. 8. j K, 
Vol. vm. 1872-75, p. G29.” 

80. The absolute values of Tait’s results for the first three 
metals of the preceding list are given in square centimetres per 
second in our Table XII. below. As to change of thermal dif- 
fusivity with temperature, Tait finds but little difference in the 
diffusivity of copper through the wide range of temperatures from 
0° to 300° C., and that difference, an augmentation ins tead of a 
diminution at the high temperatures, as shown in the following 
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results, of which the first factors denote square centimetres per 
second *: — 

Copper, Crown... 1*177 (1+0*0004$) 

„ 0 -830 (l + 000055$) 

Iron -232 (1-000144$). 

On tins other hand, Angstrom finds for copper from experiments 
described in his second paper referred to above, at mean tempera- 
tures of from 28°*8 to 7l°*5 C., results which reduced to square 
centimetres per second, are as follows : — 

• Copper, first specimen... 1*216 (1 — *00214$) 

„ second specimen 1*163 (1 — *001519$) 

Iron *224(1- 002874$). 

Comparing these two sets of values it is interesting to sco so 
close an agreement between results obtained by methods of experi- 
ment differing so much as that of Forbes and Tait differs from 
Angstrom’s. The change of sign from + to — in the change 
of diffusivity due to increase or decrease of temperature, does 
not really imply any great difference between the two sets, 
but it is desirable that Angstrom’s experiments should be 
repeated, and especially for copper, through a much wider range 
of temperatures. This can be done with great ease, from the 
lowest temperature obtainable by freezing mixtures to tempera- 
tures up to the melting point of copper, so excellently plastic 
is Angstrom’s method. Our proposed extension of it is to be 
carried out by proper thermal appliances to the end of the bar, 
which Angstrom left to itself, — appliances by which in one series 
of experiments it may be kept constant at — 50° or — 60° C., in 
others loft to itself to take nearly the atmospheric temperature, 
in others kept at high temperatures limited only by the melting 
temperature of copper, if the experimenter desires to go so far. 
We would also suggest that the thermo-electric method first in- 
troduced by Wiedemann and Franz in their experiments on the 
static temperature of bars or wires heated at one end and allowed 
to lose heat by convection and radiation from their sides, (which 

* Tait gave his results in terms of the foot and minute, with, for the unit of 
heat, the amount of heat required to raise the temperature of a cubic foot of the 
substanoo by 1". In other words, his results are “ dififusivities” (§ 82) in square feet 
per minute. They are multiplied by, 15*48 to reduce to square centimetres per 
second as given in tho text. 
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DiffuHion 
of heat. 


Investi- 
gations 
of ther- 
mal con- 
ductivity 
by 11 uni- 
form mo- 
tion of 
heat.” 


By dif- 
fusion of 
heat. 


was rejected, not, we think, judiciously, by Angstrom), might be 
used with advantage instead of the mercury thermometers in- 
serted in boles in the bar as in Angstrom’s apparatus ; or that, if 
thermometers are to be used, air thermometers in which the bulb 
of the thermometer is itself a very small hole in the bar ex- 
perimented on, and the tube a fine-bore glass tube fitted to this 
hole, would be much preferable to the mercury thermometers 
hitherto employed in, we believe, all experiments except those 
of Wiedemann and Franz, on the conduction of heat along me- 
tallic bars. 

81 . Fourier’s ninth chapter is entitled “ De la Diffusion dc 
la Chaleur.” The idea embodied in this title is the spreading of 
heat in a solid tending to ultimate equalization of temperature 
throughout it, instead of the transference of heat from one body to 
another by conduction through the solid considered. Though 
Fourier makes the special subject of his chapter on “ Diffusion ” 
the conduction of heat through an infinite solid, we may con- 
veniently regard as coming under the several designations “ Dif- 
fusion of Heat ” every case of thermal conduction in which the 
heat conducted across any part of the solid has the effect of 
wanning contiguous parts on one side of it, or of leaving con- 
tiguous parts on the other side cooler, — in other words, every 
case in which the temperature of the body through which the 
conduction of heat takes place is varying with time, as dis- 
tinguished from what Fourier calls “Uniform Motion of Heat,” 
or the class of cases in which the temperature at every point of 
the body is constant. The experiments of Pe'clet, Despretz, Forbes 
and Tait, Wiedemann and Franz, were founded on the uniform 
conduction of heat across slabs or along bars, and their deter- 
minations of relative and absolute conductivities were made by 
comparing or by measuring absolutely quantities of heat that 
were conducted out of the body tested. On the other hand, it 
is the diffusion of heat through the body that is used in the 
determinations of thermal conductivity in absolute measure by 
Forbes and W. Thomson* from the periodic variations of under- 
ground temperature ; in those of Angstrom, from his experiments 
on the spreading of periodic variations of temperature through 
bars of iron and copper, and a scries of valuable experiments a 
year or two later by F. Neumaijn, applying the same general 

* Sec Art. xciii. below. 
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method to bars of brass, zinc, German silver, and iron ; in experi- 
ments by F. Neumann on substances of lower conductivity (coal, 
cast sulphur, ice, snow, frozen earth, gritstone) formed iuto cubes 
or globes of 5 or 6 inches diameter, and heated uniformly, and 
then left to cool in an atmosphere of lower temperature, and from 
time to time during the cooling explored by thermo-electric junc- 
tions imbedded in them to show their internal distribution; in 
similar experiments on the cooling of globes of 14 cm. diameter 
of porphyritic trachyte by Ayrton and Perry in Japan ; and in 
Kirchhoff and Hanscrnann’s recent experiments*, to find the 
thermal conductivity of iron by the not well-chosen method of 
suddenly cooling one side of a cube of iron of 14 cm., and ob- 
serving the temperatures by aid of thermo-electric junctions in 
several points of the lino perpendicular to this side through its 
middle. 

82. When* the effect of heat conducted across any part of a Thermal 
body, in heating the substance on one side or leaving the substance dlflu81vlty ’ 
on the other side cooler, is to be reckoned, it is convenient to 
measure the thermal conductivity in terms, not of the ordinary 
gramme water-unit of heat, but of a special unit, the quantity 
of heat required to raise the temperature of unit bulk of the 
substance by 1° C. In other words, if k be the conductivity in 
terms of any thermal unit, and c the thermal capacity of unit 
bulk of the substance, it is k/c, not merely k, that expresses the 
quality of the substance on which the phenomenon chiefly de- 
pends. We therefore propose to give to k/c the name of thermal 
diffusivity (or simply diffusivity when heat is understood to be 
the subject), while still using the term thermal conductivity to 
denote tho conducting power as defined in § 73, without re- 
striction as to the thermal unit employed. It is interesting and 
important to remark that " diffusivity ” is essentially to be reck- 
oned in units of area per unit of time, and that its “ dimensions ” 
are U/T. Its regular C. G. S. reckoning is therefore in square 
centimetres per second. Diffusion of electricity through a sub- 
marine cable, has been shown "f* to follow tho same law as 
the “linear” diffusion of heat, which Fourier calls the diffusion 
of heat when the isothermal surfaces are parallel planes. The 

* Wiedemann’s (late PoggendorfPs) Annalr.n, 1880, No. 1. 

t Proc. Boy. Soe., May 1856, “Qn tho Theory of the Electric Telegraph” 

[Art. uexm. Vol. n. above]. 
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curves of the following diagram and Tables A, B, and C show 
in a practically useful way the result in the course of the times 
noted, of from fractions of a second to thousands of millions of 
years, of linear diffusion of two different qualities in an infinite 
line from an initial condition in which there is sudden transition 
from one quality to the other, for the thoroughly practical cases 
specified in the accompanying explanations. 


No. 1 No. 2 

Curve. Curve. 



Curve No. 1 shows temperature ; or quantity of substance in 
solution ; or potential in tho conductor of a submarine cable through 
which electricity is diffusing. Curve No. 2 shows rato per unit 


* See Art. Lxxn. above, Vol. n. p. IS. 
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of distance of variation of the temperature, or of the quantity of 
substance in solution. Vertical ordinates ore actual distances 
through the medium. Horizontal ordinates represent in No. 1 
curve, temperature or quantity of diffusing substances or electric 
potential; and in No. 2 curve rate of variation of temperature 
or of diffusing substance or of electric potential. 


JHffiMionH. — Table A. 


Substance. 


Time in Seconds from the 
commencement of tlio 
Diffusion until the Condition 
represented by the Curves 
on the Actual Scale 
[b~ 2 Centimetres) is reached. 


Carbonic acid through air 
Heat through hydrogen .. 
„ „ 


„ „ underground strata 

n ,, wood 

Common salt through water 


(H)7 seconds. 

•81) of a second. 
•!>3 

f)\ r ) seconds. 

.. 

100-0 

770 

87150 


Electricity through Huez-Aden cable 1*087 x 10” lfi of a second. 

1# „ Aden-13ombay cable ■ , 739xl0“ lh ' ,, 

„ „ Persian Gulf cable ; ‘035 x 10“ 111 ,, 

„ Atlantic cable *440 x 10" 10 ,, 

ti „ French Atlantic Cable.... •31)Gxl0“ ,tf ,, 

lf „ Direct U.S. cable ^ *340 x 10“ 1,1 ,, 



+ T -+ 
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Diffusions (Secular). — Table B. 



Time in Years from the 
commencement of the Diffusion 
until the Condition 

Substance. 

represented by the Curves on 
the Scale of 6 = 20 Kilometres, 
or 1,000,000 times the 

Actual Seale, is reached. 

Carbonic acid through air* 

220,000 

years. 

Heat through hydrogen 

28,500 

• > 

„ „ copper 

29,200 

»• 

„ „ iron 

171,000 


„ „ air 

198,000 

»> 

„ „ underground strata t 

317,000 

»» 

,, „ wood 

24,700,000 


Common salt through water X 

2,700,000,000 

M 


* Instructive as to the proportion of carbonic acid in air at different heights, 
proving its approximate uniformity due to convection, not to diffusion. 

Instructive as to geological theories respecting terrestrial temperature. 
Instructive as to theories respecting the sultness of the sea. 


Diffusions ( Electrical ). — Table G ' 


Name of Cable. 


Huez-Aden 

Aden-Bombay 

Persian Gulf 

Atlantic 

French Atlan tic .... 
Direct United Status 


Tima In Seconds from tin* 
commencement of tilt* 
Diffusion until the Condition 
represented by tlie Curves 
on tlie Scale of 
b = 1000 Nautical Miles, or 
!«,«!. S, 000 times the 
Actual >Scale, is reached. 


•932 of a second. 


•931 

•515 

•377 

•339 

•292 


M 

11 

11 


83. The following tables (I. to XXIV.) contain useful informa- 
tion regarding various thermal properties of matter. 
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Table I . — Linear Expansions of Solids*. 



Mean Kxpaniuon 


| 

Name. 

pep degree • '. 
through 

ltnngu t. 

Authority. 


llnngu stated. 



Silver 

*00002120 

0° to 100° 

Muschenbrnck. 


„ 1010 

0° „ 100 

Kupffer. 

Mattliiessen. 


„ 1013 

0° „ 100° 

Thallium 

„ 3021 

J0° 


Sulphur, Sicily 

„ 0413 

40" 

y Fizeau. 

Selenium, cast 

„ 3080 

10 


Tellurium, ,, 

„ 1075 

10- 1 


Lead 

„ 2700 

()'■ t.<> ion- 

Mattliiessen. 


„ 2024 

40 1 

Fizeau. 

o 

Iron 

„ 1150 

0° to 100° 

Borda. 


lion 

0° ,, 100" 

J Calvert, Johnson. 
J and Lowe. 



Steel annealed 

„ 1220 

0° „ 100° 

Muschenbrnck. 

„ French cast, \ 
tempered ...\ 

,, 1322 

10' 


„ French cast, } 

1101 

10 

ft Fizeau. 

annealed ...\ 



,, English cast, j 

„ 1005 

40* 


annealed ...\ 



Steel, soft 

„ 103 

1 

| Calvert, Johnson. 



! 

i 0‘* to 100 

J and Lowe. 

Cast iron 

„ 112 

Cobalt, red. by 11. ) 
compressed \ 

„ 1230 

40 1 

j 

1 1 

> Fizeau. 

Nickel, red. by IT. 1 

1 270 

40’ 

1 j 

compressed ( 


1 

i 

Copper 

„ 1883 

0° to 300° 

Du long and Petit. 1 


„ 18015 

0 ° to 100° 

Mattliiessen. 

„ native L. Su-f 

„ 1(508 

■10* 


perior \ 


40* 


„ commercial... 

„ 1(578 


» 



- Fizeau. 

lluthcnium, semi- ) 
fused ( 

„ 00(53 

40“ 

i 

l 

Rhodium, semi-fused 

„ 0850 

10 “ 

1 


* Abridged from Clarke’s Constants of Nature. 

t Where only one number is given for the range in this and the following table, 
the corresponding statement is to be understood as applying through a small range 
on either side of the number stated. 

T. ITT. 


14 
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Table I. ( continued ). — Linear Expansions of Solids. 


Itange. 


Palladium. 


forged .... 


Platinum 


Iridium 

Osmium, semi- fused 


„ distilled 

Cadmium 

** 

„ distilled ... 

Magnesium, cast 

Indium, cast 

i 

Arsenic, sublimed .... 
Antimony 

M 

„ along axis'! _• 
.. normal to I $ 

E- 

„ mean valued ^ 
Bismuth 

»i 

„ along axis\ 

„ normal to | -2 

„ mean value] u 

Cold annealed 


Carbon, diamond 


Menu Expansion 
per degree C. 
through 
nnge stated. 


•00001104 
„ 1170 


gas carbon 
anthracite 


II 

138 

II 

1470 

II 

1443 

II 

00000 

II 

00502 

II 

00852 

II 

01280 

It 

0786 

II 

0540 

II 

2078 


0° to 100° 

10° 

0° to 

300° 

0° „ 

100° 

0° „ 

100° 

40" 


40' 


0° to 

100" 

0° „ 

40° 

100° 

0° to 

100'' 1 

0° „ 
40° 

100" 

] 

40° 


10° 


10° 


0° to 

100" j 

o" „ 

40" 

100" 

\ 

40° 


40° 

1 

c 

•*3 

© 

100" | 

0" 

40" 

100" ! 

40° 

[ 

40° 

f 

0° to 

100" 

0° „ 

100" j 

o' 1 „ 

40° 

100" 1 

-38°-8 

0° 

20° 

50° 

40° 

40° 

40° 

• 

i 

i 

! 

! 

r 
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TahIjE I. ( continued ). — Linear Expansions of Solids. 


Nn i lie. 


Tin 


Mciui Expansion j 

pur decree C*. i 

through I 

Range state*!. I 


Aluminium, com- 
mercial 


Fluor spar, CaF a 


Silver iodide, Agl, 
cylinder, precipi- 
tated and com- 
pressed — 

Lengthwise . , . 

Transversely. 

Mean value ... # 


Mercuric iodide HgL, 

Lead iodide, Pbl 2 .. 

Cadmium iodide, Cdl 2 | 

Hicmatite, Fe 3 0 3 , 

along axis 

Hicmatite, Fe a O ;1 , j 
normal to axis...) 

Magnetic oxide of 
Iron, Fe 3 0 4 

Copper oxide, CuO ... 


Zinc oxide, ZnO, 

along axis 

,, normal to 
axis 


Quartz SiO a , along) 

axis j 

,, „ nor- 
mal to axis 


Pyrite, FeS 2 . 
Galena, PbS. 


Beryl, longit. axis ... 
,, horiz. axis ... 


4- -00002:130 

„ 2234 
„ 2200 

„ 222 

„ 10501 


- -00000100 
- -00000122 
- -00000137 

+ -00002387 

„ 3350 

„ 2010 

•00000820 
„ 0830 

„ v 00540 

- -000000005 

„ 00000 
+ -000000130 
„ 00507 

„ 01050 

„ 0310 

„ 0530 

„ 0781 
„ 1410 

„ 10084 

„ 18594 

„ 017214 

- -0000001310 


Range. 


10° to 00° 
10 " 

0 ° „ 100 " 


0 ° 

0 ° 


100 ° 

100 ° 


Authority. 


Kopp. 

Fizeau. 

Matthiessen. 


0° 100° h ^ a ^ vcr ^ Johnson, 

• * ; / and Lowe. 


0 ° „ 100 


40" 

40° 

40" 

40° 

40" 

40" 

40" 

40° 

0° to 100" 

0 ° 

4"-l 

10 " 

30° 

50" 

40° 

40° 

40° 

40" 

0° to 100" 
0 ° „ 100 ° 


Pfaff. 


rFizeau. 


j- Fizei 


Pfaff. 


;au. 


y Fizeau. 


Y Pfaff. 


14—2 



212 


ELASTICITY AND HEAT. 


fxCII. IT. II. 


Table I. ( continued ). — Linear Expansions of Solids. 


Emerald, along axis.. 
„ normal to/ 
axis ....) 

Topaz, lesser horiz.) 

axis j 

,, greater horiz./ 

axis i 

,, vertical horiz. ) 
axis \ 

Tourmaline, longit.) 

axis i 

,, horiz.) 

axis \ 


Moan Expansion 
por degree ('. 

through 
linage stilted. 


- -00000100 
+ -00000137 


Garnet 


Iceland spar, along) 

the axis \ 

„ „ normal ) 

to the axis \ 


Glass tube 

>9 >9 

.. rod.. 


white French... 

tube 

soft Thuringian 


Wedgewood ware 

99 99 

Bayeux porcelain .... 

Platin-iridium fone- 1 
tenth iridium) ... j 

Solder — 2 lead, 1 tin . 

Type metal (lead) 
and antimony) ... j 

Zinc and tin — 8 zinc, ) 
1 tin \ 

Copper and tin — 8) 
copper, 1 tin \ 


09369 

077321 


+ -00002021 
- -00000540 

+ -0000083333 
„ 08280 
„ 080130 

„ 091827 

„ 101114 

„ 0890890 

„ 087572 

„ 089700 

„ 091751 

„ 08510 

„ 08998 

„ 1195 


„ 105 

„ 0884 


0° to 100° 
0° „ 100° 
0 ° „ 100 ° 

0 ° ,, 100 ° 
0 ° „ 100 ° 

0 ° „ 100 ° 

40° 

40° 


10°-G to 100° 
10°-0 „ 350° 

1000° „ 1400° 

40° 


Authority. 


\{ Fizean. 


j > PfalT. 


j* Fizean. 

Smealon. 

Deluc. 

j* Pulong ancl Petit. 


\ Lavoisier and j 
I Laplace. j 

I 

Hagen. 

Weinhold. 

| Baniell. 

Devillo and Troost. 

Fizeau. 


Speculum metal 


0° 

10°-0 

10°-0 

to 

99 

>9 

100° i 
100° 
204° 

Smeaton. 

| Danicll. 

0° 

99 

100° 

i 

l 

0° 

99 

100° 

r Smeaton. 

0° 

99 

100° 
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Table I. {continued), — Linear Expansions 


Name. 


Bronze, £ tin 

»» it 

H n 

i 

! Brass, cast 

, „ wire 

»i 11 

M English 

»i n 

•i 

Pewter 

•i 

ii 

Paraffin, llangoon s . . . 

Soft coal, Charleroi .. 

Ebonite 



Deal wood 

Brick 

n Fire 

Granite 

Marble, Black 

„ White 

Sandstone 

Slate 

Graphite 

! Ice 


Moan Expansion 
pur degriH* CL 
through 
Range stated. 


Range. 


+ '00001844 
2116 
1737 

1875 
„ 1930 

„ 1783 

„ 1893 

„ 1895 

„ 1859 

2283 
„ 2033 

1994 

•0002785-4 

•00002782 

„ 770 

„ 842 

0496 

„ 0550 

„ 0493 

„ 0868 

„ 0445 

„ 1072 

.. 1174 

„ 1038 

„ 0786 

„ 5236 


16°*6 

to 

100° 

16 0, 6 

it 

350° 

16°-6 

»> 

957° 

0 Q 

ii 

100° 

0° 

ii 

100° 

0° 

1 1 

100° 

0° 

ii 

100° 

0° 

it 

100° 

40° 


0° 

to 

100° 

l(i 0, 6 

to 

100° 

16°-0 

>» 

206° 


40" 


| 40° 

16°-7to 25°*3 
25°-3 „ 35°-4 

0 ° „ 100 ° 

0° „ 100° 

0 ° „ 100 ° 

0° „ 100° 

0 ° „ 100 ° 

0 " 100 " 

0 ° „ 100 ° 

0 ° „ 100 ° 

0° „ 40° 

-27°-5 „ l°-25 


Ice, H a O 


•002941 


of Solids. 


Authority. 


| Daniell. 

| Smcaton. 

Borda. 

[ 

Fizeau. 

Smeaton. 

• Daniell. 

I 

I 

j- Fizeau. 

• Kohlrausch. 

\ 

Katcr. 

Adie. 

.it 

Bartlett. 

> Dunn & Sang. 
Adie. 

it 

Fizeau. 

Schumacher. 

Heinrich; (Baier. 
Akad. PhtfH . Ab- 
handl. 1806). 
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Table II — Cubical Kijhihsioih oj tfolith and Liquids' 


1 

N lint 

M< in I \|> insion 
pirikbrit. ( 


Ittlllht 

Bromine 

0010l()027 


7 

I* 

<>0101818<i 


0 


001 UH()77 


hi 

Iodino, solid 

ftoo 2 ii 



„ upon fusion 

U>s2 



„ liquid 

000850 



Sihu 

ooomsu 

0 

to 100 

bulphui, native 

000 H7 

0 

„ 11 2 


00022 1 

n 

2 „ 10 1 


0002V) 

50 

j „ 78 

it 

000(>20 

7s 

% 5 


00 (007 

% 

5 100 9 


05002 

\ln 

1 

nu ltmg 
at 115 

L« ad 

000089 



* 

00008W) 

0 

to 100 

lion 

OOOOW 

0 

100 

»» 

0000111 

0 

,, «M) 


0000 M 



Coppf i 

000055 

0 

to 100 

ii 

ooooim*) 

0 

„ 100 

n 

000051 



ii 

00001998 

0 

to 100 

Pdllddium 

00001112 

0 

„ 100 

Platinum 

00002(>18 

0 

„ 100 

/me 

00008*1 


ii 

00008*128 

0 

to 100 

Cadmium 

0000*140 



Meieuiy 

00017*101 


0 

ii 

00017*110 


10 

•i 

00018001 


20 

ii 

00018011 


i0° 

ii 

00018102 


10 

ii 

00018112 


50 

ii 

0001820] 


GO 

•i 

00018*211 


70 

ii 

00018-104 


80 

ii 

00018114 


90 

ii 

00018101 


100 

ii 

00018017 


150 

ii 

00018*10*) 


200 

ii 

0001*1101 


250 

ii 

0001*1 11 J 


■100 

ii 

0001*11)00 


850 

ii 

000181*2 

0 

to 100 

Plumphorus 

000-100 

8 

j 15° 8 

Antimony 

000011 



ii 

00001107 

0 

to 100 

Bismuth 

0000100 


Gold 

00004111 

0 

to 100 

Diamond 

00000111 


40° 

Tin 

■0000090 



Vutlioriti 

Prim 
Billi t . 

Malt I lit ssi n 

kopp 


M it 1 1 1 1 ( ssi n 
Dulong and Petit 
kopp 

Flavian mil Joule 
1 )ulniig an 1 Petit 
kopp 

Matthiessen 

Kopp 

M itthicssen 
Kopp 


llegnault 


) 


Matt liu bsen 
Kopp 

Matthiessen 

Kopp 

Mutthu bstn 

Fi/cau 

Kopp 


Abridged from Clarke's Constant * of Natuu. 
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Table II. ( continued ). — Cubical Expansions of Solids and Liquids. 


Name. 


Mean Expansion 
per degree C. 


Range. 


Authority. 


Water, H.£> 

n 

ii 

Ice 

Sulphur dioxide 

Carbon dfoxide, liquid, CO., 

99 19 99 

99 99 99 

99 99 99 

99 99 99 

99 99 99 

99 99 99 

, , disulphide, CS 2 . . . 

99 19 91 

99 11 91 

99 19 11 

99 11 *1 

9 9 91 11 

99 11 11 

Copper Oxide, CuO 

Zinc Oxide, ZnO 

Quartz, SiO., 

Emerald 

Beryl 

Topaz 

Tourmaline 

Garnet 

Analcime 

Idocraso 

Zircon 

Glass, white tube 

„ „ globule 

,, green tube 

„ „ globule 

„ Swcdisli tube 

,i „ globule ... 

, , hard French tube . . . 
„ ,i .. globule 

,, crystal tube 

„ „ globule 

,, globe 

„ common tube 


- *000034 
+ •0002500 
•0004400 
•0001585 
•00202 
•00475 
•00402 
•00540 
•00620 
•00760 
•00075 
•01277 
•0011016 
•00110625 
•0012517 
•0012366 
•0013260 
•0014506 
•0016608 
•00000270 
*00001304 
•000040 
•00000168 
■00000105 
■00002137 
•00002181 
•000025434 
■000027783 
•00002700 
•00002835 
•00002648 
•00002553 
■00002209 
•00002132 
•00002363 
-00002426 
■00002142 
•00002242 
•00002101 
•00002330 
•00002326 
•00002570 



to 

4° 

4° 

99 


4° 

99 


«a 

99 

1° 

5° 

99 

■oa 

-10° 

91 

-5° 

- 5° 

99 

0° 

0° 

II 

5° 

5° 

19 

10° 

10° 

99 

15° 

15° 

91 

20° 

20° 

91 

25° 

—50° 

11 

0° 

0° 

11 

40° 

0° 

99 

70° 

0° 

19 

40° 

0° 

91 

80° 

0° 

99 

120° 

0° 

11 

180° 



40° 


40° 

0° 

to 

100° 

0° 

99 

100° 

0° 

11 

100° 

0° 

19 

100° 

0° 

99 

100° 

0° 

99 

100° 

0° 

19 

100° 

0° 

99 

100° 

0° 

19 

100° 

0° 

99 

100° 

0° 

19 

100° 

0° 

11 

100° 

0° 

19 

100° 

0° 

19 

100° 

0° 

99 

100° 

0° 

99 

100° 

0° 

11 

100° 

0° 

11 

100° 

0° 

19 

1° 


Weidner. 

| Matthiessen. 

Pliickerand Geissler. 
D’Andrccf. j 

I j 

}■ D’Andrcd'f. ! 


j- Muncke. 

j. Hirn. 

Fizeau. 

Kopp. 

Fizeau. 

1 Pfaff. 


Begnault. 






Table of Liquids, 


I 



j Name of Liquid. 

1 

1 

Ethyl (Ether) 

2 

Ethylic alcohol 

3 

Mylic alcohol 

4 

Amylic alcohol 

1 ® 

Chloride of ethyl 

(i 

Bromide of ethyl 

1 7 

Iodide of ethvl 

8 

Bromide of methyl 

9 

Iodide of methyl 

10 

Formiate of ethyl 

,11 

Acetate of ethyl 

12 

Butyrate of ethyl 

13 

Acetate of methyl 

14 

Butyrate of methyl 

15 1 

Terehloride of phosphorus , 

Hi 

Terbromide of phosphorus 

17 1 

Terehloride of arsenic j 

18 

Bichloride of tin 

19 1 

Tetrachloride of titanium ■ 

20 : 

“Terehloride of silicon" 1 

21 : 

“ Terbromide of silicon” 

22 , 

Bichloride of ethylene' ; 

23, 

Bibromide of ethylene ; 

24 , 

Bromine 

25 

Bisulphide of carbon J 


Atomic 

Constitution, 

Temperature 

oflkiilinjj 

Point, 

Observed 

Pressure 

oflloilhu 

Point. 

Value of Coeff. a. 

m 


muis, 


- 35°'5 

755'8 

0-001513 

C a H s HO 

7ti = -3 

758-0 

0-001 049 

CHjHO 

66 5, 7 

753-0 

0-001186 

CjHjjHO 

i m 

751-3 

i0-000 890 
j 0-000 899 

m 

12 5, 5 

760-0 

0-001 575 

C&Br 

38 s, 75 

760-0 

0-001 338 

w 

70 :, 0 

751-7 

0-001142 

CH.Br 

13 :, (l 

759-0 

0-001415 

CH,I 

43 c -8 

750-2 

0-001 200 

CjHjCHOg 

52 c -9 

752-0 

0-001 325 

CjHjCjHjO; 

m 

700-0 

0-001 258 

CoHjCjH-Oj 

11M 

740-5 

jO-OOl 203 
j0-000 633 

CHjCjHjOj 

56 5, 5 

760-0 

0-001 296 

CH.CM 

103 c, 5 

700-0 

0-001 240 

PC1 S 

75 3, 95 ; 

760-0 

0-001129 

PBr, 

m 

760-0 

jO'OOO 847 i 
(0-000 824 - 

AsCl, 

130 :, 2I 

760-0 

0-000 979 

SnCl, 

ii3 5, 9 : 

760-0 * 

0-001133 

TiCl. 

136°-4 

760-0 

0-000 943 

“SiCL" 

m 

760-0 

0001 294 

“SiBr/ 1 * 

153 c -6 

762-0 

0-000 953 

CjH 4 CL 

84 ;, 9 

761-9- 

0-001119 

■ 1 i 

. 131 !, 45 

760-0 

10-000 953 
10-001017 

Br 

5f) 0, 27 i 

760-0 

0-001 038 ■ 

CS, 

46 5 -2 i 

760-0 

0-001140 


Value of Coeff, k 

Value of Coeff. f. 

0-000 002 36 

0-0000000400 

0-000 001 75 

0-0000000013 

0-000 001 56 

0-000000009 1 ; 

0-000 000 66 

0-000 000 011 8 1 

0-00000069 

0-000000 010 I s 

0-000 002 81 

0 # 000 015 7 

0-000 001 50 

0000000 0169 ! 

0-000 001 96 

0-000000 006 2 1 

0-000 003 32 

0-0000001138 

0-000 002 16 

0-000000010 1 

0-000 002 86 

0-0000000066 

0-000 002 96 

0-0000000015 ; 

0-000 000 07 

0-000 000 022 6 s 

0-000 012 76 

0-000 000 052 1 ‘ 

0-000 002 91 

0-000000 004 3 

0-00000063 

0-000 000 0131 

0-00000087 

0 000 017 923 6 ! 

0-00000044 

0000000 002 55 

0-00000091 

0-000000 000 05 

0-00000097 

0-0000000018 

0*00000091 

0-0000000076 

0-00000135 

0-000 000 000 9 

0-000 002 18 

0-000 000 040 9 

0*000 000 76 

0-000 000 000 3 

o-ooo om 05 

0-000 000 0103 1 

0-00000132 

OWOOOOOOll' ! 

0-000 000 10 

0-000 000 008 85 , 

0-00000171 

0-0000000054 ! 

0-000 001 37 

0*0000000191 | 


3 From 13 c to 90 : , 'Fromf toll8 a , » From 0= to 100°. 'From 100 s to m 

•From mii tom 
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Table IV . — Density of Water*. 


Temp. 

Density. 

Temp. 

Hcukit). 

Temp. 

l>ensit\. 

0° 

•999884 

13° 

•999443 

35° 

•99419 

1 

•999941 

14 

•999312 

40 

•99230 

2 

•999982 

15 

•999173 ' 

45 

•99038 

3 

1-000001 

10 

*999015 

50 

•!WH21 

1 

1*000013 

17 

•998854 

55 

•98583 

r> 

1*000003 

18 

■998007 1 

00 

•98339 

0 

*999983 

19 

•998473 

05 1 

•98075 

7 

•999940 

20 

•998272 1 

70 

1 *97795 

8 

•999899 

22 

•997839 

75 

•97499 

0 

■999837 

24 

■997380 

80 

•97195 

10 

*999700 

20 

■990879 

85 

•90H80 

11 

•999008 

28 

•990344 

90 

•90557 

12 

•991400? 

30 

1 

•995778 

100 

•95800 

: 


* From KupfTer’s observations, as reduced by Prof. W. H. Miller, according to 
which the absolute density at 4°C. is not 1, but 1*000013. 
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Taiile V . — Steam Pressures ( in Centimetres of Mercuri/). 



Water. 

Mercury *. 


Sulphur. 

Temp. 

Pressure. 

Temp. 

Pressure. 

Temp. 

Pressure. 

- 32° 

003 

0° 

•002 

390° 

27-23 

-BO 

004 

10 

•003 

400 

32-90 

-25 

0-06 

20 

•004 

410 

39-52 

-20 

0-09 

30 

•006 

420 

47 21 

-15 

0-14 

40 

•008 

430 

56-10 

-10 

0-21 

50 

•Oil 

440 

06-31 

- 5 

0-31 

60 

•016 

450 

77-99 

0 

0-46 

70 

•024 

460 

91-27 

5 

0-65 

80 

•035 

470 

100-32 

10 

0-92 

90 

•051 

480 

123-27 

15 

1-27 

100 

075 

490 

142-29 

20 

1-74 

110 

•107 

500 

163-53 

25 

2-35 

120 

•153 

510 

187-16 

30 

3-15 

130 

•218 

520 

213-33 

35 

4-18 

140 

•306 

530 

242-20 

40 

5-49 

150 

•427 

540 

273-92 

45 

7-14 

160 

•590 

550 . 

308-65 

50 

9-20 

170 

■809 

560 

346-53 

55 

11-75 

180 

1-100 

570 

387-71 

60 

14-88 

190 

1-48 



65 

18-69 

200 

1-99 



70 

| 23-31 

210 

2-63 



75 

28-85 

220 

3-47 



80 

35-46 

230 

4-53 



85 

43-30 

240 

5-88 



90 

52-54 

250 

7-57 



95 

63-38 

260 

9-67 



100 

76-00 

270 

12-30 



105 

90-64 

280 

15-52 



110 

107-54 

290 

19-45 



115 

126-94 

300 

24-22 



120 

14913 

310 

29-97 



125 

174-39 

320 

36-87 



180 

20303 

330 

45-09 



135 

235-37 

340 

54-83 



140 

271-76 

350 

66-32 



145 

312-55 

360 

79-77 



150 

358-12 

370 

95-46 



155 

408-86 

380 

113-96 



160 

465-16 

390 

134-67 



165 

527-45 

400 

158-80 



170 

596-17 

410 

186-37 



175 

671-75 

420 

217-75 



180 

754-64 

430 

253-30 



185 

845-32 

440 

293-40 



190 

944-27 

450 

338-44 



195 

1051-96 

460 

388-81 



200 

1168-90 

470 

444-94 



205 

1295-57 

480 

507-24 



210 

1432-48 

490 

576-13 



215 

1580-13 

500 

652-03 



220 

1739-04 

510 

725-34 



225 

1909-70 

520 

826-50 



230 

2092-64 






~ f- “Ai/| ueiuw ior n 
ire for Temperatures from 0° to W 



XCII. PT. II.] 


HEAT. 


219 


TABLE VI. 

Steam. Pressure of Mercury (in Centimetres of Mercury)*. 


Tempera- 

ture. 

Regnault. 

Hagen 1 . 

Hertz 2 . 

Ramsay and 
Young 3 . 

0° 

•002 

•0015 

•000019 


10 

•00268 

•0018 

•000050 

— 

20 

•00372 

•0021 

•00013 

— 

30 

•00530 

•0026 

•00029 

— 

40 

•0Q767 

•0033 

•00063 

•0008 

50 

•01120 

•0042 

•0013 

•0015 

60 

•01643 

•0055 

•0026 

•0029 , 

70 

•02410 

•0074 

•0050 

•0052 ! 

80 

•03528 

■0102 

•0093 

•0092 ! 

90 

•05142 

■0144 

•0165 

0160 

100 

•07455 

•0210 

•0285 

•0270 

120 

•15341 

— 

•0779 

•0719 

140 

•30592 

— 

•193 

•1763 

160 

•59002 

— 

•438 

•4013 

■ 180 

1-1000 

— . 

•923 

•8535 

200 

1-990 

— 

1-825 

1-7015 

220 

3-470 

— 

3-490 

3-1957 


1 Hagen, Ann. Phy*. Client., New Series, Vol. 16, p. 610, July 1, 1882. 

2 Hertz, Ann . Phys. Client ., New Scries, Vol. 1<>, p. 610, Aug. 15, 1882. 

3 Ramsay and Young, Journal of the Chemical Society , 1886. 

* [Note of 6th June, 1887. The values given in Table V. for the pressure of 
mercury steam at various temperatures are from Regnault, but as recent observa- 
tions have shewn that these values are much too large for low temperatures, I have 
included Table VI. above, taken from a paper “On the Vapour-pressures of 
Mercury,” by William Ramsay, Ph.D., and Sydney Young, D.So. (Jour, of the 
Chemical Society , January, 1886). W. T.] 



TABLE VII. 


Stem Pressures (in Centimetres of Mercury)* 


! Chlorobenzene. Bromobenzene. 

1 1 

Aniline. 

Methyl Salicylate. Bromonaphthalene. 

1 

Temp. | Pressure Temp. 

Pressure 

Temp. 

Pressure 

Temp. 

1 

Pressure Temp, Pressure 

C s . | Cms, C°. 

Cms. 

c°, 

Cms. 

C°. 

Cms. C°. Cms, u 

r 


70° 979 : 120 c 24-79 150 3 28-37 175° 21-51 215° 15-89 

75 11-91 . 125 32-08 155 33-17 180 24-91 220 18-18 

80 11-18 130 37-27 . 160 38-60 185 28-78 225 20-71 

85 17-13 135 13-08 165 11-71 : 190 33-09 230 2360 

90 20-81 110 49-58 170 51-56 , 105 37-89 235 26-79 

95 21-77 115 56-84 , 175 ! 59-21 ! 200 1324 240 30-31 

100 29-28 150 64-91 ! 180 67*72 205 ■ 19-17 215 31-28 

105 31-12 155 73-86 185 77-15 210 , 55-75 250 38-61 

110 ! 40-26 160 83-75 1 215 : 63-02 255 13-15 

115 46-85 ■ 220 ' 71-00 260 18-71 

120 51-28 , 1 225 ! 79-81 265 51*51 

125 62-62 ■ i ! , 270 6088 


OSS 



X 


pp PPPP PPPP PPPP P + 1 1 1 ' „ 

•59 599 P psbb 8pp. ossoc x*hs 599 P jfcw w« bpp ^ pp i{ u u TempeotuK 
99 9909 9909 9999 9999 9999 9999 0999 0999 9999 099 

3 

COD >599 P 9 BP p 

*H •ISO; 9; P; 9; I; g; S; 9; P; B; P; H; ; ; 

ftp 999' P' S' *5' S' P' O' P' O' S' >5' O' 5' P' B' B' ' ' ' ' ' 

PS PSBSSOOOSPS' - 

Kmic«o( 

Turpentine, 

w. 

QC^Ci CllUHW WtOtOtC HHH 

Sw^ scw^t tnw: x:.&* cctctcn mm 

Sh^ < 19 ^ c 6 «jch etc xx hshw ihh wc-jwi i^xtCH h i i( :: 

cii ££«© HW-io -idee kcim© cxito detexe iin to e i ^ w' ' 

ti*»H stooe *jh:;h cnHXfc coimc tc c; c tc wciocs •jh&h « 

Etliyl Alcohol, 

w 

eaci cutite wwtew n^mm hhh 1 

we. w«owe wmx© wm:x wwtoto >-mh , , , 

iu* ^xwh icmm w*jhw m:.h*o ci^s ctc^tc Office «ocjmw whm ( t . . ™e, 

cw niwtfi zii< dx in c^tc^ hw-jw ogmm weed dxdn dxtex d' ' i lift 

ft]0 frOHH *WWH 4-ICHX Hwl*JCi CtOHH HH**H 3W10C SStOtO WKCX X 

SS “159P PSSB BBPP PP 

SB SPSS S*5BX P9*5P B9X«5 SPSS BP-P 

SO B*5S3C pS90 99p*5 BB90 *5*5X9 POSH 90998 BPP, 

PS *5SP9 PCCS 9PP9 XB*5*5 SBP5 BBOS S*59S SC 9 9 5PB 

, SS p««9 XX3S P*HS 9PP# CB*5P 9090 *5 ppC XB9B BP*5 

Methyl 

Alcohol, ('11,0 

ftl^WW tCtCHH H 

hw:.o <jor.w naea n 

townw H«icw c^'ii h- i ! : : : 

! tC £ C X -3HMC OCiMH C 

Gtlirl Iodide, 

m 

(liMom, 

cua, 

S S*5*5C S9PP BBBB BBpp PPP 

9 *50 BS 9PX 8 S9P-5 PPXS PBOX *559P SBBB P 

B SOD OOP OB POOD BOPS BB5B CPPX OiSSP 5CP0 0; ; ; ; ; ; ; ; ; ; 

■5 P90S 01099 9PPP SUSP *5PBC 9*595 08*50 6 

S tOSStO B9P9 *5090 9J5BP SBP-5 P-500 B99B 9 

ex x a oi m w x tc tc to to hhh hh 

ow xetoe. hcjh-j wexw c^otw mox*j o&fr* totonn hh 

eto otcce free ip teeny w-oafr eo$e >-hws cnee, toc^a *>: j 

WO HClHC ClftOH tCCtCH) Hh<ic -iein XHXO •OHCH *0 

ce oew^t >*HHto hwh^ sijshci eene w*jxh oh&c cwht. w 

Culm 

Wphide.CS, 

CXX^ frWWW 10 10 10 H HHH 

« 1 CHW XOWX WX WO OWC^J wlWHC XOC^ wwtoto HHH 

*5 tO HO vtCCW H WOO W H H ^ hOHH 0*000 # H O O xwo^t 0 Ip w 

SPSS *KfeH ^ Si i i 3099S P9B-5 PPPS j9-5*5 9CPI SPB 

CC9B OPOtO S9S9 9*5p9 SSXS SS9P 9SpB 559p Bps 

Ethyl limmide, 

w 

•5559 PPSS StvtvP pppp 

*5 C B 9 SPXP CSSS *5PB9 9*109 PSBB PPP 

pSp9 9068 BPOO BX5*1 C 68 B B 9 XS SCPPOC 5; . 

SSP9 SPSS B9PX 9PPP *5“P9 BSSO PSPS x' ' 

BSSB SSS9 XPSS OPXB OBSS XSXS PP*5S S 

Ethyl Ether, : 
: <(H||0 

1 j 


to 

w 


yb iti) gg^ytgggg^T- T1TA 



+ 1 1 1 1 1 1 1 

ms RSietifc tonn . hh tcts#j 

oaoei osicci oaoa oaoa oaoa coo 
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Table IX. — Emissivity for Heat of Polished and Blackened 

Copper Surfaces * 



Amount of IleAt lost per second per square 



centimetre of tlic surface per degree 


Difference 

of difference of temperatures. 


of 



Ratio. 

Temperature. 





Polished Surface. 

Blackened Surface. 


5 ° 

*000178 

•000252 

•707 

10 

■oooinrt 

•000200 

•699 

15 

•000103 

•000279 

-692 

20 

■000201 

•000289 

*695 

25 

*000207 

•000298 

*694 

30 

*000212 

*000306 

•693 

35 

•000217 

•000313 

•693 

40 

*000220 

•0003151 

‘693 

45 

•000223 

•000323 

•690 

50 

•000225 

•000320 

•690 

55 

° -000226 

•000328 

•690 

00 

•000226 ! 

•000328 

•690 


* See Appendix B, below. 


Table X. Radiation *. 


Quantity of heat, in gramme-water-centigrade units, lost per square centimetre 
per secontl from a bright platinum surface, at tlic temperatures stated, and 
under a pressure of *00115 mins, of mercury. 


! Temperature of 
| surroundings. 

Temperature of 
Platinum wire. 

Radiation. 

15° 

317° 

186-7 x 10"* 


440° 

493-5 „ 

99 

028° 

1689- „ 

99 

759° 

3918- 

99 

821° 

5163- „ 

99 

858° 

0668- „ 

99 

868° 

6767- 


* From an investigation now (June, 1887) being made by Mr J. T. Bottomley, 
the results of which are from time to time being communicated to the Royal 
Society. 
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Table XI. — Radiation and Communication to Air*. 

Quantity of heat, in fiiammo-watev-contiKiade units, lost iH«r square c.;ntimetre 
^ per Mcond from a bi irfit platinum surface, at a temperature ol 41- C. and 
umler the pressures stated. 


Temperature of 
surroundings. 

Pressure in milli- i Radiation, 

metres of mercury. [ 

16" 

740- 

8137 x 

10 

500- 

’ 8004 

n 

» 

440- 

7071 

n 


SI 0 # 

7956 

ii 


240- 

7041 

M 

” 

1 40" 

7875 

11 

” 

DO* 

! 7818 

11 

i ” 

• 64- 

7 680 

11 


52- 

7658 

11 


49- 

764.1 

11 

17-2 

34- 

, 756:1 

11 


24- 

7408 

11 


17-2 

7249 . 

1! 


13-2 

7104 

11 


5-7 

6.114 

11 

12 -5 

2-5 

5125 

n 


)1 

1-7 

4364 

11 

}| 

■88 

3487 

99 

11 

•444 

2683 

99 

ir>° 

■141 

1502 

99 

it 

■070 

1045 

99 

ii 

■or, 3 

910-5 

99 

11 

•034 

7273 

11 

99 

■on 

539-2 

11 

99 

■007 1 

459-1 

11 

99 

' *005 1 

436-4 

11 

99 

i -00015 

392-7 

99 

99 

00007 

378-8 

99 


* From Mr J. T. Bottomley’s ex peri merits. See note to Table X. above. 


TABLK XII. — Thermal Conductivities. 


Substances. 

Tempera- 

tures. 

(*<iii«luctivit, 

k. 

Silver 

0° 

10900 

Copper (crown) 1 

15° 


„ „ 0- •; i 

«t 

•7129 

,, first specimen 

it 

•9949 

„ second „ 

99 

•9599 

it 

99 

•7202 

Iron, 1 in. sq. bar 

99 

•1491 

„ ljin.sq. bar 

99 

•19H0 

„ Forbes 1£ in. bar 

11 

•2010 

i> 

»l 

•1 890 

n 

11 

•1060 

Mercury 

o° • 

•01479 

n 

50° 

•01893 


Authority. 


H. F. Weber. 
Tait. 

Do. 

Angstrom. 

Do. 

Loren/.. 

Forbes. 

Do. 

Tait. 

Angstrom. 

Lorenz. 

H. F. Weber. 
Do. 
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Table XII. ( continued ) — Thermal Conductivities. 


Substances. 

Tempera- 

tures. 

Conductivity. 

k. 

Authority. 

Phosphor bronze 

16° 

•4152 

Kirchhoff and Hansemann. 

Zinc 

0° 

•5056 

H. F. Weber. 


15° 


Kirchhoff and Hansemann. 

Aluminium 

0° 

•3135 

100 s 

•3610 

Antimony 


•0112 

•0306 


Bismuth 


•0177 

•0164 


Brass, rod 


•2460 

■2827 


„ yellow 


•2041 

•2540 

. Lorenz. 

Cadmium 


•2200 

■2045 

German Silver 


•0700 

•0887 


Lead 


•0830 

•0764 


Magnesium 


•3760 


Tin 


•1528 

•1423 


Air 

^1 


Oxygon 

1 



Clausius and Maxwell, ac- 

Nitrogen 

l - 

•uuuuay f 

cording to kinetic theory. 

Carbonic oxide 

J 



Carbonic acid 


•000038 

Do. do. 

Hydrogen 


•00034 

Do. do. 

Oxygen 

7° to 8° 

7° to 8° 

•0000563 

Winkelmann. 

Nitrogen 

•0000521 

Do. 

Carbonic oxide 

0° 

■0000409 

Do. 


7° to 8° 

■0000510 

Do. 

Carbonic acid 

0° 

■0000305 

Do. 


100° 

■0000466 

Do. 

Hydrogen 

7° to 8° 

•0003324 

Do. 


0° 

■0003100 

Griitz. 


100° 

■0003603 

Do. 

Air 

0° 

•0000402 

Kundt and Warburg. 


0° 

■0000513 

Winkelmann. 

** 

0° 

■00004838 

Griitz. 


100° 

•0000653 

Winkelmann. 


1U0° 

■00005734 

Griitz. 

Stone, porphyritie trachyte 
Underground strata 

•00590 | 

•005 

Ayrton and Perry, Phil. 
Maths 1«7H. 

Forbes and Wm. Thomson. 

Sandstone, Craigleith 

Traprock of Calton Hill ... 
Sand of Exper. Garden ... 
Water 


■01068 

•00415 

•00262 

■002 

Do. do. 

Do. do. 

Do. do. 

J. T. Bottomley. 

Ice 


•005G8 

Neumann. 

Fir, across fibres 


•00020 j 

Peclet, in Everett’s Units 
and Physical Constants . 

Do. do. 

,, along fibres 


( 

■00017 

"Walnut, across fibres 


•00020 

Do. do. 

„ along fibres 


•00048 

Do. do. 

Oak, across fibres 


•00050 

Do. do. 

Cork 


■000307 

Do. do. 

Hempen cloth, new 


•000144 

Do. do. 

„ „ old 


•000119 

Do. do. 

Writing paper, white 

Grey paper, unsized 


•000110 

•000004 

Do. do. 

Do. do. 

Calico (new), all densities.. 
Wool (carded), all densities 
Finely carded cotton wool.. 
Eider down 


■000139 

■000122 

•000111 

•000108 

Do. do. 

Do. do. 

Do. do. 

Do. do. 

Glass 


•0021 

Peclet. 

„ Ger. and Eng. plated 

»* 99 99 

,, Ger. toughened 


.. -00108 n 

•00234 t 
•00185 J 

Profs. Herschel and Le- 
brun, and J. F. Dunn. j 


T. III. 


IS 
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Table XIII . — Diffusivities (Thermal, Laminar-motional, Material, 

and Electric). 


Substance. 


TliPrirml 

Conductivity. 

k. 


Thermal 
i’aiuicitv of l T nit 
liiilk. 


Diffusivity, 
in square centi- 
metres nor 
amnia. 


c. 


k,'c. 


I 

Authority. 



Iron 
Air 

Oxygen 
Nitrogen 
Carbonic oxide 
Carbonic acid . 

Hydrogen 

Underground strata 
(rough average) . . . 
Wood . 

Water 
Traprock of Calton 

Hill 

Sand of Experimen- 
tal Garden 

Sandstone of Craig- 
leitli Quarry 


"99 

■20 

•000019 

•000038 

*00034 

•005 

■0005 

•002 

•00415 

■00262 

•01068 


Gravel of Greenwich ; 1 
Observatory Hill..! j 

Stone, porphyritic’ I 
trachyte 1 j 


•00590 


•815 

118 

•886 

•225 

•000307 

•16 

•000128 

•0888 

•000307 

112 

•5 

•01 

•39 

•013 

1*00 

•002 

•5283 

•00786 

•3006 

•00872 

•4623 

•02311 

... 

•01249 

*5738 

•01028 


n m | 

Angstrom & Tait. - 

o ! 

Angstrom & Tait. i 


Chuisitisand Max- 
well .according to. 
kiuctic theory. 

S Forbes and W. ! 
\ Thomson. | 

J. T. Bottomley. ; 


Forbes and W. 
^ Thomson. 

r Everett, Un i ts and 
J Phi/ s. Constants, 
l 1886 Ed., p. 110. 
f Avrton and Ferry, 

) Phil. Mat/., 1878, 
1 first half-year, p. 

I 211 . 


Laminar-motional Diffusivities . 

Laminar motion through air ’053 

Laminar motion through water at 10° C *0132 


Stokes & Maxwell. 
Foiseuille, Stokes 


Material Diffusivities . 

Common salt, through water 

Cane sugar, through water 

Caramel, through water at 10° C 

Albumen, through water at 13° C 

Cane sugar, through water at 9° C 

Water and common salt, through water at 5° C. 

Do. do. ut 9' 3 C. 

Hydrochloric acid, through water 

Potassium chloride, 10 % solution through water 
Potassium bromide, „ „ 

Potassium iodide, „ 1f 

Potassium nitrate, „ ,, ' * 

Potassium carbonate, ,, „ 

Potassium sulphate, „ M 

Ammonium chloride, „ „ 

Sodium bromide, „ n 

Sodium iodide, „ ff ’’’ 

Sodium chloride, „ tt 

Sodium nitrate, „ tt 

Sodium carbonate, „ „ 


*0000116 

•00000365 

•00000054 

•00000073 

•0000036 

•00000885 

•0000106 

•0000202 

■0000127 

■0000131 

•0000130 

•00000926 

•00000694 

•00000868 

•0000120 

•00000995 

•00000926 

•00000972 

•00000694 

*00000463 


Fick. 

Vuit. 

Prof. Mach of | 
Prague, Imperial 
► Academy of Sci- 
ences of Vienna , 
January 13, 1879. 


T. Schuhmeister, 
J Vi ener S i tzungs- 
herichte , April 3, 
1879. 
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Table XIII. ( continued ). — Diffusivities ( Thermal , Laminar- 
motional , Material , cmcZ Electric). 


Material Diffusivities (continued). 


Dimialvlty, 
in square ccnti- 
metres per 
second. 
kfc. 


Authority. 


Sodium sulphate, 10% solution through water. . . 
Lithium bromide, ,, „ 

Lithium iodide, „ „ 

Lithium chloride, ,, „ 

Calcium chloride, „ ,, 

Cupric chloride, „ 

Copper sulphate, „ „ 

Zinc sulphate, ,, „ 

Magnesium sulphate, ,, „ 

Carbonic acid and air 

Carbonic acid and h 3 'drogen 

Oxygen and hydrogen 

Carbonic acid and oxygen 

Carbonic acid and carbonic oxide 

Carbonic acid and marsh gas 

Carbonic acid and nitrous oxide 

Sulphurous acid and hydrogen 

Oxygen and carbonic oxide 

Carbonic oxide and hydrogen 


•00000764 

•00000926 

•00000926 

•00000810 

■000007H7 

•00000498 

•00000246 

•00000231 

•00000324 

•1423 

•5556 

•7214 

•1409 

•1406 

•1586 

•0983 

•4800 

■1802 

■6422 


r T. Schulimeister. 


Loschmidt, Im- 
perial Academy 
of Sciences of 
Vienna , 10th 

March, 1870. 


Electric Cable Diffusivities. 


i 

i 

I Name of Cable. 


Suez -Aden 

Aden-Bombay. 
Persian Gulf ) 
Cable, 1864... j 
Atlantic, 1865. 
French Atlan- 
tic, 1869 

Direct United 
States Cable. 


! 


Resistance per Nautical 

Mile in Olims 1 . 

Reciprocal of the Resistance per 
Centimetre of length in electro- 
magnetic C.G.S. Measure. 
k. 

Electrostatic Capacity 
per Nautical Mile in 
Microfarads? 


Electrostatic Capacity per 
Centimetre of length in electro- 
magnetic C.G.S. Measure. 

i*. 

fMffunivity, 
in square 
centimetres 
per second. 
k/c. 

|? 

Js 

o 

It? 

sis 

s® *0 ~ 

o| |l 

if! 

10-42 

■0000178 

•3580 

1-932 x 10~ 21 

•922 x 10” 

7*02 

•0000264 

•3610 

1-955 x lO" 21 

1-356 x 10” 


6-25 

•0000296 

•3486 

1-882x10-“ 

1-678 x 10» 

ll'sf 

4-27 

•0000434 

*3o3o 

1-908 x 10-“ 

2-274 x 10W 

dll 

316 

•0000586 

•4295 

2-318x10-“ 

2-628x10” 

In sf 

2-88 

-0000643 

•4095 

2-211x10-“ 

2-909 x 10“ 

lift 
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Table XIV . — Diffusivities of Non-magnetic Metals for Electric 

Current *. 

Specific resistance (C. G. S.) is the resistance, in centimetres 
per second, of one centimetre length of conductor having its cross- 
sectional area equal to one square centimetre. Specific resistance 
(C. G. S.) divided by 47 t is equal to the diffusivity in square centi- 
metres per second. 


Substance. 

Diffusivity for 
electric current, 
in square 
centimetres per 
second. 

Copper . 

128 

Lead 

1550 

German Silver 

1G52 

Platinoid 

270G # 

i 

t 


Table XV. Melting Points. 


Aluminium 

C\ 

850° 

Ammonia 

. - 75 

Antimony . 

. 432 

Bismuth 

208 

Brass . 

. 1015 

Britannia Metal. 

250 

Bromine 

-7 

Cadmium . 

321 

Cobalt 

. 1500 

Copper 

. 1054 

Gold . 

. 1045 

Iodine 

115 

Iridium 

. 1950 

Irou Cast (White) 

. 1100 

„ „ (Grey) 

. 1200 

,, Hammered . 

. 1600 

„ Pure . 

• 1587 

„ Wrought 

. 2000 

„ Steel . 

. 1400 

99 99 Cast . 

. 1375 


C J . 

Lead .... 326 1 


Manganese . 

1500 

Mercury 

-39 

Nickel 

1450 

Palladium . 

1500 

Phosphorus (yellow) . 

44 

„ „ (red) 

2 55 

Platinum . 

1775 

Potassium . 

02 

Salt, NaCl 

772 

Selenium, Vitreous 

104 

99 Cry stjil line . 

2J7 

Silver 

954 

Sodium 

95 

Sulphur, Rhombic 

114 

99 Prismatic 

120 

99 Amorphous . 

120 

Tin .... 

23.3 

Zinc . 

433 

Water 

0 


See, on this subject, Art. XCVf . at the end of the 


present volume. 
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Table XVI. Boiliny Points. 




Boiling 

Points. 

C\ 

Pressure 

inmms.of 

Mercury. 

Ammonia 

II ,N 

- 33°-7 

749 

Bromine 

liv 

+ 59-27 

760 

Carbon Monoxide 

00 

-193- 

7 GO 

„ Dioxide 

00, 

- 78-2 

7 GO 

Chlorine 

01 

- 33 G 

7 GO 

„ Petroxide 

Cl,0, 

+ 9-9 

731 

Hydrochloric acid (abt.) 

1101 

-102-0 


Hydrogen 

H 

-200- 

760 

„ Sulphide 

H,S 

- 61-8 

Iodine 

+ 250- 


Mercury 

Trg 

+ 357-25 

760 

Nitrogen 

N 

-193-1 


„ Monoxide 

N,0 

- 92- 


Oxygen 

o 

-181- 

760 

Phosphorus (yellow) ... 

p 

+ 287-3 

762 

Potassium 

K 

+ 725- 


Selenium 

So 

+ 666- 


Sodium (about) 

Na 

+ 900- 


Sulphur 

8 

+ 418-4 

760 

Sulphuric acid 

II 2 S0 4 

so. 

+ 323- 

760 

Sulphurous Anhydride.. 

- 10-5 

744 

Sulphur Trioxide 

so, 

+ 46- 

760 

Zinc Chloride 

ZnOl, 

+ 680- 
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Table XVII. Boiling Points. 




Boiling 

Point 

C 

Pressure 
in nuns. ol‘ 
Mercury. 

Chloride of Ethyl 

C.H.CI 

i -r-r> 

760 

Aldeliyd 

tyi 4 <> 

2<>*8 

759 

Methyl Formiate 

C,H t O a 

3l>-3 

760 

Ether 

(C a H a )p 

:u i)7 

760 

Bromide of Ethyl .■. 

C H llr 

3S*75 

760 

Carbon di-sulphide 

cs a 

4 6*2 

760 

Formic Ether 

O.ITp, 

ft-l-4 

760 

Methylic Acetate 

CII.,C 3 H o 

56*3 

760 

Acetone 

<yip 

SiCl 

m >*53 

760 

Silicic Chloride 

57*74 

760 

Chloroform 

CHC'I 

61*2 

760 

Wood spirit (Methyl Alcohol) 

OHp 

G6*7 

753 

Ethyl Iodide 

C.H.I 

72*34 

760 

Acetic Ether 

epp. 

• 74*3 

760 

Trichloride of Phosphorus 

PCI/ 

75-95 

760 

Alcohol (Ethyl) 

C.Hp 

78*4 

760 

Benzol 

C.H, 

804 

760 

Dutch liquid (Ethylene Dichloride) . 

0,11,01, 

84*5 

7 GO 

Water 

Hp 

100*0 

760 

Formic Acid 

CHO 

101*0 


Methylic Butyrate, normal 

Clip, HO 

103*5 

760 

Stannic Chloride 

Sn01 4 

113*9 

760 

Methyl Iso- valerate 

Oil C 4 1 10 

117*0 

764 

Acetic Acid 

HO.Hp 

117*1 

749 

Butyric Ether, normal 

O.H.P, 

121*07 

760 

Ethvlene Dibromide 

CHBr 

131*45 

760 

Arsenious Chloride 

AkCI 

130*21 

760 

Titanic Chloride 

TiCJ’ 

136*41 

760 

Fusel Oil, normal 

c.ii.p 

137*0 

740 

Silicic Bromide 

Si Hr 

153*6 

762 

Butyric Acid, normal 

HC H O 

162*32 


Phosphorus Bromide 

PHr ’ 

172*9 

760 

i 

Oxalic Acid 

C,HO 

203*0 

Glycerine 

C s Hp 

290*0 

760 ! 

Sulphuric Acid 

— ~ — — — . . . . i 

h 4 so 4 

325*0 

760 


Table XVIII. Boiling Points of Common Oils. 


Oil of Rosemary 

c°. 

. 168° 

Petroline 

0°. 

. 280° 

Hemp oil 

. 258 

Olive oil 

. 315 

Sage oil . 

. 260 

Anthracene 

. 350 

Rose oil 

. 274 

• 
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Table XIX. Latent Heats of Fusion, 

per unit mass of the substance ; in terms of the quantity of heat 
required to raise unit mass of water from 0° to 1° C. 


Bismuth 

12G4 

Palladium . 

. 36-3 

Bromine 

16-18 

Phosphorus . 

. 5-24 

Cadmium 

13-66 

Platinum 

. 27-18 

Gallium 

19-11 

Sea Water . 

. 54-69 

lc<» 

79-25 

Silver . 

. 21-07 

Iron, Cast, Grey . 

23 0 

Sulphur 

. 9-37 

Iron, Cast, White 

33-0 

Tin 

. 14-25 

Lead . 

5-37 

Zinc 

. 28-13 

Mercury 

2-83 




Table XX. Latent Heats of Evaporation. 
See Table XIX. above. 


i Acetic Acid CHO, 1210 

, Acetate Ethyl C.H.O, 105-80 


„ Methyl 

o,u„o. 

110-20 

Alcohol, Cityl 

O 10 H„O 

58-48 

„ Ethyl 


208-92 

„ Methyl 

crio 

263-86 

Ammonia 

Nil, 

297-38 

A rsen ions Chloride 

AsClj 

530 

Bromine 

Br 

45-60 

Carbon dioxide 

C(> 

49-32 

„ disulphide 

OH, 

86-67 

Ethyl Bromide 

C,H,Ur 

61-65 

„ Chloride 

0,11,01 

89-30 

„ Oxide (Ether) 

(C,H,),0 

91-0 

Formiate, Ethyl 

C,H.O, 

105-3 

„ Methyl 

0,11,0, 

117-1 

Formic Acid 

OH O 

120-7 

Iodine 

1 

23-95 

Mercury 

Hff 

620 

Nitric Acid 

UNO, 

11508 

„ Anhydride 

N.O, 

44-81 

Nitrous Oxide 

NO 

100-6 

Phosphorus Chloride 

PCI, 

51-42 

Sulphur 

s 

3620 

„ Chloride 

S,C1, 

49-37 

„ Dioxide 

SO, 

94-56 

Sulphuric Acid 

H,SO. 

122-1 

„ Anhydride 

SO, 

147-5 

Tin Chloride 

S.ci. 

30-53 , 

Water 

H a O | 

J535-9 1 

(536 -5 [ 
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Table XXI. Specific Heats of Solids. 


Substances. 

Specific 

Heat. 

At. 

Weight. 

Sp. lit. 

At. Wt. 

Aluminium 

•2122 

270 

5-7 

Antimony 

•0307 

119-6 

61 

Arsenic 

0811 

74-9 

6-1 

Bismuth 

■0305 

210- 

6-4 

Brass 

•0039 



Bromine 

•0843 

79-76 

6*7 

Cadmium 

•0548 

111-6 

61 

Copper 

■0950 

63- 

6-2 

Class 

■198 



Gold 

•0324 

196-2 

63 

Graphite (about) ... 

•310 



Ice 

•504 



Iodine 

•0541 

120-54 

6-8 

Iridium 

•0323 

196-7 

6-3 

Iron 

•1124 

55-9 

6-3 

Lead 

•0315 

206-4 

6-5 

Magnesium 

•245 

23-94 

5-9 

Marble 

•210 



Mercury 

•03192 

199-8 

6-4 

Nickel 

■1092 

58-6 

64 

Palladium 

•0592 

106-2 

6-3 

Phosphorus (yellow) 

•1699 

30-96 

5 3 

Platinum 

•0324 

194-3 

6-4 

Platinum-iridium . . . 

•0410 



Potassium 

•1655 

39 03 

6-4 

Quartz 

■19 



Silver 

•0599 

107-66 

6-4 

Sodium 

•2934 

22-99 

6-7 

Steel 

•118 



Sulphur 

•1844 

31-98 

5*9 

Tin 

•0559 

117-35 

6-6 

Zinc 

•0935 

64*9 

60 
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Table XXII. Specific Heats — Liquids. 


| Substances. 

Specific 

lleat. 

Temp. C°. 

Acid, Acetic 

1 ,, Hydrochloric 

•4599 

10° to 15° 

( + 10H,O) 

•749 

18° 

„ Nitric ( „ ) 

•768 

18° 

„ Sulphuric 

•3315 

16° to 20° 

„ „ ( + 5H a O) 

•5764 

16° to 20° 

Alcohol, Atnylic 

•564 

26° to 44° 

„ Etliylic 

•615 

30° 

,, ,, 

•505 

-20° 

,, Methyl ic 

•601 

15“ to 20° 

Ethyl, Oxide of 

•5113 

-30° 

)} 55 

■5467 

+ 30 

„ Chloride of 

•4276 

- 28“ and 4° 

„ Bromide of 

•2164 

5° to 10° 

„ Acetate 

•4960 

-30° 

51 99 

Benzol 

■5588 

30° 

•4158 

19° to 30° 

Bisulphide of Carbon ... 

•2401 

0 

o 

CO 

Bromine 

•1071 

13“ to 45° 

Chloroform 

•2354 

30° 

Mercury 

•0333 

5° to 36° 

N itro Benzol 

•3478 

10° to 15° 

Paraffin 

•683 


Phosphorus (yellow) .... 

•2045 

49° to 98° 

Sulphur 

•2346 

11 9“ to 147° 

Sulphur Chloride 

Turpentine 

•2024 

10° to 15° 

•4537 

40° 
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Table XXIII. Specific Heats of Gases. 


Substances. 

Acetone 

Air 

Alcohol, Ktliyl 

„ M ethyl 

Ammonia 

Arsenious Chloride . . 

Benzol 

Bromine 

Carbon Monoxide 

„ Dioxide 

„ Disulphide... 

Chlorine 

Chloroform 

Dutch liquid 

Ether 

„ Acetic 

Ethyl Chloride 

,, Cyanide 

,, Bromide 

,, Sulphide 

Hydrochloric Acid . . . 

Hydrogen 

,, Sulphide .. 

Marsh Gas 

Nitrogen 

Nitrous Oxide 

Nitric Oxide 

Olefiant Gas 

Oxygen 

Phosphorus Chloride 

Silicic Chloride 

Stannic ,, 

Steam 

Sulphur Dioxide 

Titanic Chloride 

Turpentine 



Prcssm-e 

Volume 


constant. 

constant, 

e,ir.o 

•4 1 25 

•378 


•2375 

•1684 

CMS> 

•4534 

•410 

ch 4 o 

•4580 

•395 

h 3 n 

•5356 

•391 

AsCJ 

•1122 

•101 

C 0 H, 

•3754 

•350 

Hr 

•0555 

•0429 

CO 

•2125 

•1736 

CO, 

•2 1 61) 

■172 

cs. 

•1596 

■ -131 

Cl, . 

•1241 

•0928 

CHC1 

•1489 

•140 

C,H (!1 

•2293 

•209 

c 4 h 10 o 

•4797 

•453 

c.ii.o. 

•4008 

•378 

c„h 4 ci 

•2738 

•243 

c;n,N 

•4261 


C^H 5 lir 

•1896 

•171 

c 4 ii 1( ,s 

•4008 

■379 

HOI 

•1867 

•1304 

H 

3-4090 

2-411 

H,S 

•2451 

•184 

CH 4 

•5929 

•468 

N 

•2438 

•1727 

n 2 o 

•2262 

•181 

NO 

•2317 

•1652 

CJI. 

•4040 

•359 

C, 

•2175 

•1551 

PC1 3 

•1 347 

•120 

SiCJ 4 

•1322 

•120 

St.Cl, 

•0939 

•086 

H,() 

•4805 

•370 

SO 

•1544 

•123 

Tier 

•1290 

•119 

C...II.. 

•5061 

•491 



XCTf. PT. II.] 


HEAT, 


2ns 


Table XXIV. Specific Heats — Saline Solutions* 





Density 

Substances. 

Density. 

Specific 

Heat. 

into 

Specific 




Heat. 

Copper Sulphate 

1-184 

•8354 

•9891 


1-142 

•8788 

1-0036 


1-109 

•8998 

•9979 


1 0871 

•9193 

•9994 

Lead Acetate 

1-216 

•8319 

1-0116 

„ Nitrate 

1-1334 

•8816 

•9992 

Iron Sulphate 

1-1523 

■8468 

■9758 

1-146 

■8814 

1-0101 

Potassium Bichromate 

1-0577 

-9474 

1-0021 

Sodium Carbonate 

1-0893 

•9222 

1-0046 


1-080 

•9308 

1-0053 

Sodium Chloride 

1-185 

•8390 

•9942 

Zinc Sulphate 

1-327 

•7526 

•9987 

1-258 

•7755 

•9756 


1-161 

•8606 

■9992 


1-075 

•9230 

•9922 


* T. Gray, “On tho Specific Heats of Saline Solutions/’ Proceeding*, Royal 
Society of Edinburgh, 21st June, 1«80. 
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APPENDIX A. 


On ttie alteration ok temperature accompanying changes 

OK PRESSURE IN FLUIDS. 

[/Vor. Itay. Soc., June, 1857; Phil. Juno Suppl., 1858.) 

Let a mass of fluid, given at a temperature t and under a 
pressure p, be subjected to the following cycle of four operations 
in order. 

(1) The fluid being protected against gain or loss of heat, let 
the pressure on it be increased from p to p + vr. 

(2) Let heat be added, and the pressure of the fluid main- 
tained constant at p + nr, till its temperature rises by dt. 

(3) The fluid being again protected against gain or loss of 
heat, let its pressure be reduced from p + ot to p. 

(4) Let heat be abstracted, and the pressure maintained at 
p, till the temperature sinks to t again. 

At the end of this cycle of operations, the fluid is again in 
the same physical condition as it was at the beginning, but, as 
is shown by the following considerations, a certain transformation 
of heat into work or the reverse has been effected by means 
of it. 

In two of these four operations the fluid increases in bulk, and 
in the other two it contracts to an equal extent. If the pressure 
were uniform during them all, there would be neither gain nor 
loss of work ; but inasmuch as the pressure is greater by w during 
operation (2) than during operation (4), and rises during (1) by 
the same amount as it falls during (3), there will, on the whole, 
be an amount of work equal to vrdv, done by the fluid in ex- 
panding, over and above that which is spent on it by pressure 
from without while it is contracting, if dv denote a certain 
augmentation of volume which, when w and dt are infinitely small, 
is infinitely nearly equal to the expansion of the fluid during 
operation (2), or its contraction during operation (4). Hence, 
considering the bulk of the fluid primitively operated on as unity, 
if we take 
dv 

dt ~ f ' 
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to denote an average coefficient of expansion of the fluid under 
constant pressure of from p to p + vr, or simply its coefficient of 
expansion at temperature t and pressure p, when we regard tsr as 
infinitely small, we have an amount of work equal to 

•a e dt 


gained from the cycle. The case of a fluid such as water 
below 4° Cent., which contracts under constant pressure, with an 
elevation of temperature, is of course included by admitting 
negative values for e, and making the corresponding changes in 
the statement. 

Since the fluid is restored to its primitive physical condition at 
the end of the cycle, the source from which the work thus gained 
is drawn, must be heat, and since the operations are each perfectly 
reversible, Carnot’s principle must hold ; that is to say, if 6 denote 
the excess of temperature of the body while taking in heat above 
its temperature while giving out heat, and if ft denote “Carnot’s 
function,” the work gained, per unit of heat taken in at the higher 
temperature, must be equal to 

yu> 6 . 

Hut while the fluid is giving out heat, that is to say, during 
operation (4), its temperature is sinking from t + dt to t, and may 
be regarded as being on the .average t + Idt ; and while it is taking 
in heat, that is, during operation (2), its temperature is rising from 
what it was at the end of operation (1) to a temperature higher 
by dt, or on the average exceeds by i dt, the temperature at the 
end of operation (1). The average temperature while heat is 
taken in consequently exceeds the average temperature while heat 
is given out, by just as much as the body rises in temperature 
during operation (1). If, therefore, this be denoted by 6, and if 
Kdt denote the quantity of heat taken in during operation (2), 
the gain of work from heat in the whole cycle of operations must 
be equal to pO Kdt, and lienee we have 

fi6 . Kdt = vr e dt. 

From this we find 




where, according to the notation that has been introduced, 6 is the 
elevation of temperature consequent on a sudden augmentation of 
pressure from p to p + ; e is the coefficient of expansion of the 
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fluid, and K its capacity for heat, under constant pressure ; and ft 
is Carnot’s function, being, according to the absolute thermo- 
dynamic scale of temperature*, simply the reciprocal of tho 
temperature, multiplied by the mechanical equivalent of the ther- 
mal unit. If then t denote the absolute temperature, which we 
have shown by experiment^ agrees sensibly with temperature by 
the air-thermometer Cent, with 274° added, and if J denote 
tho mechanical equivalent of the thermal unit centigrade, we 
have 


This expression agrees in reality, but is somewhat more con- 
venient in form, than that first given, Dynamical Theory of Heat, 
§ 49, Trans. R.S.E. 1851 [Art, XLVin. Vol. i. above]. 

Thus for water the value of K, the thermal capacity of a cubic 
centimetre under constant pressure, is unity, ifnd e varies from 
0 to about 1/2200, for temperatures risiug from that of maximum 
density to 50° Cent., and the elevation of temperature produced 
by an augmentation of pressure amounting to n times 1033 
grammes per square centimetre (that is to say, to n atmospheres), 
is 


tex 1033 
42350 


n; 


and for mercury, we have, since K = (13 0 x 0338 =) *459 

* = tex 1033 
19439 “• 


If, as a rough estimate, wo take 


t- 278 1 

46 * 2200 ’ 

the formula becomes 


*78) 

4,150,000 

If, for instance, the temperature be 300° on the absolute scale 
(that is, 26° C.), we have 


0 = 


636 


vi -i Pr0 T; d J ° Ule a “ d “ y8elf in our P ft P er “On the Thermal Effects of 
lluids in Motion,” Trans. Hoy. Sac., 1853, 1854 and 1860 [Art. xlk Vo I SI? 

PI 7 Se / ^Tr 11 ' ° f ° Ur Paper “° n th ° Thormal Efl cct a of Fluids in Motion ” 
Philosophical Transactions, 1854. [Art. xwx. Vol. i. above.] 
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as the heating effect produced by the sudden compression of water 
at that temperature : so that ten atmospheres of pressure would 
give 1/64 of a degree cent., or about five divisions on the scale 
of the most sensitive of the ether thermometers we have as yet 
had constructed. 

Again, for mercury, if we take 1 /5500 as the value of e, the 
formula becomes 

o_ t 

103600 11 ’ 

and at temperature 26° cent., the heating effect of ten atmospheres 
is found to be 1/34 of a degree cent. 

Table giving the thermal effects of a pressure of ten atmospheres 

on water and mercury*. 


Temperature. 

Increase or decrease of 
temperature in water. 

Increase of temperature 
in mercury. 

0° 

’00026 decrease .. 

026 

3°95 

• . . • 


0264 

0 

O 

rH 

.... 00040 

increase . . 

027 

20° 

.... 00112 

do. 

-028 

30° 

.... 00188 

do. 

029 

40° 

.... 00269 

do. 

030 

50° 

.... -00354 

do. 

031 

60° 

.... -00445 

do. 

032 

70° 

.... "00540 

do. 

033 

80° 

.... -00640 

do. 

034 

90° 

.... 00736 

do. 

03.5 

100° 

.... *00855 

do. 

036 


APPENDIX B. 

Experiments made to determine surface Conductivity for 
Heat in Absolute Measure. By Donald Macfarlane. 

[Proc. Roy. Soc. Jan . 11, 1872.] 

The experiments described in this paper were made in the 
Physical Laboratory of the University of Glasgow, under the 
direction of Sir William Thomson, during the summer of 1871. A 
set of similar experiments wore made in 1865 -f*; but being merely 

* Added August 1, 1858. 

t [Note of Aug. 22, 1887. The only data, in absolute measurement, of surface 
conductivity which I knew to be in existence previous to this date, are referred to in 
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preliminary, carried on by different individuals, and embracing only 
a limited range of temperatures, it is thought unnecessary to allude 
further to them here*. 

A copper ball, 2 centimetres radius, having a thermo-electric 
junction at its centre, was suspended in the interior of a double- 
walled tin-plate vessel which had the space between the double 
sides filled with water at the atmospheric temperature, and 
the interior coated with lamp-black. The other junction was in 
metallic contact with the outside of the vessel, and the circuit 
was completed through the coil of a mirror galvanometer. One 
junction was thus kept at a nearly constant temperature of about 
14° Cent., while the other had the gradually diminishing tempera- 
ture of the ball. 

Having adjusted the galvanometer to the degree of sensitive- 
ness desired, the copper ball was heated in the flame of a spirit- 
lamp till its temperature was considerably above that required 
to throw the spot of light off the scale ; it was then put into 
position in the interior of the tin-plate vessel, and as soon as 
the spot of light came within range, the deflections from the 
zero position were noted at intervals of one minute exactly till the 
change of deflection was reduced to about two scale-divisions per 
minute. 

Two series of experiments were made in this way, each con- 
sisting of several sets of readings. In the first the ball had a 
bright surface, and in the second it was coated with a thin 
covering of soot from the flame of a lamp, and in both the air was 
kept moist by a saucer containing a quantity of water placed in the 
interior of the tin-plate vessel. 

the following question extracted from No. xvn. of the weekly examination papers 
for the class of Natural Philosophy in the University of Glasgow, session lHtil-o: 
“ According to P6clet a warm body with any ordinary non-metallic surface, loses 
heat from each square ccntimetro of surface at the rate of 4 n \ lTf of a thermal unit 
per second if its temperature is 1° above that of the air and solids around it. Hence 
show that if a large flat mass of rock of conductivity '003, is kept 1° warmer than 
the air by the conduction of heat from within, it must be warmer within than at 
its surface at the rate of 1° per 12 centimetres inwards.” W. T.] 

* These experiments consisted of two series, one with the air moist by a little 
water placed in the interior of the vessel, the other having the air dried by sub- 
stituting sulphuric acid for water as in the first series; and the results in the two 
cases were so nearly alike, that any effect due to the moisture or dryness of the air 
could not be distinguished from errors of observation. From this circumstance, 
as well as the limited range of temperatures, these results are not given here. 
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As the range of differences of temperatures of the junctions 
extended over 50° Cent., the change in the difference of thermo- 
electric qualities of the copper and iron wires forming the junctions 
was very considerable, and it was necessary to make a careful 
thermometric comparison of the temperatures of the junctions 
and galvanometer deflections. For this purpose the junctions 
were tied to the bulbs of two previously compared thermometers, 
having their stems divided to tenths of a degree Cent. ; these were 
then placed in two vessels of water, one at the temperature of the 
air, and the other heated by small additions of hot water, and kept 
well stirred ; simultaneous readings of the thermometers and gal- 
vanometer deflections were then taken at various points of the 
scale*, from which the formula 

0 = 0°0924 + 0°0000227# 

was obtained, where 0 is the value of a scale-division in terms 
of a degree Centigrade, and x the galvanometer deflection; and 
the difference of temperature of the junctions is therefore 

0m = 0°-0924tf + 0°’0000227# 2 , 

from which the numbers in col. II. of the following Tables were 
calculated. 

The method adopted in reducing the observations was this : — 
Each single set of readings was arranged in a vertical column, and 
the whole series placed side by side with corresponding numbers in 
the same horizontal line ; the means of the horizontal lines were 
formed into a similar column, and divided into groups, each con- 
sisting of four consecutive numbers, and the means of these groups 
form tho numbers in col. I. of the Tables. 

Col. II. contains the differences of the temperatures of the 
junctions at intervals of four minutes, corresponding to the mean 
deflections in col. I. 


* These readings were plotted, and the curve drawn through the points agreed 
very closely with a portion of a parabolic curve whose equation is 


8=2-4 + 10*6*- -019a; 8 , 


d denoting the deflections of the galvanometer, and x the difference of tempera- 

10*6 

ture ; d is a maximum when x= — Q =279°, and, the colder junction having been 

•Ooo 


at 16° Cent., we get 296° as the neutral point of the specimens of copper and iron 
wires used — a voiy close agreement with former observations, considering the great 
distance of the neutral point from the temperature of the observations. 


T. III. 


16 
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Col. III. contains' tho common logarithms of the numbers in 
col. II. 

Col. IV. contains the differences of the successive numbers in 
col. III. divided by 4. 

Col. V. is formed from col. IV., by multiplying by the Napierian 
logarithm of 10, and is the rate at which the difference of tem- 
perature varies per minute. 

Col. VI. shows the quantity of heat emitted from the ball in 
gramme-water units per square centimetre per second per degree 
of difference of temperatures, and is formed by multiplying the 
numbers in col. V. by '009385*, a constant depending on the 
surface of the ball and its capacity for heat. 

Col. VII. shows the mean differences of temperatures corre- 
sponding to the numbers in cols. IV., V. and VT. 

Col. VIII. the numbers found in col. VI. and VII. were plotted 
on squared paper, and a moan curve drawn through the points ; 
and, assuming the quantity of heat emitted to be represented by 
the formula 

x — a + bt + ct a , 

where t is the difference of temperature, the coordinates of the 
curve were employed to determine a, b, and c; and col. VIII., 
calculated by the formula, is added to show the degree of ap- 
proximation to which the results of the experiment are represented 
by it. 

* The surface of the ball was 50*26 sq. centimetres, and its capacity for hoat 
28*31 gramme- water units. Ijet x denote tho heat emitted per second, per sq. centi- 
metre per degree of difference of temperature, and C tho rate at which the difference 
of temperature varies per minute ; then 

x x CO x 50*26 __ 

28*31 ~ C ’ 


and therefore 


x — *009385 C. 



Table! First Serk 

Atmosphere moist, Copper Ball polished bright 
Means of nine sets of Observations. 




Table II, kod Series, 
Atmosphere moist, Copper Ball blackened, 
Ten sets of Observations, 
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The following Table gives the results calculated by the formula 
for every fifth degree within the limits of the experiments* : — 

Table III. 


Difference 

of 

temperature. 

Emissivity. 

Polished Blackened 

Batio of 
emissive 
power 

of polished to 
that of 


surface. 

surface. 

| oiacKonoa 
surface. 

5 

•000178 

000252 

•707 

10 

•000186 

000266 

•699 

15 

•000193 

000279 

-692 

20 

•000201 

000289 

•695 

25 

•000207 

000298 

•694 

30 

•000212 

000306 

-693 

35 

•000217 

000313 

•693 

40 

-000220 

000319 

■693 

45 

•000223 

000323 

•690 

50 

•000225 

000326 

•690 

55 

-000226 

000328 

•690 

60 

•000226 

000328 

•690 


APPENDIX C. 

Note on Dulono and Petit’s Law of Cooling. By Donald 

Macfarlane. 

\Proc. Roy. Soc. June 10, 1875.] 

The Journal de Physique for December 1873 contains a 
friendly notice by Professor A. Cornu of experiments made to 
determine surface-conductivity for heat (or, as wo may call it, 
“ thermal omissivity ”) in absolute measure, an account of which 
was communicated to the Royal Society, and read January 1872 
(see Appendix B above). On the results there given M. Cornu 
remarks : — 

"Cos nombres vdrifient la conclusion do Dulong et Petit, a 
savoir que les vitesses de refroidissement ne dependent de l’e'tat 
des surfaces que par une constantc do proportionality. 

* The results here given in Table HI. agree as closely as might bo expected with 
the results obtained by Mr J. P. Nichol from experiments made in the Natural 
Philosophy Laboratory of the University of Edinburgh, and described by Prof. Tait 
in “Notes” read before the Boyal Society of Edinburgh, June 6, 1870 (Free. 
Ji. S. E. Vol. vu. p. 800). 
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“ L’ acceleration negative du rapport des pouvoirs emissifs n’in- 
firme pas sensiblement cette conclusion ; elle est si faible qu’ellc 
peut etre attribute k une petite erreur rdguliere dans 1’evaluation 
des differences dc temperature; en effet, l’auteur no parait tcnir 
aucun compte d’uue cause delicate d’erreur qui avait preoccupo 
Dulong et Petit, k savoir la resistance inegale k la transmission de 
la cbaleur dans lcs deux cas. II est evident que, dans le refroi- 
dissement le plus rapide, la temperature est distribute moins 
uniformdment que dans le cas d’un refroidissement lent ; l’ai- 
guille thermoelectrique indique done moins bien la tompdrature 
moyenne de la masse que les boulos de mcrcure dos physiciens 
framjais.” 

On this it is to bo remarked that a rigorous proportio nali ty 
in the rates of cooling of different surfaces is in itself not probable; 
and my experiments in fact disprove it, so far as it is not at all 
likely that the errors of observation could be so great or so con- 
sistently regular in the same direction as the truth of the supposed 
law would require. 

As to the variation of temperature from centre to surface 
occasioned by the rapid cooling of the ball, this was certainly not 
overlooked in planning the experiments. Sir William Thomson 


considered the matter carefully, and selected copper, on account 
of its high conductivity, estimating that in a copper ball of the 
dimensions used (diameter 4 centimetres) the temperature must 
be sensibly uniform throughout. A very simple calculation (made 
in consequence of M. Cornu’s criticism, and appended below) from 
Fourier’s celebrated formula for the cooling of a homogeneous 
solid globe shows, in fact, that, in the case of a copper globe of 
2 centimetres radius, the centre is warmer than the surface by 
only about 1/4000 of the excess of its temperature above that of 
the surrounding medium. There would be a much greater differ- 
ence of temperature between surface and centre in a globe of 
mercury of the same dimensions, because mercury is a much worse 
conductor of heat than copper, and because a much greater differ 
ence of temperatures than that which there is in the copper would 
be required to produce any considerable convection of heat bv 
currents m the liquid. Moreover the glass envelope containing 
the mercury in a thermometer-bulb of ordinary dimensions pro- 
du«* a sensible difference of temperature between the outer 
surface of the glass exposed to the external medium and the 
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surface of the mercury. For let b be the thickness of the g 9* 
E the “emissivity” of its outer surface, and k the conductivity o 
its substance ; let the excess of temperature of the outer SUIT 
of the glass above that of the surrounding medium be V, and the 
excess of temperature of the inner surface of the glass above the 
outer Sv ; we have 



= Ev. 


Now by the Glasgow experiments it has been found that E is 
approximately of a gramme-water thermal unit per square 
centimetre per second ; and by the determinations of conductivities 
of stones and underground strata in absolute measure by Peclet 
and Forbes the value of k for glass may bo roughly estimated 
at in terms of centimetre, second, and gramme-water thermal 
unit. Hence 

Sv 1 , 

VTo 6 ' 


Thus, if the thickness of the glass be half a millimetre (i.e. b = ^ s ), 
we have 



This is a small difference, but by no means imperceptible in the 
delicate experiments of Dulong and Petit ; and it is twenty times 
the difference of temperature between the centre and surface of 
the cooling copper globe of 4 centimetres diameter. 


Appendix. 


Distribution of temperature in a cooling copper globe of 4 
centimetres diameter, calculated from Fourier’s formula 


whore 


VD sin0, . 
v = 2,P t — 5 - e ** .. 

_ * _x 

Pi — j' J C7j — 

arc * a 1 


a), 


r t roots of the transcendental equation 

«r j Ed 

tan w — k 


•(2), 


and P, coefficients determined to give (according to Fourier’s 
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method) any arbitrary function of x from x — 0 to x = a, for the 
value of v, when t = 0 : 

v temperature at time t and distance x from centre of globe, 
a the radius of the globe, 
k the thermal conductivity of its substance, 
c the thermal capacity per unit volume of its substance, 

E the thermal emissivity of its surface. 

Taking the centimetre, second, and gramme-water thermal units 
for the fundamental units, we have, as stated above, 


E = (rough approximation) ; 

© 

and Angstrom’s experiments gave for copper 


Therefore 


k = 1 approximately. 
Ea _ a 
k ~ 4000 5 


and for the globe of 4 centimetres diameter used in the Glasgow 
experiments, 

Ea_ 1 
k 

Ea . 


In all cases in which 


2000 * 

£ is small, the smallest root of the tr an s 

ccndcntal equation (2) is approximately equal to 

/3 Ea 
k ' 

Calling this vr t , we have 

3 E 


Pl ac 


and 


sin 0, 1 

q — -I — g 0, approximately, 


= , _ 1 Ea ** 

2 k a** 

Now any chosen term of (1) is a particular solution of the 
problem ; that is to say, it is the solution for the case tor which the 
initial distribution of temperature is that which it expresses when 
4 = 0. Hence 

\ 


1 JSa x *' 
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expresses the temperature at time t, if when t~0 the temperature 
is expressed by 

, 1 Ea a f 


Taking, for instance, the copper globe of 4 centimetres diameter, 
we have 



_1 

4000 «V 



( 3 ); 


and we see that in the Glasgow experiments the difference of 
temperatures between surface and centre was just xdm the 
excess of either above the temperature of the surrounding medium, 
when time enough had elapsed to allow the first term of Fourier’s 
series to be the predominating one. Before that time the 
difference of temperatures must have been less than 1/4000 of 
either, if initially the temperature was uniform from surface to 
centre. The Fourier analysis of the transition from the supposed 
initial uniform distribution to the state represented by (3) is ex- 
ceedingly interesting, but unnecessary for the settlement of the 
present question. 


APPENDIX D. 

Approximate Photometric Measurements of Moon, Cloudy 
Sky, and Electric and other Artificial Lights. 

[Read before the Philosophical Society of Glasgow, 29th November, 1882 

(Proc. Vol. xiv. p. 80).] 

Sir William Thomson pointed out that the light and heat 
perceived in the radiations from hot bodies were but the different 
modes in which the energy of vibration induced by the heat was 
conveyed to our consciousness. A hot kettle, red-hot iron, incan- 
descent iron, or platinum, or carbon, the incandescence in the 
electric arc, all radiate energy in the same manner, and according 
as it is perceived through the sense of sight, by its organ the eye, 
or by the sense of heat*, we speak of it as light or heat. When 

* Sometimes wrongly called the sense of touch. The tnte list of the senses, 
first given, I believe, by Dr Thos, Reid (bom 1710, and Professor of Moral Philo* 
sophy in the University of Glasgow from 1764 to 1780), makes two of what used to 
be the of touch, bo that, instead of the still too common wrong-reakon- 
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the period of vibration is longer than one four-hundred-million- 
millionth of a second, the radiation can only bo perceived by the 
sense of beat j when the period of vibration is shorter than one 
four-hundred-million-millionth of a second, and longer than one 
eight-hundred-million-millionth of a second, the radiation is per- 
ceived as light, by the eye. 

Pouillet, from a series of experiments, deduced a value of the 
energy radiated by the sun, equal, in British units, to about 86 
foot-pounds per second per square foot of the earth’s surface*, or 
about 1 horse-power to every 6.^ square feet at the earth’s surface. 
We may estimate from this the value of the solar radiation at the 
surface of the sun. The sun is merely an incandescent molten 
mass losing heat by radiation, and surrounded by an atmosphere 
of incandescent vapour, so that the radiant energy really comes 

ing of five senses, we have six, as follows : — 

Sense of Force. Sense of Light. 

„ Heat. „ Taste. 

„ Sound. „ Smell. 


The sense of force is the department left to the sense of touch, when the 
sense of heat or of temperature is taken from it. The sense of touch, other than 
temperature, has sometimes been, not very judiciously or logically, called 11 Tactile 
sense,” those who have so called it not having noticed that “ tactile” is merely the 
adjective of or belonging to touch. Physiologists' have justly objected to the name 
“ muscular sense of touch,” by which, I believe, Thomas Iteid himself, and certainly 
some of his successors in Glasgow, who, teaching his philosophy in this matter, 
have designated the sense of touch other than temperature. The perception of 
roughness, as distinguished from smoothness (when we touch a piece of sandstone 
or of loaf sugar, and compare the sensation with what we perceive when we touch a 


piece of glass), would not be regarded by physiologists as a muscular perception. 
But it is a sense of force and of places of application of force which, in the case of 
touching a rough body, are the little areas of greater pressure distributed among 
area of less pressure or of no pressure. When we perceive resistance to our two 
hands pressing on solid matter, or holding up weights, we perceive force and places 
of application of force ; the places of application of the force being the surfaces of 
the two hands. In respect to this case of the perception of forco, physiologists 
would no doubt accept Thomas licid’s name of “muscular sense.” But whether the 
person perceiving the force is conscious of a sensation in the musclcB of his arms, 
or, as in the case of perceiving roughness, is merely conscious of a sensation in the 
sensitive material of his fingers, or is conscious of roughness in the tips of his 
fingers, and of muscular stress in the muscles of his fingers, the thing perceived is 
still force and places of application of force. The simplest proper name of the 
sense to which these perceptions belong is the sense of “force.” 


* More recent observers have found larger and larger results. Lamrlev 

f -*-V T S T’ T’ and ***** vol. 

finds 1-7 times the value given by Pouilhtf, and quotes MM. Boret, and Cro™ and 
Violle, who found respectively 1-3 and 1-fi times PouiUet’s result. 
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out from any square foot or square mile of the sun’s surface, as 
from a pit of luminous fluid which wc cannot distinguish as either 
gaseous or liquid. Take, however, instead of the sun, an ideal 
radiating surface of a solid globe of 440,000 miles radius. The 
distance of the earth being taken as 93 million miles, the radius 
of the sun is equal to, say in round numbers, one two-hundredth 
of the earth’s distance ; hence the area at the earth’s distance cor- 
responding to one square foot of the sun’s surface, is equal to 
40,000 square feet. The radiation on this surface is (40,000 x 86, 
or) 3,440,000 foot-pounds, which is therefore the amount of 
radiation from each square foot of the sun's surface. This amounts 
to about 7,000 horse-powor, which, according to our brain-wasting 
British measure, we must divide by 144, if we wish to know the 
radiation per square inch of the sun’s surface, which we thus find 
to be about 50 horse-power. 

The normal current through a Swan lamp giving a 20-candle 
light is equal to 1'4 amperes with a potential of 43 to 45 volts. 
Hence the activity of the electric working in the filament is 61‘6 
ampere-volts or watts (according to Dr Siemens’ happy desig- 
nation of the name of Watt, to represent the unit of activity 
constituted by the ampere-volt). To reduce this to horse-power 
we must divide by 746, and we thus find about l-12th of a horse- 
power for the electric activity in a Swan lamp. The filament is 
3£ inches long, and ‘01 of an inch in diameter of circular section ; 
the area of the surface is thus l-9th of a square inch, and there- 
fore the activity is at the rate of 3-4ths of a liorse-power per square 
inch. Hence the activity of the sun’s radiation is about sixty- 
seven times greater than that of a Swan lamp per equal area, 
when incandesced to 240 candles per horse-power. 

In this country, the standard light to which photometric 
measurements are referred, is that obtained from what is known 
as a “ standard candle.” Latterly, however, objections have been 
raised against its accuracy. It has been said that differences of 
as much as 14 per cent have been found in the intensity of the 
light given by different standard candles, and that serious differ- 
ences have been observed, in the intensity of the light from 
different parts of the same candle, in the course of its burning. 
The Carcel lamp, the standard in use in France, has been regarded 
as the only reliable standard. It is, no doubt, very reliable and 
accurate in its indications ; but it should bo remembered that its 
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accuracy is greatly owing to the careful method and tlio laborious 
precautions taken to secure accuracy. If something akin to 
the precautions applied to the Carccl lamp by Regnault and 
Dumas, were applied to the production and use of the standard 
candle, there is little doubt but that sufficient accuracy for most 
practical purposes could also be obtained with it ; probably as 
good results as are already obtained by the use of the Carcel lamp. 

At the Conference on Electrical Units which met in Paris lately 
(Oct. 1882), a suggestion was made to use as a standard for photo- 
metric measurements the incandescence of melting platinum, 
and very interesting results and methods in connection with the 


proposal were presented to the meeting. According to experi- 
ments by M. Violle, which M. Dumas reported to the Conference, 
a square centimetre of liquid platinum at the melting tempera- 
ture gives of yellow light seven times, and of violet light twelve 
.times, the quantities of the same colours given by a Carcel lamp. 
The apparent area of the Swan filament, being one- nin th of a 
square inch, is '23 of a square centimetre, and when incandesced 


to 20 candles must be about as bright as the melting platinum of 
M. Violle s experiment, as the 7 carcels of yellow and 12 of 
violet must correspond to something like 10 carcels or 85 candles, 
in the ordinary estimation of illumination by our eyes. The tint 
of M. Violle’s glowing platinum cannot be very different from 
that of tlio ordinary Swan lamp incandesced to its “ 20 candles.” 
Thus, both as to tint and brightness, it appears that molted pla- 
tinum at its freezing temperature is nearly the same as a carbon 
filament in vacuum incandesced to 240 candles per horse-power. 

For photometric measurements in which the lights compared 
are nearly enough points, and are sufficiently bright, to give good 
shadows, a very convenient method is that of Rumford, by a 
comparison of the shadows cast by the sources of light on a white 
surface. The apparatus necessary is only a piece of white paper a 
small cylindrical body such as a pencil, and a moans of measuring 
distances. Ordinary healthy eyes are usually quite consistent in 
estimating the strength of shadows, even when the shadows 
examined arc of different colours, and with a reasonable amount 
of care photometric measurements by this method may be obtained 
within 2 or 3 per cent, of accuracy. The difference in the colours 
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An observation on moonlight made in this way showed the 
moonlight at the time and place of the observation (at York early 
in September, 1881, about midnight, near the time of full moon) 
to be equal to that of a candle at a distance of 230 centimetres. 
The moon’s distance (3'8 x 10 10 cms.) is 1‘65 x 10 s times the 
distance of the candle. Hence, ignoring for a moment the loss 
of moonlight in transmission through the earth’s atmosphere, we 
find (1*65 x 10 8 )*, or twenty-seven thousand million million as the 
number of candles that must be spread over the moon’s earthward 
hemisphere painted black, to send us as much light as we receive 
from her. Probably about one and a half times as many candles, 
or say forty thousand million million would bo required, because 
the absorption by the earth’s atmosphere may have stopped about 
one-third of the light from reaching the place where the observa- 
tion was made. The moon’s diameter is 3'5 x 10* centimetres, and 
therefore half the .area of her surface is 19 x 10 16 square centi- 
metres, which is nearly five times forty-thousand million million. 
Thus it appears that if the hemisphere of the moon facing the 
earth were painted black and covered with candles standing packed 
in square order touching one another (being say one candle to 
every five square centimetres of surface), all burning normally, the 
light received at the earth would be about the same in quantity, 
as estimated by our eyes, as it really is. It would have very much 
the same tint and general appearance as an ordinary theatrical 
moon, except that it would be brightest at the rim and con- 
tinuously less bright from the rim to the centre of the circle where 
the brightness would be least. 

The luminous intensity of a cloudy sky he found, about 10 AM. 
one day in York during the meeting of the British Association, to 
be such that light from it through an aperture of one square inch 
area was equal to about one candle. The colour of its shadow 
compared with that from a candle was as deep buff yellow to azure 
blue — the former shadow being illuminated by the candle alone, the 
latter by the light coming through the inch hole in the window 
shutter. 

Arago* has compared the luminous intensity of the sun with 
that of a candle, and estimates it as equal to about 15,000 times 
that of a candle flame. This, as will be seen below, is probably 
less than 1/3 of the truth, for a # bright Paris sun. 

* Astronomie Populaire , livre xiv. chap. xxv. 
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Since the reading of this paper, a hasty comparison of sunlight 
with a candle, last Friday (December 8) showed, at one o’clock 
on that day, the sunlight reaching his house in the University 
to he of such brilliancy that the amount of it coming through 
a pin-hole in a pieco of paper of -09 of a centimetre diameter, 
produced an illumination equal to that of 120 candles. This 
is 6-3 times the 20-candle Swan light, of which tlie apparent 
area of incandescent surface is -23 of a square centimetre, or 3*8 
times the area of the pin-hole. Hence the sun’s surface, as seen 
through the atmosphere at the time and place of observation, was 
24 times as bright as the Swan carbon when incandesced to 240 
candles per horse-power. By cutting a piece of paper of such 
shape and size as just to eclipse the flame of the candle, and 
measuring the area of the piece of paper, he found about 27 
square centimetres as the corresponding area of the flame. This 
is 420 times the area of the pin-hole, and therefore the intensity 
of the light from the sun’s disc was equal to (126 x 420) about 
53,000 times that of a candle-flame. This is more than three times 
the value found by Arago for the intensity of the light from the 
sun’s disc as compared with that from a candle-flame — so much for 
a Glasgow December sun ! Yet, as we shall see presently, the loss 
of light in passage through the atmosphere must have been much 
more than in the measurement of moonlight at York. 

The 09 cm. diameter of the pin-hole, of the Glasgow observa- 
tion, subtends, at 230 centimetres distance, an angle of 1/2556 of 
a radian, which is 237 times the sun’s diameter (1/107 of a radian). 
But at 230 cms. distance the sunlight through the pin-hole amounted 
to 126 times the York moonlight (which was one candle at 230 
cms. distance). Hence the Glasgow sunlight was [(237)*xl2C 
times or] 71,000* times the York moonlight. Now the moon’s 
apparent areaf is 1/193000 of the whole spherical area+, and 


* For thorough and accurate investigations regarding the relative brightnesses 
of Sun, Moon, Planets and Stars;— see F. ZOllner in the Jubelband (1874) of 
Poggendorfs Annalen; also a paper by Ludwig Seidel, “ Unters uchun ge n fiber die 
gegonseitige Helligkeit der Fixstemo erster Grosse und fiber die F.-r«»M.v n deB 
Lichtes in der Atmospharo. Nebst oinem Anhango fiber die Helligkeit der Bonne 
verglichen mit Sternen, und fiber die Lichte reflectirende Kraft der Planeten”: 
Abhand. der math, pky t. Claste der KSniglieh Hayeritchen Akad. der Witten 
Band 6, Munich, 1852. 

+ Which is flr/(4.109 , 7*). m 

t Which is 4 tt. 
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therefore if she were perfectly white, she would, when shining full 
on the earth, give only 1/193000 of sunlight, in conditions of equal 
loss by absorption in the atmosphere. 


APPENDIX E. 


On the Convective Equilibrium op Temperature in the 

Atmosphere. 


[Road before the Literary and Philosophical Society of Manchester, January 
21st, 1862, and published in the Memoirs , Vol. n. of 3rd Series, p. 125.] 

The particles composing any fluid mass are subject to various 
changing influences, in particular of pressure, whenever they are 
moved from one situation to another. In this way they ex- 
perience changes of temperature altogether independent of the 
effects -produced by the radiation or conduction of heat. When 
all the parts of a fluid are freely interchanged and not sensibly 
influenced by radiation and conduction, the temperature of the 
fluid is said to be in a state of convective equilibrium. The 
equations of convective equilibrium in the atmosphere are as 
follows, II, T, and W denoting the pressure, temperature, and 
mass per cubic cm. of the air at the earth’s surface, aud p, t, and 
p the same qualities of the air at any height x : — 



which is the known relation between temperature and pressure ; 



the deduced relation between pressure and density ; and 

dp = — pdx (3), 

the hydrostatic equation, tho variation of gravity at different 

heights being neglected, and the weight of unit mass (1 gm.) 

being taken as unit of force. Hence by integration, 

t W<r le — 1 TT . 

■j, — 1 — jj- . -j— , or if, for brevity, wo denote ^ by H, 

t __ _ x k — 1 

1 “ 77 ' ~F~ 



* Pot proof, see foot-note, p. 258, below. See &1bo Part 1. of present article § 74, 
pp. 65—68. 
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From (4), (1), and (2), it appears that temperaturo, pres- 
sure, and density would all vanish at the very moderate height 

x H, which is about 27500 metres (or between 27 and 28 


1-41 

•41 


kilometres), if convective equilibrium existed and if the gaseous 
laws had application to so low temperatures and densities. It 
has always appeared to me to be most improbable that there is 
any limit to our atmosphere; and no one can suppose that there 
is a limit at any height nearly so small as 27 or 28 kilometres. 
It is difficult to make even a plausible conjecture as to the 
effects of deviations from the gaseous laws in circumstances of 
which we know so little as those of air at very low temperatures ; 
but it seems certain that the other hypothesis involved in the 
preceding equations is violated by actions tending to heat the 
air in the higher regions. For at moderate elevations above 
the surface, where we have air following very strictly the gaseous 
laws, the rate of decrease of temperature would, according to 
•41 x T 

equation (4), be ^ : 4 i J J P cr me ^ re > that is to say, ’Ol 0 per metre, 

T 

since H = 7988 x or 1° Cent, per 100 metres. Now, the 


actual decrease, according to Mr Welsh, is 1° Cent, in 161 metres, 
or not much more than half that according to convective equi- 
librium. 

It seems that radiation, instead of partially accounting for the 
greater warmth of the air below, as commonly supposed, may 
actually diminish the cooling effect, in going up, which convection 
produces. In fact, since direct conduction is certainly insensible, 
we have only convection and radiation to deal with, except when 
condensations of moisture, &c., have to be taken into account. In 
fair and cloudless weather, then, the lower and lowest air being on 
the whole warmer (the lowest being of course at the same tempe- 
rature as the earth’s surface), it is perfectly certain that the upper 
air must gain heat by radiation from the lower — and that the 
convective difference of temperature must be diminished by the 
mutual inter-radiation. 

There are difficulties connected with the radiation of heat from 
air and earth out into space, and from the sun to air and earth • 
but I think a full consideration of all the circumstances must 
explain the smallness of the decrease of temperature which ob- 
servation shows. 
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Dr Joule having suggested that condensation of vapour in 
upward currents of air might account, to a considerable extent if 
not perfectly, for the smallness of the lowering of temperature 
Actually found in going up, I have added the following investiga- 
tion, in which the effect of condensation is taken into account. 

If a quantity of air, dry or moist, is allowed to expand from 
bulk v to bulk v + dv, it will do an amount of work equal to pdv 
on the surrounding matter. Now, by the principle established 
approximately by Dr Joule, in his experiments on air in 1844* 
the change of temperature which the mass will experience will 
be almost exactly equal to what would be produced by keeping 
it at constant volume, v + dv, and removing a quantity of heat 
equal to the thermal equivalent of pdv. This is expressed by 

\pdv, if wc adopt the usual notation, J, for the dynamical oqui- 
•/ 


valent of the thermal unit. Now, if t and t + dt denote the 
primitive and the cooled temperatures, so that — dt expresses the 
cooling effect (which is positive, dt being negative), the bulk of 


the vapour, if at saturation in each case, would tend to be v 


s + ds 


if s denote the volume of a gramme of vapour at saturation at any 
temperature t, and s + ds its volume at temperature t + dt. Hence 

ds 

if, as it will be seen is the case, v — is greater than dv, a portion 


ds 

equal in bulk to v dv of the water primitively in vapour, 

s 

must become condensed. Hence the abstraction of the heat 


-.pdv produces two effects; it cools the mass of air at constant 


volume from temperature t to temperature t + dt, and it condenses 
a bulk 



8 


of vapour. Hence, if L denote the latent heat of a cubic cm. of 
vapour of water at temperature t, and N the specific heat of one 
gramme of air at constant volume, we have 

* “ On the Changes of Temperature produced bj the Rarefaction and Condensa- 
tion of Air,” communicated to the Royal Society, June 30, 1844, also published In 
the Philosophical Magazine, 1845, first half year : Joule's Scientific Papers, Vol. i., 
p. 171. 

T. III. 


17 
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if we suppose the moss of air considered to weigh one gramme 
(with or without the vapour, which will make but little difference 
on the whole weight). Hence 


dv 


JN + JLv 


— dt p + Jit 

da 

where, for brevity, d log s is written in place of — . logs denoting 


the Napierian logarithm of s. 

To find L and if is necessary to know the bulk of 

— dt 

a gramme of steam at different temperatures. Dr Joule and I 
have demonstrated "f*, by experiments on air and by dynamical 
reasoning, that 



where p denotes the pressure of vapour at saturation at the 


temperature t, and - denotes the ratio of the bulk of liquid to 
vapour. Since — is very small, we have L = ^ ^ approximately. 


It was shown also in the same Paper, that the density of satu- 
rated vapour was to be obtained more accurately from this equa- 
tion, and Regnault’s experiments on the latent heat of a stated 
weight of vapour, than from any direct experiments on the density 
of vapour mado up to that time. This conclusion has been verified 


* lfZ=0 9 this equation becomes 

dv=Nx.(-dt) % 

nv 1 

or, since JN= y . j — - (by an elementary thermodynamic formula for a perfect gas), 

dv 1 -dt 
v ~k-l *~T 
T 

whence, by integration, - = 

This expresses the elevation of temperature experienced by a perfect gas when 
compressed and not allowed to part with heat. 

* + ,‘;® n * he thermal Effects of Fluids in Motion ,» Part II., «« Theoretical Deduc 
turns, Section II, Transactions of the Royal Society , June, 1854, (Art. xlix., Vol. i 
above). 1 ' '• 
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by the recent experiments of Messrs Fairbaim and Tate. With 
the assistance of some excellent tables in Rankine’s Steam Engine 
and other Prime Movers , calculated on these principles, I have 
obtained the following results : — 


Temperature 
Centigrade, or 
/ - 273*7. 

Volume of 1 gm. of air 
at pressure 1034 gms. 
per square cm. 

Dynamical value of 
latent heat of 1 cubic 
cm. of saturated 1 

vapour. | 

i 

Proportionate 

diminution nf Imllr 

of saturated vapour j 
per r Cent, of ele- 
vation of temperature. ' 

i 

Augmentation of 
volume of 1 grm. of 
moist air required to 
cool it l 5 Cent 

Klevation from 
earth's surface re- 
[uired to cool moi 
air by l 6 Cent 

t - 273-7 

V 

JL 

d log H 
— dt 

dv 

-t It 

dx 

-dt 

o 

0 

cubic cms. 
771 

gm.-oms. 

122 

•0698 

cubic ctufl. 
11*891 

metros. 

152 

5 

787 

170 

•0671 

13-421 

108 

10 

801 

235 

■0044 

15-193 

180 

15 

815 

319 

■0017 

17' 185 

207 

20 

829 

430 

■0592 

19-326 

229 

25 

844 

571 

■0509 

21-567 

252 

30 

858 

750 

•0540 

23-720 

274 

35 

872 

975 

■0524 

25-757 

284 


The column of this Table headed 


dv 
— dt 


is calculated from the 


preceding formula. It expresses the expansion on the bulk of a 
cubic cm. required to produce a cooling effect — dt (along with an 
infinitesimal lowering of pressure below the standard pressure of 
1034 gms. per square cm., denoted by p), when the mass is not 
allowed either to absorb or to emit heat 


l iormuia. 


headed by the following : 

dx =5 pdv +pv , 


and shows the height, dx, that must bo reached to get a lowering 
of temperature, — dt, when air saturated with moisture ascends. 
The pressure, p, is taken as 1034 grms. per square cm. ; and the 

value of , which is the same for the same pressure, whatever is 

v 


17—2 
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the temperature, is 274* The reau ^> h>r temperatures from 0" 

to 36° Cent., are exhibited in the last column of tho Table. For 
the temperatures 0°, 5°, and 10°, they agree very well with tho 
height for which Mr Welsh found a lowering of temperature of 
1° Cent. ; and wo may conclude that at the times and places of his 
observations the lowering of temperature upwards was nearly the 
same as that which air saturated with moisture would experience 
in ascending. 

It is to bo remarked that, except when the air is saturated 
and when, therefore, an ascending current will always keep 
forming cloud, the effect of vapour of water, however near satura- 
tion, will be scarcely sensible on tho cooling effect of expansion. 
Hence the law of convective equilibrium of temperature in upward 
or downward currents of cloudless air must agree very closely with 
that investigated above, and must give a variation of 1° Cent, in 
not much more or less than 100 metres. 

It appears, therefore, that the explanation suggested by 
Dr Joule is correct; and that the condensation of vapour in 
ascending air is the chief cause of tho cooling effect being so 
much less than that which would be experienced by dry air. 
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Art. XCIII. — On the Reduction of Observations of Under- 
ground Temperature; with Application to Professor 
Forbes’ Edinburgh Observations, and the continued 
Calton Hill Series. 

[Transactions Royal Society of Edinburgh (Bead 30th April, 1860), VoL xxh., 

Part IL, p. 406.] 

L — Analysis of Periodic Variations. 

1. Every purely periodical function is, as is well known, 
expressible by means of a scries of constant coefficients multiply- 
ing sines and cosines of the independent variable with a constant 
factor and its multiples. This important truth was arrived at by 
an admirablo piece of mathematical analysis, called for by Daniel 
Bernoulli, partially given by Lagrange, and perfected by Fourier. 

2. To simplify my references to the mathematical propositions 
of this theoiy, I shall commence by laying down the following 
definitions : — 

Def. 1 . A simple harmonic function is a function which 
varies as the sine or cosine of the independent variable, or of an 
angle varying in simple proportion with the independent variable. 
The harmonic curve is the well known name applied to the 
graphic representation, on the ordinary Cartesian system, of what 
I am now defining as a simple harmonic function. It is the form 
of a string vibrating in such a manner as to give the simplest 
and smoothest possible character of sound ; and, in this case, the 
displacement of each particle of the string is a harmonic function 
of the timo, besides being a harmonic function of the distance of 
its position of equilibrium from either end of the string. The 
sound in this case may be called a perfect unison. 

Def. 2. The argument of a simple harmonic function is the 
angle to the sino or cosine of which it is proportional 
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Cor. The argument of a harmonic function is equal to the 
independent variable multiplied by a constant factor, with a 
constant added; that is to say, it may be any linear function of 
the independent variable. 

Def. 3. When time is the independent variable, the epoch 
is the interval which elapses from the era of reckoning till the 
function first acquires a maximum value. The augmentation of 
argument corresponding to that interval will bo called “ the 
epoch in angular measure,” or simply “the epoch” when no 
ambiguity can exist as to what is meant. 

I 

Def. 4. The period of a simple harmonic function is the 
augmentation which the independent variable must receive to 
increase the argument by a circumference. 

Cou. If c denote the coefficient of the independent variable 

2tt a 

in the argument, the period is equal to — . Thus, if T denote 

the period, e the epoch in angular measure, and t the independent 
variable, the argument proper for a cosine is 

2t rt 
y’ 

and the argument for a sine 

2t rf it 

~T e + 2 - 


3. Composition and Resolution of Simple Harmonic Functions 
of one Period. 

Prop. The sum of any two simple harmonic functions of one 
period, is equal to one simple harmonic function whose amplitude 
is the diagonal of a parallelogram described upon lines drawn 
from one point to lengths equal to the amplitudes of the given 
functions, at angles measured from a fixed line of reference equal 
to their epochs, and whose epoch is the inclination of the same 
diagonal to the same line of reference. 

Cor. 1. If A, A ' be the amplitudes of two simple harmonic 
functions of equal period, and e, e' their epochs ; that is to say, 
if A cos (mt — e), A' cos ( mt — e) be two simple harmonic functions ; 
the one simple harmonic function equal to their sum for its 
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amplitude and its epoch the following values respectively : — 
(amplitude) {(.A cos e + A' cos e )* + (A sin e + A’ sin 
or {A* + 2 AA' cos («?'- e ) + A 1 *}*, 


(epoch) 


tan' 


- t A sin e + A' sin e* 
A cos e + A! cos e' ’ 


Cor. 2. Any number of simple harmonic functions, of equal 
period, added together, are equivalent to a single harmonic function 
of which amplitude and epoch are derived from the amplitude 
and epochs of the given functions, in the same manner as the 
magnitude and inclination to a fixed line of reference, of the 
resultant of any number -of forces in one plane, arc derived from 
the magnitudes and the inclinations to the same line of reference 
of the given forces. 

Cor. 3. The physical principle of the superposition of sounds 
being admitted, any number of simple unisons of ono period co- 
existing, produce one simple unison of the same period, of which 
the intensity (measured by the square of the amplitude) and the 
epoch are determined in the manner just specified. 

Cor. 4. The sum of any number of simple harmonic functions 
of one period vanishes for every argument, if it vanishes for any 
two arguments not differing by a semi-circumference, or by some 
multiple of a semi-circumference. 

Cor. 5. The co-existence of perfect unisons may constitute 
perfect silence. 

Cor. 6. A simple harmonic function of any epoch may be 
resolved into the sum of two whose epochs are respectively zero 
and a quarter period, and whose amplitudes arc respectively equal 
to the value of the given function for the arguments zero and a 
quarter period respectively. 


4. Complex Harmonic Functions. — Harmonic functions of 
different periods added can never produce a simple harmonic 
function. If their periods are commensurable their sum may be 
called a complex harmonic function. 

Cor. A complex harmonic function is the proper expression 
for a perfect harmony in music. 

5. Expre8sibility of Arbitrary Functions by Trigonometrical 
series. 
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Prop. A complex harmonic function, with a constant term 
added, is the proper expression, in mathematical language, for any 
arbitrary periodic function. 


6. Investigation of the Trigonometrical Series expressing an 
Arbitrary Function. — Any arbitrary periodic function whatever 
being given, the amplitudes and epochs of the terms of a complex 
harmonic function, which shall be equal to it for every value of 
the independent variable, may be investigated by the “method 
of indeterminate coefficients,” applied to determine an infinite 
number of coefficients from an infinite number of equations of 
condition, by the assistance of the integral calculus, as follows : — 

Let F(t) denote the function, and T its period. We must 
suppose the value of F(t) known for every value of t, from t = o 
to t=T. Let M 0 denote the constant term, and let M v M v M v &c., 
denote the amplitudes, and e,, e g , &c., the Epochs of the suc- 
cessive terms of the complex harmonic functions by which it is 
to be expressed ; that is to say, let these constants be such that 

F(t) = M. + M, cm e.) + M, cm - .,) 

+ COS — e^j + &C. 

Then, expanding each cosine by the ordinary formula, and assuming 
M t cos e, = A t , M a cos = A a , &c. 

M t sin e, = B t , M a sin = B a , &c. 

we have 

n /.\ Aii 2tt$ . 4m t , Girt n 
I (t) = A 0 + A t cos -jr + A a cos -y- +A a cos j, + &c. 


i d “ 2 ret n 

+ B t sin -y, + B a 


. 4nrt . n . Girt 
sm - fjr + B a sin + &c. 


2 b~/t t 

Multiplying each member by cos y, dt where i denotes o or any 
integer, and integrating from t — o to t = T t wo have, 

F(t) cos dt = A t J T (c 


[ cos • y- J dt; 


•r= A i x when i is any integer ; 
“ A t x 'T, when i * 0. 


or 
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Hence A 0 = ^ J F(t) dt 

. 2 2iirt , 

1, — j, V(t) cos j, dt ; 

and similarly we find 



equations by which the coefficients in the double series of sines 
and cosines are expressed in terms of the values of the function 
supposed known from t — o to t=T. The amplitudes and epochs 
of the single harmonic terms of the chief period and its sub- 
multiples arc calculated from them, according to the following 
formula : 

tan 1 

(or for logarithmic calculation, M t = A t sec e ( ). 

The preceding investigation is sufficient as a solution of the 
problem, — to find a complex harmonic function expressing a given 
arbitrary periodic function, when once we are assured that the 
problem is possible ; and when we have this assurance, it proves 
that the resolution is determinate; that is to say, that no other 
complex harmonic function than the one we have found can 
satisfy the conditions. For a thorough and most interesting 
analysis of the subject, supplying all that is wanting to complete 
the investigation, and giving admirable views of the problem 
from all sides, the reader is referred to Fourier’s delightful treatise. 
A concise and perfect synthetical investigation of the harmonic 
expression of an arbitrary periodic function is to be found in 
Poisson’s Thiorie Mathematique de la Chaleur, Chap. vii. 

II . — Periodic Variations of Terrestrial Temperature. 

7. If the whole surface of the earth were at each instant of 
uniform temperature, and if this temperature were made to vary 
as a perfectly periodic function of the time, the temperature at 
any internal point must ultimately come to vary also as a periodic 
function of the time, with the same period, whatever may have 
been the initial distribution of temperature throughout the whole. 
Fourier’s principles show how the periodic variation of internal 
temperature is to be conceived as following, with diminished 
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amplitude and retarded phase, from the varying tomperature at 
the surface supposed given : and by his formulas the precise law 
according to which the amplitude would diminish and the phase 
would be retarded, for points more and more remote from the 
surface, if the figure wore truly spherical and the substance 
homogeneous, is determined. 

8. The largest application of this theory to the earth as a 
whole is to the analysis of imaginable secular changes of tempe- 
rature, with at least thousands of millions of years for a period. 
In such an application, it would be necessary to take into account 
the spherical figure of the earth as a whole. Periodic variations 
at the surface with any period less than a million* of years will, 
at points below the surface, give rise to variations of temperature 
not appreciably influenced by the general curvature, and sensibly 
agreeing with what would be produced if the .surface were an 
infinite plane, except in so far as they arc modified by superficial 
irregularities. Hence Fourier’s formulae for an infinite solid, 
bounded on one side by an infinite plane, of which the tem- 
perature is made to vary arbitrarily, contain the proper analysis 
for diurnal or annual variations of terrestrial temperature, unless 
a theory of the effect of inequalities of surface (upon which no 
investigator has yet ventured) is aimed at. 

9. The effect of diurnal variations of temperature becomes 
insensible at so small a distance below the surface, that in most 
localities irregularities of soil and drainage must prevent any very 
satisfactory theoretical treatment of their inward progression and 
extinction from being carried out. At depths exceeding three 
feet below the surface, all periodic effects of daily variations of 

* A periodic variation of external temperature of one million years’ period 
would give variations of temperature within the earth sensible to one thousand 
times greater depths than a similar variation of one year’s period. Now the 
ordinary annual variation is reduced to fa of its superficial amount at a depth of 
25 French feet, and is scarcely sensible at a depth of 50 French feet (being there 
reduced, in such rock as that of Calton Hill, to Hence, at a depth of 50,000 

French feet, or about ten English miles, a variation having one millinn years for its 
period would be reduced to . If the period were ten thousand million years, the 
variation would similarly be reduced to at 1000 miles' depth, and would be to 
some appreciable extent affected by the spherical figure of the whole earth, although 
to only a very small extent, since there would be comparatively but very little 
change of temperature (less than fa of the superficial amount) beyond the first layer 
of 500 miles’ thickness. 
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temperature become insensible in most soils, and the observable 
changes are those due to a daily average, varying from day 
to day. If now the annual variation of temperature were 
truly periodic, a complex harmonic function could be determined 
to represent for all time the temperature at three feet or any 
greater depth. But in reality the annual variation is very far 
from recurring in a perfectly periodic manner, since there are 
both great differences in the annual average temperatures, and 
never-ceasing irregularities in the progress of the variation within 
each year. A full theoiy of the consequent variations of tem- 
perature propagated downwards, must include the consideration 
of non-periodic changes; but the most convenient first step is 
that which I propose to take in the present communication, in 
which the average annual variations for groups of years will be 
discussed according to the laws to which periodic variations are 
subject. 

10. The method which Fourier has given for treating this 
and other similar problems is founded on the principle of the 
independent superposition of thermal conductions. This principle 
holds rigorously in nature, except in so far as the conductivity or 
the specific heat of the conducting substance may vary with the 
changes of temperature to which it is subjected ; and it may be 
accepted with very great confidence in the case with which we 
are now concerned, as it is not at all probable that either the 
conductivity or the specific heat of the rock or soil can vary at 
all sensibly under the influence of the greatest changes of tem- 
perature experienced in their natural circumstances ; and, indeed, 
the only cause we can conceive as giving rise to sensible change 
in these physical qualities is the unequal percolation of water, 
which we may safely assume to be confined in ordinary localities 
to depths of less than three feet below the surface. The particular 
mode of treatment which 1 propose to apply to the present subject 
consists in expressing the temperature at any depth as a complex 
harmonic function of the time, and considering each term of this 
function separately, according to Fourier’s formulae for the case 
of a simple harmonic variation of temperature, propagated inwards 
from the surface. The laws expressed by those formulae may bo 
stated in general terms as follows. 

11. Fourier* 8 Solution stated . — If the temperature at any 
point of an infinite plane, in a solid extending infinitely in all 
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directions, be subjected to a simple harmonic variation, the tem- 
perature throughout the solid on each side of this plane will 
follow everywhere according to the simple harmonic law, with 
epochs retarded equally, and with amplitudes diminished in a 
constant proportion for equal augmentations of distance. The 
retardation of epoch expressed in circular measure (arc divided 
by radius) is equal to the diminution of the Napierian logarithm 
of the amplitude ; and the amount of each per unit of distance 

is equal to / y/^_ , if c denote the capacity for heat of a unit bulk 

of the substance, and k its conductivity*. 


12. Hence, if the complex harmonic functions expressing the 
varying temperature at two different depths be determined, and 
each term of the first be compared with the corresponding term 

of the second, the value of a/^ ma y he determined either by 


dividing the difference of the Napierian logarithms of the am- 
plitudes or the difference of the epochs by the distance between 
the points. The comparison of each term in the one series with 
the corresponding term in the other series gives us, therefore, two 


determinations of the value 




which should agree per- 


fectly, if (1) the data were perfectly accurate, if (2) the isothermal 
surfaces throughout were parallel planes, and if (3) the specific 
heat and conductivity of the soil were everywhere and always 
constant. 

As these conditions are not strictly fulfilled in any natural 
application, the first thing to be done in working out the theory 
is to test how far the different determinations agree, and to judge 
accordingly of the applicability of the theory in the circum- 
stances. If the test thus afforded prove satisfactory, the value 
of the conductivity in absolute measure may be deduced from 
the result with the aid of a separate experimental determination 
of the specific heat 


13. The method thus described differs from that followed by 
Professor Forbes in substituting the separate consideration of 


* That is to say, the quantity of heat conducted per unit of time aoross a 
area of a plate of unit thickness, with its tyo surfaces permanently miunininmi a t 
temperatures differing by unity. 
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separate terms of the complex harmonic function for the exami- 
nation of the whole variation unanalysed, which he conducted 
according to the plan laid down by Poisson. 

This plan consists in using the formulae for a simple harmonic 
variation, as approximately applicable to the actual variation. At 
great depths tho amplitudes of the second and higher terms of 
the complex harmonic function become so much reduced as not 
sensibly to influence the variation, which is consequently there 
expressed with sufficient accuracy by a single harmonic term of 
yearly period ; but at even the greatest depths for which con- 
tinuous observations have actually been made, the second (or 
semi-annual) term has ' a very sensible influence, and the third 
and fourth terms arc by no means without effect on the variations 
at three feet and six feet from the surface. A close agreement 
with theory is therefore not to be expected, until the method of 
analysis which I now propose is applied. It may be added, that 
in the theoretical reductions hitherto made, either by Professor 
Forbes or others, the amplitudes of the variations for the different 
depths have alone been compared, and the very interesting con- 
clusion of theory, as to the relation between the absolute amount 
of retardation of phase and the diminution of amplitude for any 
increase of depth, has remained untested. 

14. In Professor Forbes’ paper*, the very difficult operations 
which he had performed for^ effecting the construction and the 
sinking of the thermometers, and tho determination of the cor- 
rections to be applied to obtain the true temperatures of the 
earth at tho different depths from the readings of the scales 
graduated on their stems protruding above the surface, are fully 
described. The results of five years’ observations — 1837 to 1842 
— are given, along with most interesting graphical representations 
and illustrations. A process of graphic interpolation, for esti- 
mating the temperatures at times intermediate between those of 
observations, is applied for the purpose of obtaining data from 
which the complex harmonic functions expressing the temperatures 
actually observed for the different depths are determined. I am 
thus indebted to Professor Forbes for the mode of procedure 
(described below) which I have myself followed in expressing 

* Account of Some Experiments on the Temperature of the Earth at Different 
Depths and in Different Soils near Edinburgh; Transaction* R.S.E . , Vol. xvz. 
Fart ii. Edinburgh, 1846, 



270 OBSERVATIONS OF UNDERGROUND TEMPERATURE. [XCIII. 


the variations of temperature during the succeeding thirteen 
years for the Calton Hill station (where alone the observations 
were continued). The only variation from his process which I 
have made is, that instead of taking twelve points of division 
for the yearly period I have taken thirty-two, with a view to 
obtaining a more perfect representation of all the features of the 
observed variations, and a more exact average for the principal 
terms, especially the annual and the semi-annual terms of the 
complex harmonic function expressing them. 

15. Application of the General Theory to Five Years’ Obser- 
vations — 1837 to 1842 — at Professor Forbes’s three Tltormometric 
Stations . — The first application which I made of the analytical 
theory explained above, was to the harmonic terms which Professor 
Forbes had found for expressing the average annual progressions 
of temperature during the five years’ term of observations at the 
three stations. These terms (which I have recalculated to get 
their values true to a greater number of significant figures), with 
alterations of notation which I have found convenient for the 
analytical expressions, are as follows : — 

Three Feet below Surface . 

Observatory . . . 45*49 + 7*39 cos 2*- (£ - *63) +0*362 cos 2ir(2£- *669) 

Experimental Garden . 46*13 + 9*00 cos 2*- (t - *616) + 0*737 cos 2ir (2 £ - *183) 
Craigleith . . . 45*88 + 8*16 cos 2ir (£- *617) + 0*284 cos 2w (2£- *154) 

Six Feet below Surface . 

Observatory . . . 45*86 + 5*06 cosT2w (£- *686) +0*433 cos 2ir (2£- -731) 

Experimental Garden . 46*42 + 6*66 cos 2ir (£ - *665) +0*501 cos 2ir (2 1 - -182) 
Craigleith . . . 45*92 + 6*16 cos 2* (£-*649) +0*368 cos 2ir (2* -*305) 

Twelve Feet below Surface. 

Observatory . . . 46*36 + 2*44 cos 2ir (£ - *799) + 0*075 cos 2s* (2£ - *833) 

Experimental Garden . 46*76 + 3*38 cos 2tt (£ - *782) + 0*230 cos 2 t (2 £ - -390) 
Craigleith . . . 45*92 + 4*22 cos 2ir (£-*713) +0*067 cos 2w(2t- *819) 

Twenty-four Feet below Surface . 

Observatory . . . 46*87 +0*655 cos 2ir (£-1*013) 

Experimental Garden . 47*09 + 0*920 cos 2 t (£ - -986) 

Craigleith . . . 46-07 + 1*940 cos 2** (£ - -849) 

The semi-annual terms in these equations present so great 
irregularities (those for the Calton Hill station, for instance, 
showing a greater amplitude at 6 feet deep than at 3 feet), that 
no satisfactory result can be obtained by including them in the 
theoretical discussion on which we are now about to enter. We 
shall see later, however, that when an average for the whole 
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period of eighteen years for the Calton Hill station is taken, 
the semi-annual torms are, for the 3 feet and 6 feet depths, in 
fair agreement with theory; and for the two greater depths are 
as small as is necessary for the verification of the theory, and so 
small as to be much influenced by orrors of observation and of 
reduction, or of “ corrections ” for temperaturo of the thermometer 
tubes. For the present, we attend exclusively to the annual 
terms. The amplitudes and epochs of these terms, extracted 
from the preceding equations, are shown in tho following table : — 
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By taking the differences of the Napierian logarithms of the 
amplitudes, and the differences of epochs reduced to circular 
measure (arc divided by radius), thus shown for the different 
depths, and dividing each by the corresponding difference of 
depths, we find the following numbers. 



16. All the numbers here shown for each station would be 
equal, if the conditions of uniformity supposed in the theoretical 
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solution wore fulfilled. The discrepancies are, with the exception 
of one of the numbers for Craigleith Quarry, on the whole small 
— smaller, indeed, than might be expected, when the very notable 
deviations of the true circumstances from the theoretical con- 
ditions are considered. The mean results over the 21 feet, shown 
in the last line, present very remarkable agreements: the numbers 
derived from amplitudes being identical with that derived from 
epochs for the Calton Hill station ; while the differences between 
the corresponding numbers for the two other stations are in each 
case only about 3 per cent. Taking that one number for the first 
station, and the mean of the slightly differing numbers derived 
from amplitudes and from epochs respectively, for the second and 
third, we have undoubtedly very accurate determinations of tbe 

value of f° r the three stations, which are as follows : — 


Calton Hill Trap Hock. 

Experimental Carden Band. 

Craigleith Quarry Snndutonc. 


yS-lOM. 

^=•06744. 


A continuation of the observations at Calton Hill not only 
leads, as we shall see, to almost identical results, both by dimi- 
nution of amplitude and by retardation, on the whole 21 feet, 
but also reproduces some of the features of discrepance presented 
by the progress of the variation through the intermediate depths ; 
and therefore confirms the general accuracy of the preceding 
results, for all the stations, so far as it might be questioned 
because of only five years’ observations having been available. 
Further consideration of these results, and deduction of the con- 
ductivities of the different portions of the earth’s crust involved, 
is deferred until after we have taken into account the farther data 
for Calton Hill, to the reduction of which we now proceed. 

17. Application to Thirteen Tears ’ Observations (1842-1854) 
at the Thermometric Station, Calton Hill. — The observations on 
thermometers fixed by Professor Forbes at the different depths 
in the rock of Calton Hill, have been regularly continued weekly 
till the present time by the staff of the Royal Edinburgh Obser- 
vatory, and regularly corrected to reduce to true temperatures 
of the bulbs, on the same system as before. Tables of these 

18 
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corrected observations, for the thirteen years 1842 to 1854 inclu- 
sive, having been supplied to me through the kindness of Professor 
Piazssi Smyth, I have had the first five terms of the harmonic 
expression for each year determined in the following manner* : — 
In the first place, the observations were laid down graphically, and 
an interpolating curve drawn through the points, according to the 
method of Professor Forbes. The four curves thus obtained repre- 
sent the history of the varying temperature at the four different 
depths respectively, as completely and accurately as it can be 
inferred from the weekly observations. The space corresponding 
to each year was then divided into 32 equal parts (the first point 
of division being taken at the beginning of the year), and the 
corresponding temperatures were taken from the curve. The co- 
efficients of the double harmonic series (cosines and sines) for 
each year were calculated from those data, with the aid of the 
forms given by Mr Archibald Smith, and published by the Board 
of Admiralty, for deducing the harmonic expression of the error 
of a ship’s compass from observations on the 32 points. The 
general form of the harmonic expression being written thus — 

V= A 0 + A t cos 2irt + B t sin 2i rt + A a cos 4nrt + Ji a sin 4nrt + &c. 

where V denotes the varying temperature to be expressed, and 
t the time, in terms of a year as unit. Table III. shows the 
results which were obtained, with the exception of the values 
of A 0 : — 

The values which were found for A 0 should represent the 
annual mean temperatures. They differ slightly from the annual 
means shown in the Royal Observatory Report, which, derived as 
they are from a direct summation of all the weekly observations, 
must be more accurate. The variations, and the final average 
values of these annual means, present topics for investigation of 
the highest interest and importance, as I have remarked elsewhere 
(see British Association’s Report, section A, Glasgow, 1855 [Art. 
lxxxvii. Vol. II. above]) ; but as they do not belong to the special 
subject of the present paper, their consideration must be deferred 
to a future occasion. 

* The operations here described, involving, as may be conceived, no small 
amount of labour, wore performed by Mr D. M'Farlano, my laboratory assistant, 
and Mr J. D. Everett, now [1887] Professor of Natural Philosophy in Queen's 
College, Belfast. 
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18. Theoretical Discussion . — The mean value of the coef- 
ficients in the last line of Table III., being obtained from so 
considerable a number of years, can be but very little influenced 
by irregularities from year to year, and must therefore correspond 
to harmonic functions for the different depths, which would express 
truly periodic variations of internal temperature consequent upon 
a continued periodical variation of temperature at the surface. 

19. According to the principle of the superposition of thermal 
conductions, the difference between this continuous harmonic 
function of five terms for any one of the depths, and the actual 
temperature there at the corresponding time of each year, would 
be the real temperature consequent upon a certain real variation 
of superficial temperature. Hence the coefficients shown in the 
preceding table afford the data, first by their mean values, to test 
the theory explained above for simple harmonic variations, and to 
estimate the conductivity of the soil or rock, as I propose now 
to do ; and secondly, as I may attempt on a future occasion, to 
express analytically the residual variations which depend on the 
inequalities of climate from year to year, and to apply the 
mathematical theory of conduction to the nonperiodic variations 
of internal temperature so expressed. 

20. Let us, accordingly, now consider the complex harmonic 
functions corresponding to the mean coefficients of Table III. 
above, and, in the first place, let us reduce the double harmonic 
series in each case, to series in each of which a single term repre- 
sents the resultant simple harmonic variation of the period to 
which it corresponds, in the manner shown by the proposition and 
formulae of § 3 above. 

21. On looking to the annual and semi-annual terms of the 
series so found, we see that their amplitudes diminish, and their 
epochs of maximum augment, with considerable regularity, from 
the less to the greater depths. The following Table IV. shows, 
for the annual terms, the logarithmic rate of diminution of the 
amplitudes, and the rate of retardation of the epoch between the 
points of observation in order of depth : — 
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Table IV - -Average of Thirteen Years, 1842 to 1854 ; 
Trap Rock of Calton Hill. 


Depths liclow surface, 
in French feet. 

Rate of diminution of 
Napierian Logarithm of 
Amplitude per French 
foot of descent 

Rate of retardation of 
Kpocli in Circular 
Measure, per French 
foot of descent 

3 to 6 feet 

•1310 

-1233 

G to 12 „ 

•1163 

•1140 

12 to 24 „ 

•1121 | 

1 -1145 

3 to 24 foot 

•1160 

•1156 


22. Tliu numbers here shown would all be the same, if the 
conditions of uniformity supposed in the theoretical solution were 
fulfilled. Although, as in the previous comparis'ous, the agreement 
is on the whole better than might have been expected, there are 
certainly greater differences than can bo attributed to errors of 
observation. Thus, the means of the numbers in the two columns 
are for the three different intervals of depth in order as follows : — 

Mean deductions from amplitude 
and cpoclk 


3 to 0 feet -127 

6 to 12 „ *115 

12 to 24 „ -113 


— numbers which seem to indicate an essential tendency to diminish 
at the greater depths. This tendency is shown very decidedly in 
each column separately ; and it is also shown in each of the 
corresponding columns, in Table 11. (p. 272) above, of results 
derived from Professor Forbes’ own series of a period of five years. 

28. There can be no doubt but that this discrepance is not 
attributable to errors of observation, and it must therefore be 
owing to deviation in the natural circumstances from those as- 
sumed for the foundation of the mathematical formula}. In 
reality, none of the conditions assumed in Fourier’s solution is 
rigorously fulfilled in the natural problem; and it becomes a 
most interesting subject for investigation to discover to what 
particular violation or violations of these conditions, the remarkable 
and systematic difference discovered between the deductions from 
the formula and the results of observation is due. In the first 
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place, the formula is strictly applicable only to periodic variations, 
and the natural variations of temperature are veiy far from being 
precisely periodic; but if we take the average annual variation 
through a sufficiently great number of years, it may be fairly 
presumed that irregularities from year to year will be eliminated ; 
and that the discrepance we have now to explain does not depend 
on residual inequalities of this kind seems certain, from the fact 
that it exists in the average of Professor Forbes’ first five years’ 
series no less decidedly than in that of the period of thirteen 
years following. 

24. For the true explanation we must therefore look either 
to inequalities (formal or physical) in the surface at the locality, 
or to inequalities of physical character of the rock below. It 
may be remarked, in the first place, that if the rates of diminution 
of logarithmic amplitude and of retardation of epoch, while less, 
as they both arc, at the greater depths, remained exactly equal to 
one another, the conductivity must obviously be greater, and the 
specific heat less in the same proportion inversely, at the greater 
depths. For in that case, all that would be necessary to reconcile 
the results of observations with Fourier’s formula, would be to 
alter the scale of measurement of depths so as to give a nominally 
constant rate of diminution of the logarithmic amplitude and of 
the retardation of epoch ; and the physical explanation would be, 
that thicker strata at the greater depths, and thinner strata at 
the less depths (all of equal horizontal area), have all equal 
conducting powers and equal thermal capacities*. 

25. Now, in reality, a portion, but only a portion, of the 
discrepance may be done away with in this manner ; for while the 
logarithmic amplitudes and the epochs each experience a some- 

* The "conducting power’* of a solid plate is an expression of great con- 
venience, which I define as the quantity of heat which it conducts per unit of time, 
when its two surfaces are permanently maintained at temperatures differing by 
unity. In terms of this definition, the specific conductivity of a substance may be 
defined as the conducting power per unit area of a plate of unit thickness. The 
conducting power of a plate is calculated by multiplying the number which 
measures the specific conductivity of its substance by its area, and dividing by its 
thickness. 

The thermal capacity of a body may be defined as the quantity of heat required 
to raise its mass by a unit (or one degree) of temperature. The specific heat of a 
substance is the thermal capacity of a unit quantity of it, which may be either a 
unit of weight or a unit of bulk. 
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what diminished rate of variation per French foot of descent at 
the greater depths, this diminution is much greater for the former 
than for the latter; so that although the mean rates per foot on the 
whole 21 feet are as nearly as possible equal for the two, (being 
‘1160 for the logarithmic amplitudes, and ‘1156 for the epoch), 
the rate of variation of the logarithmic amplitude exceeds that 
of the epoch by about 6 per cent., on the average of the stratum 
3 to 6 feet ; and falls short of it by somewhat more than 2 per 
cent., in the lower stratum, 12 to 24 feet. To find how much of 
the discrepance is to be explained by the variation of conductivity 
and specific heat in inverse proportion to one another at the 
different depths, wc may take the mean of the rates of variation 
of logarithmic amplitude and of epoch at each depth, and alter 
the scale of longitudinal reckoning downwards, so as to reduce 
the numerical measures of these rates to equality. This, however, 
wc shall not do in either the five years’ or the thirteen years’ 
term, which wo have hitherto considered separately, but for a 
harmonic annual variation representing the average of the whole 
eighteen years 1837 to 1854. 

26. By taking, for each depth, the coefficients A x , B x (not 
explicitly shown above), derived from the first five years’ average 
and multiplying by 5 ; taking similarly the coefficients A x , B x , for 
the succeeding thirteen years’ average, and multiplying by 13; 
adding each of the former products to the corresponding one of 
the latter, and dividing by 18 ; we obtain, as the proper average 
for the whole eighteen years, the values shown in the following 
Table (V.), in the columns headed A t , B x . The amplitudes and 
epochs shown in the next columns are deduced from these by the 

B 

formulae >J{A X + B*) and tan -1 -j- 1 respectively, — 


Table V. — Annual Harmonic Variation of Temperature in 
Calton Hill, from 1837 to 1854 inclusive. 


Depths. 

A J 

111 degrees I'ahr. 

Hi 

In degrees Falir. 

Amplitudes in 
degrees Fulir. 

K|kicIis in degrees 
und minutes. 

3 feet 

-5° 184 

- 4°-888 

7°*1949 

223°S4' 

6 feet 

-2 -080 

-4-416 

4*8812 

244 47 

12 feet 

+ 0-5861 

- 2 -3315 

2 *4094 

284 19 

24 feet 

+ 0-6311 

+0 -0306 

0*6319 

862 47 
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From these, as before, for the terms of five years and of thirteen 
yean separately, we deduce the following : — 

Table VI. — Average of Eighteen Years, 1837 to 1854; 
Trap Rock of Calton Hill. 


Depths below surface, 
in French feet 

Hate of Diminution of 
Logarithmic Amplitude 
pur French foot of 
Descent 

Kate of Retardation 
of Epoch in Circular 
Measure, per French 
foot of Descent 

3 to 6 feet 

■1280 

•1215 

6 to 12 „ 

•1177 

•1150 

12 to 24 „ 

•1115 

•1141 

3 to 24 feet j 

'1157 

•1154 


. 1 . 


27. Hence, wc have as final means, of effects on logarithmic 
amplitudes and on epochs, for the average annual variation on 
the whole period of eighteen years, — 

1. From depth 3 feet to 6 feet, *1250 

2. „ 6 „ 12 „ 1163 

3. „ 12 „ 24 *1128 

If now, in accordance with the proposed plan, we measure depths, 
not in constant units of length, but in terms of thicknesses cor- 
responding to equal conducting powers and thermal capacities, 
and if we continue to designate the thickness of the first stratum 
by its number 3 of French feet, our reckoning for the positions of 
the different thermometers will stand as follows : — 


Table VII. 


Thermometers 

numbered 

downwards. 

Depths ill true 
French feet, 
l>elow No. 1. 

Depths in Terms of 
Conductive Equivalents. 

I. 

0 

0 

II. 

3 

3 

in. 

9 

8+ ^ x6 “ 8 ' 68 

IV. 

31 

■1128 

8-58 + -I860 * 12 =19 ' 41 
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According to this way of reckoning depths, we have the following 
rates of variation of the logarithmic amplitudes, and of the epochs 
separately, reduced from the previously stated means for the 
whole period of eighteen years : — 


Table VIII. 


1'ortions of I lock. 

Hates of Diminution 
of Logarithmic Am- 
plitude per French 
foot, and Conductive 
Equivalents. 

Hate of Hctanlatlon 
of Epoch per French 
foot, and Conductive 
Equi relents. 

Between Thermometers Nos. I. and II. 

■1286 

•1215 

„ „ II. and III. 

•1266 

•1236 

fl „ III. and IV. 

•1236 

•1264 

Between Thermometers Nos. I. and IV. 

•1252 

•1248 


28. Comparing this Table (VIII.) with Table VI. above we 
sec that the discrepancies are very much diminished ; and we 
cannot doubt but that the conductive power of the rock is less in 
the lower parts of the rock, and that the amount of the variation 
is approximately represented by Table VII. We have, however, 
in Table VIII. still too great discrepancies to allow us to consider 
variation in the value of o/k, as the only appreciable deviation 
from Fourier’s conditions of uniformity. 

29. In endeavouring to find whether these residual discre- 
pancies are owing to variations of k and c not in inverse propor- 
tion one to the other, I have takon Fourier’s equation 

dv _ , d*v dk dv 
C dt dx* dx dx ’ 

where v denotes the temperature at time t, and at a distance x 
from an isothermal plane of reference (a horizontal plane through 
thermometer No. I., for instance); k the conductivity, varying 
with x ; and c the capacity for heat of a unit of volume, which 
may also vary with x. In this equation 1 have taken 



where P and Q are functions of x, assumed so as to express as 
nearly as may be the logarithmic amplitudes, and the epochs, 
deduced from observation. I have thus obtained two equations 
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of condition, from which I have determined k and c, as functions 
of x. The problem of finding what must be the conductivity 
and the specific heat at different depths below the surface, in 
order that, with all the other conditions of uniformity perfectly 
fulfilled, the annual harmonic variation may be exactly that 
which we have found on the average of the eighteen years’ term 
at Calton Hill, is thus solved. The result is, however, far from 
satisfactory. The small variations in the values of P and Q which 
we have found in the representation of the observed temperatures, 
require very large and seemingly unnatural variations in the 
values of k and c. 

30. I can only infer that the residual discrepancies from 
Fourier’s formula shown in Table VIII. are not with any probability 
attributable to variations of conductivity and specific heat in the 
rock, and conclude that they are to be explained by irregularities, 
physical and formal, in the surface. It is possible, indeed, that 
thcrmometric errors may have considerable influence, since there 
is necessarily some uncertainty in the corrections estimated for 
the temperatures of the different portions of the columns of 
liquid above the bulbs; and before putting much confidence iu 
the discrepancies we have found, as true expressions of the 
deviations in the natural circumstances from Fourier’s conditions, 
a careful estimate of the probable or possible amount of error in 
the observed temperatures should be made. That even with 
perfect data of observation, as great discrepancies should still be 
found in final reductions such as we have made, need not be 
unexpected when we consider the nature of the locality, which 
is described by Professor Forbes in the following terms : — 

The position chosen for placing the thermometer was below 
the surface "in the Observatory enclosure on the Calton Hill, at a 
height of 350 feet above the sea. The rock is a porphyritic trap, 
with a somewhat earthy basis, dull and tough fracture. The exact 
position is a few yards east of the little transit house. There are 
also other buildings in the neighbourhood. The ground rises slightly 
to the east, and falls abruptly to the west at a distance of fifteen 
yards. The immediate surface is flat, partly covered with grass, 
partly with gravel"*. 

I have marked by italics those passages which describe 

* Professor Forbes on the Temperature of the Earth, Tram. U.S.E., 1846, p. 194. 
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circumstances such as it appears to me might account for the 
discrepancies in question. 

31. Application to Semi-annual Harmonic Terms . — The har- 
monic expressions given above (§ 15) for the average periodic 
variations for the three stations of Professor Forbes’ original 
series of five years observations, contain semi-annual terms, which 
are obviously not in accordance with theory. The retardations of 
epochs and the diminutions of amplitudes are, on the whole, too 
irregular to be reconcileablc by any supposition as to the con- 
ductivities and specific heat of the soils and rocks involved, or as 
to the possible effects of irregularity of surface; and in two of 
the three stations, the amplitude of the semi-annual term is 
actually greater as found for the six feet deep than for the three 
feet deep thermometer, which is clearly an impossible result The 
careful manner in which the observations have been made and 
corrected, seems to preclude the supposition that these discre- 
pancies, especially for the three feet and six feet thermometers, 
for which the amplitudes of the semi-annual terms are from °'28 
to °’74 (corresponding to variations of double those amounts, or 
from °*56 to 1°'48), can be attributed to errors in the data. It 
must be concluded, therefore, that the semi-annual terms of 
those expressions do not represent auy truly periodic elements of 
variation, and that they rather depend on irregularities of tem- 
perature in the individual years of the term of observation. 
Hence, until methods for investigating the conduction inwards of 
non-periodic variations of temperature are applied, we cannot 
consider that the special features of the progress of temperature 
during the five years' period at the three stations, from which our 
apparent semi-annual terms have been derived, have been theo- 
retically analysed. But, as we have seen, every irregularity de- 
pending on individual years is perfectly eliminated when the 
average annual variation over a sufficiently great number of years 
is taken. Hence it becomes interesting to examine particularly 
the semi-annual terms for the eighteen years’ average of the 
Calton Hill thermometers, which we now proceed to do. 

32. Calculating as above (§ 2G), for the coefficients A t , B t , 
the average values of A % and B t , from Professor Forbes’ results 
for his first five years’ term, and from the averages for the next 
thirteen years shown in Table III. above, we find the values of A t 
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and i? s shown in the following table. The amplitudes and epochs 

are deduced as usual by the formulas *J(A ' -f B*) and tan" 1 ^*. 

These reductions I only make for the three feet deep and the six feet 
deep thermometers, since, for the two others, as may be judged 
by looking at the thirteen years’ average, shown in the former 
table, the amounts of the semi-annual variation do not exceed 
the probable errors in the data of observation sufficiently to allow 
us to draw any reliable conclusions from their apparent values. * 

Table IX. — Average Semi-annual Harmonic Term, from 
Eighteen Years’ Observations at Calton Hill. 


Dcptlifi Inflow 

FnlwhfwS. 1,1 ™ ir - 


3 feet. 
0 feet. 


°1518 

*0101 


In degrees rah 

°r>842 

•8011 


Amplitude* 
in degrees Fiihr. 


‘•004 

•304 


Kpocli* in degrees 
and min u tea. 


75°20 # 
90 43 


'G04 

The ratio of diminution of the amplitude here is or 1*58, 

of which the Napierian logarithm is 426. Dividing this by 3, we 
find '142 as the rate of diminution of the logarithmic amplitude 
per French foot of descent. 

The retardation of epoch shown is 21° 17'; and therefore the 
retardation per French foot of descent is 7° 6', or, in circular 
measure, *1239. If the data were perfect for a periodical variation, 
and the conditions of uniformity supposed in Fourier’s solution 
were fulfilled, these two numbers would agree, and each would he 

equal to Hence, dividing them each by \/2, we find 

Apparent values of ■v/t 

•100 (by amplitudes) 

*0877 (by epochs). 

The true value of must, as we have seen, be *116, to a 

very close degree of approximation. 

33. When we consider the character of the reduction we 
have made, and remember that the data were such as to give no 



286 OBSERVATIONS OP UNDERGROUND TEMPERATURE. [XCIIT. 

semblance of a theoretical agreement when the first five years’ 
term of observations was taken separately, we may be well 
satisfied with the approach to agreement presented by these 
results, depending as they do on only eighteen years in all, and 
we may expect that, when tho average is of a still larger term 
of observation, the discrepancies will be much diminished. In 
the mean time, we may regard the semi-annual term we have 
found for the three feet deep thermometer as representing a true 
feature of the yearly vicissitude ; and it will be surely interesting 
to find whether it is a constant feature for the locality of Edin- 
burgh, to he reproduced on averages of subsequent terms of 
observation. 

34. It may be remarked, that the nearer to the equator is the 
locality, the greater relatively will be the semi-annual term ; that 
within the tropics the semi-annual term may predominate, except 
at the great depths ; and that at tho equator the tendency is for 
the annual term to disappear altogether, and to leave a semi-annual 
term as the first in a harmonic expression of the yearly vicis- 
situde of temperature. The facilities which underground obser- 
vation affords for the analysis of periodic variations of temperature, 
when the method of reduction which I have adopted is followed, 
will, it is to be hoped, induce those who have made similar 
observations in other localities to apply the same kind of analysis 
to their results ; and it is much to be desired, that the system of 
observing temperatures at two if not more depths below the 
surface may be generally adopted at all meteorological stations, 
as it will be a most valuable means for investigating the harmonic 
composition of the annual vicissitudes. 

III . — Deduction of Conductivities. 

35. Notwithstanding the difficulty we have seen must attend 
any attempt to investigate all the circumstances which must be 
understood, in order to reconcile perfectly the observed results with 
theory, the general agreement which we have found is quite 
sufficient to allow us to form a very close estimate of the ratio of 
the conductivity of the rock to its specific heat per unit of bulk. 
Thus, according to the means deduced from the whole period of 
eighteen years’ observation, the average rate of variation of the 
logarithmic amplitude of the annual term through the whole 
space of twenty-one feet is T157, and of the epoch of the same 
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term, ’ll 54. The mean of these, or *1156, can differ but very 
little from the true average value of for the portion of rock 

between the extreme thermometers. 


36. Multiplying ir by the square of the reciprocal of this number, 

k 

we find 235*1 as the value of - , or, as wo may call it, the con- 

c 

ductivity of the rock in terms of the thermal capacity of a cubic 
foot of its own substance*. In other words, we infer that all the 
heat conducted in a year (the unit of time) across each square 
foot of a plate one French foot thick, with its two sides main- 
tained constantly at temperatures differing by 1 °, would, if applied 
to raise the temperature of portions of the rock itself, produce a 
rise of 1 ° in 235 cubic feet. As it is difficult (.although by no 
means impossible) to imagine circumstances in which the heat, 
regularly conducted through a stratum maintained, with its two 
sides, at perfectly constant temperatures, could be applied to raise 
the temperatures of other portions of the same substance, we 
may vary the statement of the preceding result, and obtain the 
following completely realisable illustration. 

37. Lot a large plate of the rock, everywhere one French 
foot thick, have every part of one of its sides (which, to avoid 
circumlocution, we shall call its lower side) maintained at one 
constant temperature, and let portions of homogeneous substance, 
at a temperature 1 ° lower, be continually placed in contact with 
the upper surface, and removed to be replaced by other homo- 
geneous portions at the same lower temperature, as soon as the 
temperature of the matter actually thus applied rises in tem- 
perature by - 17 ^ of a degree. If this process is continued for a 
year, the whole quantity of the refrigerating matter thus used to 
cany away the heat conducted through the stratum must amount 
to 235,000 cubic feet for each square foot of area, which will be 
at the rate of *00745 of a cubic foot per second. We may there- 
fore imagine the process as effected by applying an extra stratum 
*00745 of a foot thick every second of time. This extra stratum, 
after lying in contact for one second, will have risen in tem- 
perature by of a degree. By means of the information con- 
tained in this apparently unpractical statement, many interesting 

* In respect to this definition see § 82 of Art. XGII. Part n. above. 
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problems may be practically solved, as I hope to sbow in a sub- 
sequent communication. 

38. The value of ^ » derived from the whole eighteen-years* 

period of observation (*1156), differs so little from that (*1154) 
found previously (§ 16) from Professor Forbes’ observations and 
reductions of the first five of the years, that we may feci much 
confidence in the accuracy of the values ’1098 and 06744, which, 
from his five years’ data alone, we found (§ 16) for the corresponding 
constant with reference to tho sand at the Experimental Garden 
and the sandstone of Craigleitli Quariy. From them, calculating 

as above (§ 36), wo find 260 5 and 6907 as the values of - for 

c 

the terrestrial substances of these localities respectively; results 
of which the meaning is illustrated by tho statements of 88 36 
and 37. * 

39. To deduce the conductivities of the strata, in terms of 
uniform thermal units, Professor Forbes had the “specific heats” 
of the substances determined experimentally by M. Regnault. 
The results, multiplied by the specific gravities, gave for the 
thermal capacities of portions of the three substances, in terms 
of that of an equal bulk of water, the values -5283, '3006, and 
•4623 respectively. Now, these must be the values of c, if the 
thermal unit in which k is measured is the thermal capacity of a 

French cubic foot of water. Multiplying the values of ~ found 

c 

above by these values of c, we find for k the following values : 

Trap-rock of Calton Hill. Sand of Experimental Gardens. Sandstone of Graigleith. 

12 *2, 78-31, 319-3, 

The values found by Professor Forbes were— 

ln * 2 > 82-6, 298*3. 

Although many comparisons have been made between the 
conducting powers of different substances, scarcely any data as 
to thermal conductivity in absolute measure have been hitherto 
published, except these of Professor Forbes, and probably none 
approaching to their accuracy. The slightly different numbers 
to which we have been led by the preceding investigation are no 
doubt still more accurate. 
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40. To reduce these results to any other scale of linear 
measurement, we must clearly alter them in the inverse ratio of 
the square of the absolute lengths chosen for the units*. The 
length of a French foot being 1*06575 of the British standard 
foot, we must therefore multiply the preceding numbers by 1*13581, 
to reduce them to convenient terms. 

41. We may, lastly, express them in terms of the most com- 
mon unit, which is the quantity of heat required to raise the 
temperature of a- grain of water by 1°; and to do this we havo 
only to multiply each of them by 7000 x 62*447, being the weight 
of a cubic foot in grains. . 

42. The following table contains a summary of our rcsults-as 
to conductivity expressed in several different ways, one or other of 
which will generally be found convenient : — 


rABLE X. — Thermal Conductivities of Edinburgh Strata, in 
British Absolute Units [Unit of Length, the English Foot]. 


Description 
of Terrestrial 
Substance. 

(Conductivities in Terms of 
Thermal Capacity of Unit Hulk 
of Substance 

m- 

Conductivities in Terms of 
Thermal Capacity of Unit Hulk 
of Water 
k. 

Conductivities In 
Terms of Ther- 
mal Capacity of 
One Grain of 
Water. 

Trap-rock of 
Calton Hill i 

Per Ann. 

Per 241*. 

Per Second. 

Per Ann. 

Per 24 h . 

Per Second. 

Per Second. 

267-0 

•7310 

•000008461 

1411 

•3863 

000004471 

1-9544 

Sand of Ex- ' 








porimental - 
Garden 
Sandstone of' 

295-9 

•8100 

■000009375 

88-9 

-2435 

■000002818 

1*2319 








Craigleith ► 
Quarry 

784-5 

2-1478 

•00002486 

362-7 

•9929 

•00001149 

5-0225 


* Baffling the absolute amount of heat flowing through the plate across equal 
areas will be inversely as the thickness of the plate ; and the effect of equal quan- 
tities of heat in raising the temperature of equal areas of the water will be inversely 
as the depth of the water. The same thing may be perhaps more easily seen by 
referring to the elementary definition of thermal conductivity (footnote to § 11, 
above). The absolute quantity of heat conducted across unit area of a plate of 
unit thickness, with its two sides maintained at temperatures differing by always 
the same amount, will be directly as the areas, and inversely as the thickness, and 
therefore simply as the absolute length chosen for unity. But the thermal unit in 
which these quantities are measured, being the capacity of a unit bulk of water, is 
directly as the cube of the unit length, and therefore the numbers expressing the 
quantities of heat compared will be inversely as the cubes of the lengths chosen for 
unity, and direotly as these simple lengths : that is to say, finally, they will be 
inversely as the squares of these lengths. 

T. III. 
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43. The statements (§§ 36 and 37) by which the signification 
of k/c has been defined and illustrated, require only to have cubic 
feet of water substituted for cubic feet of rock, in their calorimetric 
specifications, to be applicable similarly to define and illustrate 
the meaning of the conductivity denoted by k. The fluidity of 
the water allows a modified and somewhat simpler explanation, 
equivalent to that of § 36, to be now given, as follows : — 

44. If a long rectangular plate of rock, one foot thick, in a 
position slightly inclined to the horizontal, have water one foot 
dfcp flowing over it in a direction parallel to its length, and if the 
lower surface of the plate be everywhere kept 1° higher in tem- 
perature than the upper, the water must flow at the rate of k 
times the length of the plate per unit of time, in order that the 
heat conducted through the plate may raise it just 1° in tem- 
perature in its flow over the whole length. [Jt must he under- 
stood here, that the plate becomes warmer, on the whole, under 
the lower parte of the stream of water, its upper surface being 
everywhere at the same temperature as the water in contact with 
it, while its lower surface is, by hypothesis, at a temperature 1° 
higher.] If, for instance, the plate be of Calton Hill trap-rock, 
the water must, according to the result we have found, flow at 
the rate of 141*1 times its length in a year, or of -3863 of its 
length in twonty-four hours, to be raised just 1° Fah. in tempera- 
ture in flowing over it. Thus water, one French foot deep, flowing 
over a plane bed of such rock at the rate of *3863 of a mile in 
twenty-four hours, will, in flowing one mile, have its temperature 
raised 1° Fah. by heat conducted through the plate. The rates re- 
quired to fulfil similar conditions for the sand of the Experimental 
Garden and the sandstone of Craiglcith Quarry arc similarly found 
to be *2435 of the length and ‘9929 of the length, in twenty-four 
hours. 
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APPENDIX. 

On the Reduction of Periodical Variations of Under- 
ground Temperature, with applications to the Edin- 
burgh Observations. 

[Brit. Assoc. Report for 1859, pp. 54 — 56.] 

The priuciple followed in the reductions which form the 
subject of this communication may be briefly stated thus : — 

The varying temperature during a year, shown by any one of 
the underground thermometers on an average for a series of 
years, is expressed by the ordinary method in a trigonometrical 
scries of terms representing simple harmonic variations*, — the 
first having a year for its period, the second a half-year, the third 
a third part of a year, and so on. The yearly term of the series is 
dealt with separately for the thermometers at the different depths, 
the half-yearly term also separately, and so on, each term being 
treated as if the simple periodic variation which it represents 
were the solo variation experienced. The elements into which 
the whole variation is thus analysed are examined so as to test 
their agreement with the elementary formula} by which Fourier 
expressed the periodic variations of temperature in a bar pro- 
tected from lateral conduction, and experiencing a simple har- 
monic variation of temperature at one end, or in an infinite solid 
experiencing at every point of an infinite plane through it a 
variation of temperature according to the same elementary law. 
In any locality in which the surface of the earth is sensibly plane 
and uniform all round to distances amounting at least to con- 
siderable multiples of the depth of the lowest thermometer, and 
in which the conducting power of the soil or rock below the 
surface is perfectly uniform to like distances round and below 

* By a simple harmonic variation i» meant a variation in proportion to the 
height of a point which moves uniformly in a vertical circle. 


19 — 2 
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the thermometers, this theory must necessarily be found in ex- 
cessively close agreement with the observed results. The com- 
parison which is made in the investigations now brought forward 
must be regarded, therefore, not as a test of the correctness of a 
theory which has mathematical certainty, but as a means of 
finding how much the law of propagation of heat into the soil is 
affected by the very notable deviations from the assumed con- 
ditions of uniformity as to surface, or by possible inequalities of 
underground conductivity existing in the localities of observation. 
When those conditions of uniformity are perfectly fulfilled both 
by the surface and by the substance below it, the law of variation 
in the interior produced by a simple harmonic variation of tem- 
perature at the surface, as investigated by Fourier, may be stated 
in general terms in the three following propositions: — (1) The 
temperature at every interior point varies according to the simple 
harmonic law, in a period retarded by an equal interval of time, 
and with an amplitude diminished in one and the same pro- 
portion, for all equal additions of depth. (2) The absolute 
measure, in ratio of arc to radius, for the retardation of phase, 
is equal to the diminution of the Neperian logarithm of the 
amplitude ; and each of these, reckoned per unit of length as to 
augmentation of distance from the surface, is equal to the square 
root of the quotient obtained by dividing the product of the ratio 
of the circumference of a circle to its diameter, into the thermal 
capacity of a unit of bulk of the solid, by the thermal conduc- 
tivity of the same estimated for the period of the variation as 
unity of time. (3) For different periods, the retardations of phase, 
measured each in terms of a whole period, and the diminutions of 
the logarithm of the amplitude, all reckoned per unit of depth, are 
inversely proportional to the square roots of the periods. 

The first series of observations examined by the method thus 
described were those instituted by Professor Forbes, and con- 
ducted under his superintendence during five years, in three 
localities of Edinburgh and the immediate neighbourhood : (1) the 
trap-rock of Calton Hill ; (2) the sand below the soil of the Ex- 
perimental Garden; and (3) the sandstone of Craigleith Quarry. 
In each place there were, besides a surface thermometer, four 
thermometers at the depths of 3, 6, 12, and 24 French feet 
respectively. The diminution in the amplitude, and the retarda- 
tion of phase in going downwards, have been determined for the 
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annual, for the half-yearly, third-yearly, and the quarterly term, 
on the average for these five years for each locality. The same 
has been determined for the average of twelve years of observation, 
continued on Calton Hill by the staff of the Royal Edinburgh 
Observatory. 

The following results with reference to the annual harmonic 
term are selected for example : — 


Average of five years, 1837 to 1842. 



Retardation of phase 
in (lays, per French 
foot of descent. 

Retardation of phase 
in circular measure, 
]wr French foot of 
descent. 

•11035 

•11344 

•11430 

Diminution of Na- 
pierian logarithm of 
amplitude, i>cr Frqncli 
foot of descent. 

Calton Ilill. 

3 feet to 6 feet. 

6 „ 12 „ 

12 „ 24 „ 


•12625 

•12156 

•10959 

Mean 

13J days. 

■1143 

•11914 

Experimental Gardens . 




3 feet to 6 feet. 


•11635 

•10037 

6 „ 12 „ 


■11329 

■11304 

12 „ 24 „ 


•10617 

•10814 

Moan 

181 days. 

•11314 

•10728 

Craigleith Quarry. 




3 feet to 6 feet. 


■063995 

•09372 

6 „ 12 „ 


■066903 

•00304 

12 „ 24 „ 


•066903 

•06476 

Mean • 

7J days. 

*065934 

•07384 


If Fourier's conditions of uniformity, stated above, were ful- 
filled strictly, the numbers shown in the second column would 
be all equal among one another, and equal to those in the third 
column. The differences between the actual numbers are sur- 
prisingly small, but are so consistent that they cannot be at- 
tributed to errors of observation. It is possible they may be due 
to a want of perfect agreement in the values of a degree on the 
different thermometric scales; but it seems more probable that 
they represent true discrepancies from theory, and are therefore 
excessively interesting, and possibly of high importance with a 
view to estimating the effects* of inequalities of surface and of 
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the interior conductivity. The final moans of the numbers in 


the second and third columns are, for 

Calton Hill 11702 

Experimental Gardens ‘11061 

Craigleith Quarry 06988 

The thermal capacities of specimens of the trap-rock, the 


sand, and the sandstone of the three localities were, at the request 
of Professor Forbes, measured by Regnault, and found to be 
respectively 

•5283, ‘3006, and 4623. 

Hence, according to proposition (3), stated above, the thermal 
conductivities are as follows : — 

Trap-rock of Calton Hill 121’2 

Sand of Experimental Gardens ... 77‘19 
Sandstone of Craigleith Quarry ... 273*6 

These numbers do not differ much from those given by Pro- 
fessor Forbes, who for the first time derived determinations of 
thermal conductivity in absolute measure from observations of 
terrestrial temperature. In consequence of the peculiar mode 
of reduction followed in the present investigation, it may be 
assumed that the estimates of conductivity now given are closer 
approximations to the truth. To reduce to the English foot as 
unit of length, we must multiply by the square of 1*06575; to 
reduce, further, to the quantity of heat required to raise 1 lb. of 
water by 1° Fah. as unit of heat, we must multiply by C6*447 ; 
and lastly, to reduce to a day as unit of time, we must divide by 
365^. Wo thus find the following results : — 

Trap-rock of Calton Hill 23*5 

Sand of Experimental Gardens.... 15*0 
Sandstone of Craigleith Quarry.... 53*5 

These numbers show the quantities of heat per square foot 
conducted in a day through a lay or of the material 1 foot thick, 
kept with its two surfaces at a difference of temperature of 1° Fah., 
— the unit of heat being, for instance, the quantity required to 
raise 1000 lbs. of water by y^th of a degree in temperature. 
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Art. XCIV. On the Secular Cooling of the Earth. 

[ Transactions of the ltoyal Society of Edinburgh, Vol. XXIII. 

Bead April 28, 18G2.] 

1. For eighteen years it has pressed on my mind, that 
essential principles of Thermo-dynamics have been overlooked by 
those geologists who uncompromisingly oppose all paroxysmal 
hypotheses, and maintain not only that we have examples now 
before us, on the earth, of all the different actions by which its 
crust has been modified in geological history, but that these 
actions have never, or have not on the whole, been more violent 
in past time than they are at present. 

2. It is quite certain the solar system cannot have gone on 
even as at present, for a few hundred thousand or a few million 
years, without the irrevocable loss (by dissipation, not by annihila- 
tion) of a very considerable proportion of the entire energy initially 
in store for sun heat, and for Plutonic action. It is quite certain 
that the whole store of energy in the solar system has been 
greater in all past time, than at present; but it is conceivable 
that the rate at which it has been drawn upon and dissipated, 
whether by solar radiation, or by volcanic action in the earth or 
other dark bodies of the system, may have been nearly equable, 
or may even have been less rapid, in certain periods of the past. 
But it is far more probable that the secular rate of dissipation 
has been in some direct proportion to the total amount of energy 
in store, at any time after the commencement of the present order 
of things, and has been therefore very slowly diminishing from 
age to age. 

3. I have endeavoured to prove this for the sun’s heat, in an 
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article recently published in Macmillan's Magazine *, where I 
have shown that most probably the sun was sensibly hotter a 
million years ago than he is now. Hence, geological speculations 
assuming somewhat greater extremes of heat, more violent storms 
and floods, more luxuriant vegetation, and hardier and coarser- 
grained plants and animals, in remote antiquity, are more pro- 
bable than those of the extreme quictist, or “ uniformitarian,” 
school. A “ middle path,” not generally safest in scientific specu- 
lation, seems to be so in this case. It is probable that hypotheses 
of grand catastrophes destroying all life from the earth, and 
ruining its whole surface at once, are greatly in error; it is 
impossible that hypotheses assuming an equability of sun and 
storms for 1,000,000 years, can be wholly true. 

4. Fourier’s mathematical theory of the conduction of heat 
is a beautiful working out of a particular case belonging to the 
general doctrine of the “ Dissipation of Energy*}*.” A character- 
istic of the practical solutions it presents is, that in each case a 
distribution of temperature, becoming gradually equalised through 
an unlimited future, is expressed as a function of the time, which 
is infinitely divergent for all times longer past than a definite 
determinable epoch. The distribution of heat at such an epoch 
is essentially initial — that is to say, it cannot result from any 
previous condition of matter by natural processes. It is, then, 
well called an “ arbitrary initial distribution of heat,” in Fourier’s 
great mathematical poem, because that which is rigorously ex- 
pressed by the mathematical formula could only be realised by 
action of a power able to modify the laws of dead matter. In 
an article published about nineteen years ago in the Cambridge 
Mathematical Journal I gave the mathematical criterion for an 
essentially initial distribution; and in an inaugural essay, De 
Motu Caloris per Terrce Corpus, road before the Faculty of the 
University of Glasgow in 1846, 1 suggested, as -an application of 
these principles, that a perfectly complete geothermic survey 

* “On the Age of the Sun’s Heat,” March, 1862: [also Popular Lecture s and 
Addressee, Macmillan, 1889]. 

+ Proceedings Royal Soc. Edin. Fob. 1852, “On a Universal Tendency in Nature 
to the Dissipation of Mechanical Energy.” Also, “On the Restoration of Energy 
in an Unequally Heated Space,” Phil, Mag., 1858, first half year. [Articles ux. and 
lxxi. Vol. i. above.] 

t February, 1844. — “Note on Certain ( Points in the Theory of Heat:” [Art. x. 
Vol. t. above.] 
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would give us data for determining an initial epoch in the problem 
of terrestrial conduction. At the meeting of the British Associa- 
tion in Glasgow in 1855, I urged that special geothermic surveys 
should be made for the purpose of estimating absolute dates in 
geology, and I pointed out some cases, especially that of the salt- 
spring borings at Creuznach, in Rhenish Prussia, in which erup- 
tions of basaltic rock seem to leave traces of tlicir igneous origin 
in residual heat*. I hope this suggestion may yet bo taken up, 
and may prove to some extent useful; but the disturbing in- 
fluences affecting underground temperature, as Professor Phillips 
has well shown in a recent inaugural address to the Geological 
Society, are too great to allow us to expect any very precise or 
satisfactory results. 

5. The chief object of the present communication is to 
estimate from the known general increase of temperature in the 
earth downwards, the date ' of the first establishment of that 
consistentior status, which, according to Leibnitz’s theory, is the 
initial date of all geological history. 

6. In all parts of the world in which the earth’s crust has 
been examined, at sufficiently great depths to escape large influence 
of the irregular and of the annual variations of the superficial 
temperature, a gradually increasing temperature has been found 
in going deeper. The rate of augmentation (estimated at only 
yl^th of a degree, Fahr., in some localities, and as much as ^th 
of a degree in others, per foot of descent) has not been observed 
in a sufficient number of places to establish any fair average 
estimate for the upper crust of the whole earth. But -g^th is 
commonly accepted as a rough mean ; or, in other words, it is as- 
sumed as a result of observation, that there is, on the whole, about 
1° Fahr. of elevation of temperature per 50 British feet of descent. 

7. The fact that the temperature increases with the depth 
implies a continual loss of heat from the interior, by conduction 
outwards through or into the upper crust. Hence, since the 
upper crust does not become hotter from year to year, there must 
be a secular loss of heat from the whole earth. It is possible 
that no cooling may result from this loss of heat, but only an 
exhaustion of potential energy, which in this case could scarcely 

# See BritUh Association Report of 1866 (Glasgow) Meeting, [Art. unxvn. 
Vol. ii. above]. 
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bo other than chemical affinity between substances forming part 
of the earth's mass. But it is certain that either the earth is 
becoming on the whole cooler from age to age, or the heat 
conducted out is generated in the interior by temporary dynamical 
(that is, in this case, chemical) action*. To suppose, as Lyell, 
adopting the chemical hypothesis, has done*f*, that the substances, 
combining together, may be again separated electrolytically by 
thermo-electric currents, due to the heat generated by their 
combination, and thus the chemical action and its heat continued 
in an endless cycle, violates the principles of natural philosophy 
in exactly the same manner, and to the same degree, as to believe 
that a clock constructed with a self-winding movement may fulfil 
the expectations of its ingenious inventor by going for ever. 

8. It must indeed be admitted that many geological writers 
of the Uniformitarian school, who in other respects have taken 
a profoundly philosophical view of their subject, have argued in 
a most fallacious manner against hypotheses of violent action in 
past ages. If they had contented themselves with showing that 
many existing appearances, although suggestive of extreme violence 
and sudden change, may have been brought about by long- 
continued action, or by paroxysms not more intense than some of 
which we have experience within the periods of human history, 
their position might have been unassailable ; and certainly could 
not have been assailed except by a detailed discussion of their 
facts. It would be a very wonderful, but not an absolutely in- 
credible result, that volcanic action has never been more violent 
on the whole than during the last two or three centuries ; but it 
is as certain that there is now less volcanic energy in the whole 
earth than there was a thousand years ago, as it is that there is 
less gunpowder in a “Monitor” after she has been seen to dis- 
charge shot and shell, whether at a nearly equable rate or not, 
for five hours without receiving fresh supplies, than there was at 
the beginning of the action. Yet this truth has been ignored or 


* Another kind of dynamical action, capable of generating heat in the interior 
of the earth, is the friction which would impede tidal osoillations if the earth were 
partially or wholly constituted, of viscous matter. See a paper by Prof. G. H. 
Darwin, “On problems connected with the tides of a viscous spheroid,” Phil. 
Proe. Boy. 1879, Part ii. W. T. July, 1883. 
t Principle* of Geology, chap. zzzi. ed. 1853. 
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denied by many of the leading geologists of the present day*, 
because they believe that the facts within their province do not 
demonstrate greater violence in ancient changes of the earth’s 
surface, or do demonstrate a nearly equable action in all periods. 

9. The chemical hypothesis to account for underground heat 
might be regarded as not improbable, if it was only in isolated 
localities that the temperature was found to increase with the 
depth; and, indeed, it can scarcely be doubted that chemical 
action exercises an appreciable influence (possibly negative, how- 
ever) on the action of volcanoes ; but that there is slow uniform 
“ combustion,” eremacansis, or chemical combination of any kind 
going on, at some great unknown depth under the surface 
everywhere, and creeping inwards gradually as the chemical 
affinities in layer after layer are successively saturated, seems 
extremely improbable, although it cannot be pronounced to be 
absolutely impossible, or contrary to all analogies in nature. The 
less hypothetical view, however, that the earth is merely a warm 
chemically inert body cooling, is clearly to be preferred in the 
present state of science. 

10. Poisson’s celebrated hypothesis, that the present under- 
ground heat is due to a passage, at some former period, of the 
solar system through hotter stellar regions, cannot provide the 
circumstances required for a paleontology continuous through 
that epoch of external heat. For from a mean of values of the 
conductivity, in terms of the thermal capacity of unit volume, 
of the earth’s crust, in three different localities near Edinburgh, 
which I have deduced from the observations on underground 
temperature instituted by Principal Forbes there, I find that 
if the supposed transit through a hotter region of space took 
place between 1250 and 5000 years ago, the temperature of that 
supposed region must have been from 25° to 50° Fahr. above the 
present mean temperature of the earth’s surface, to account for 
the present general rate of underground increase of temperature, 
taken as 1° Fahr. in 50 feet downwards. Human history negatives 
this supposition. Again, geologists and astronomers will, I pre- 
sume, admit that tho earth cannot, 20,000 years ago, have been 

* It most be borne in mind that this was written in 1862. The opposite state- 
ment MTumrning the beliefs of geologists 'Would probably be now [1889] nearer the 
truth. W. T. 
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in a region of space 100°Fahr. warmer than its present surface. 
But if the transition from a hot region to a cool region supposed 
by Poisson took place more than 20,000 years ago, the excess of 
temperature must have been more than 100°Fahr., and must 
therefore have destroyed animal and vegetable life. Hence, the 
farther back and the hotter we can suppose Poisson’s hot region, 
the better for the geologists who require the longest periods; 
but the best for their view is Leibnitz’s theory, which simply 
‘supposes the earth to have been at one time an incan- 
descent liquid, without explaining how it got into that state. 
If we suppose the temperature of melting rock to be about 
10,000" Fahr. (an extremely high estimate), the consolidation may 
have taken place 200,000,000 years ago. Or, if we suppose the 
temperature of melting rock to be 7000° Fahr. (which is more 
nearly what it is generally assumed to be), we may suppose the 
consolidation to have taken place 98,000,000 years ago. 

11. These estimates are founded on the Fourier solution 
demonstrated below. The greatest variation we have to make on 
them, to take into account the differences in the ratios of con- 
ductivities to specific heats of the three Edinburgh rocks, is to 
reduce them to nearly half, or to increase them by rather more 
than half. A reduction of the Greenwich underground observations 
recently communicated to me by Professor Everett of Windsor, 
Nova Scotia [now, 1889, of Queen’s College, Belfast], gives for the 
Greenwich rocks a quality intermediate between those of the 
Edinburgh rocks. But we are very ignorant as to the effects 
of high temperatures in altering the conductivities and specific 
heats of rocks, and as to their latent heat of fusion. We must, 
therefore, allow very wide limits in such an estimate as I have 
attempted to make ; but I think we may with much probability 
say that the consolidation cannot have taken place less than 
20,000,000 years ago, or we should have more underground 
heat than we actually have, nor more than 400,000,000 years 
ago, or we should not have so much as the least observed un- 
derground increment of temperature. That is to say, I conclude 
that Leibnitz’s epoch of emergence of the consistentior status 
was probably between those dates. 

12. The mathematical theory on which these estimates are 
founded is very simple, being in fact merely an application of 
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one of Fourier's elementary solutions to the problem of finding 
at any time the rate of variation of temperature from point to 
point, and the actual temperature at any point, in a solid extending 
to infinity in all directions, on the supposition that at an initial 
epoch the temperature has had two different constant values on 
the two sides of a certain infinite piano. The solution for the 
two required elements is as follows : — 

dv V _*L 

v = v (l + 

iJitJo 

where k denotes the conductivity of the solid, measured in terms 
of the thermal capacity of the unit of bulk ; 

V, half the difference of the two initial temperatures ; 
v 0 , their arithmetical mean ; 
t, the time ; 

x, the distance of any point from the middle plane ; 
v, the temperature of the point x at time t ; 
and, consequently (according to the notation of the differential 
calculus), dv/dx the rate of variation of the temperature per unit 
of length perpendicular to the isothermal planes. 

13. To demonstrate this solution, it is sufficient to verify — 

(1) That the expression for v satisfies Fourier’s equation for 

the linear conduction of heat, viz. ; 

dv _ d?v 

dt~ K da? * 

(2) That when t = 0, the expression for v becomes v 0 +V for 

all positive, and v 0 — V for all negative, values of x ; 
and (3), That the expression for dv/dx is the differential coeffi- 
cient of the expression for v with reference to x. 

The propositions (1) and (3) are proved directly by differentia- 
tion. To prove (2), we have, when t~ 0, and x positive, 

v = v 0 + ~ f dze ~ **, 

7T Jo 

or according to the known value, £ s/tt, of the definite integral 
I dze~‘\ v = v 0 + V'\ 
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and for all values of t, the second term has equal positive and 
negative values for equal positivo and negative values of x, so that 
when t = 0 and x negative, 

v = v 0 — V. 

The admirable analysis by which Fourier arrived at solutions 
including this, forms a most interesting and important mathe- 
matical study. It is to be found in his Theorie Analytique de la 
Chalenr. Paris, 1822. 

14. The accompanying diagram (page 303) represents, by two 
curves, the preceding expressions for dv/dx, and v respectively. 

15. The solution thus expressed and illustrated applies, for a 
certain time, without sensible error, to the case of a solid sphere, 
primitively heated to a uniform temperature, and suddenly ex- 
posed to any superficial action, which for ever after keeps the 
surface at some other constant temperature. If, for instance, the 
case considered is that of a globe, 8000 miles in diameter, of solid 
rock, the solution will apply with scarcely sensible error for more 
than 1000 millions of years. For, if the rock be of a certain 
average quality as to conductivity and specific heat, the value of 
k, as I have shown in a previous communication to the Royal 
Society*, will be 400, to unit of length a British foot and unit 
of time a year ; and the equation expressing the solution becomes 

Y — . _L . 6 - *»/ 1600 1 . 

dx 35-4 V* 

and if we give t the value 1,000,000,000, or anything less, the ex- 
ponential factor becomes less than c -6 ' 6 (which being equal to about 
1/270, may be regarded as insensible), when x exceeds 3,000,000 
feet, or 568 miles. That is to say, during the first 1000 million 
years the variation of temperature does not become sensible at 
depths exceeding 568 miles, and is therefore confined to so thin 
a crust, that the influence of curvature may be neglected. 

16. If, now, we suppose the time to be 100 million years 
from the commencement of the variation, the equation becomes 


dv 1 

dx , 3*54 x 10® 


JTg-aSVlOOOxlO* t 


* “ On the Redaction of Observations of Underground Temperature." Trane. 
Hoy. Soc. Edin., March, 1860 [Art. xcm. above]. 
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INCREASE OF TEMPERATURE DOWNWARDS IN THE EARTH. 


ON=x. 


a — 2 


NP'=he~ tfita *=y'. 


NP=area ONP'A 4 



V 


tlv_V 
dx~~ a * 

-v 0 =V. 


NP 

hJ*‘ 

NP 

h . ^ yjir 


The curve OPQ shows excess of temperature above that of the surface. 
The curve A P f R shows rate of augmentation 0 f temperature down wards. 



* A table of the values of this integral, sometimes now called the “Error 
Function/’ is to be found in Table in. of De Morgan’s article on “The Theory 
of Probabilities,” Encyclopaedia Metropolitan^ Edition 1845, Vol. n. W. T. 
March 27, 1889. 
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The diagram, therefore, shows the variation of temperature which 
would now exist in the earth, if its whole mass being first solid 
and at one temperature 100 million years ago, the temperature 
of its surface had been everywhere suddenly lowered by V degrees, 
and kept permanently at this lower temperature : the scales used 
being as follows : — 

(1) For depth below the surface, — scale along OX, length a, 
represents 400,000 feet. 

(2) For rate of increase of temperature per foot of depth, — 

scale of ordinates parallel to OY, length b, represents of 

V per foot. If, for example, V = 7000° Fahr., this scale will be 
such that b represents ^ of a degree per foot. 

(3) For excess of temperature, — scale of ordinates parallel to 
OY, length b, represents F/£Vw, or 7900°, if V = 7000° Fahr. 

t 

Thus the rate of increase of temperature from the surface 
downwards would be sensibly ^ of a degree per foot for the first 
100,000 feet or so. Below that depth the rate of increase per 
foot would begin to diminish sensibly. At 400,000 feet it would 
have diminished to about T -| T of a degree per foot. At 800,000 
feet it would have diminished to less than JL. of its initial value, 
— that is to say, to less than a of a degree per foot ; and so on, 
rapidly diminishing, as shown in the curve. Such is, on the 
whole, the most probable representation of the earth’s present 
temperature, at depths of from 100 feet, where the annual 
variations cease to be sensible, to 100 miles ; below which the 
whole mass, or all, except a nucleus cool from the beginning, is 
(whether liquid or solid) probably at, or very nearly at, the 
proper melting temperature for the pressure at each depth. 

17. The theory indicated above throws light on the question 
so often discussed as to whether terrestrial heat can have in fl uenc e d 
climate through long geological periods, and allows us to answer 
it very decidedly in the negative. There would be an increment of 
temperature at the rate of 2° Fahr. per foot downwards near the 
surface, 10,000 years after the beginning of the cooling, in the 
case we have supposed. The radiation from earth and atmosphere 
into space (of which we have yet no satisfactory absolute measure- 
ment) would almost certainly be so rapid in the earth’s actu al 
circumstances, as not to allow a rate of increase of 2° Fahr. per 
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foot underground to augment the temperature of the surface by 
much more than about 1° ; and hence I infer that the general 
climate cannot be sensibly affected by conducted heat, at any time 
more than 10,000 years after the commencement of superficial 
solidification. No doubt, however, in particular places there might 
be an elevation of temperature by thermal springs, or by eruptions 
of melted lava, and everywhere vegetation would, for the first 
three or four million years, if it existed so soon after the epoch of 
consolidation, be influenced by the sensibly higher temperature 
met with by roots extending a foot or more below the surface. 

18. Whatever the amount of such effects is at any one time, 
it would go on diminishing according to the inverse proportion of 
the square roots of the times from the initial epoch. Thus, if at 
10,000 years we have 2° per foot of increment below ground, 

At 40,000 years we should have 1° per foot. 


160,000 „ 

99 


4,000,000 

99 


100,000,000 „ 

II 

»» 


It is, therefore, probable that for the last 96,000,000 years the rate 
of increase of temperature underground has gradually diminished 
from about -j^th to about gf^th of a degree Fahrenheit per foot, 
and that the thickness of the crust through which any stated de- 
gree of cooling has been experienced has in that period gradually 
increased up to its present thickness from £th of that thickness. 
Is not this, on the whole, in harmony with geological evidence, 
rightly interpreted ? Do not the vast masses of basalt, the general 
appearances of mountain ranges, the violent distortions and frac- 
tures of strata, the great prevalence of metamorphic action (which 
must have taken place at depths of not many miles if so much), 
nil agree in demonstrating that the rate of increase of temperature 
downwards must have been much more rapid, and in rendering it 
probable that volcanic energy, earthquake shocks, and every kind 
of so-called Plutonic action, have been, on the whole, more abun- 
dantly and violently operative in geological antiquity than in the 
present age ? 

19. But it may be objected to this application of mathe- 
matical theory — (I), That the earth was once all melted, or at 
least melted all round its surface, and cannot possibly, or rather 
cannot with any probability, be supposed to have been ever a uni- 
T. ill. 20 
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formly heated solid, 7000° Fahr. warmer than our present surface 
temperature, as assumed in the mathematical problem; and (2), 
No natural action could possibly produce at one instant, and 
maintain for ever after, a seven thousand degrees’ lowering of 
the surface temperature. Taking the second objection first, I 
answer it by saying, what I think cannot be denied, that a large 
mass of melted rock, exposed freely to our air and sky, will, after 
it once becomes crusted over, present in a few hours, or a few 
days, or at the most a few weeks, a surface so cool that it can be 
walked over with impunity. Hence, after 10,000 years, or, indeed, 
I may say after a single year, its condition will be sensibly the 
samo as if the actual lowering of temperature experienced by the 
surface had been produced in an instant and maintained constant 
ever after. I answer the first objection by saying, that if experi- 
menters will find the latent heat of fusion, and the variations of 
conductivity and specific heat of the earth’s crust up to its melting 
point, it will be easy to modify the solution given above, so as 
to make it applicable to the case of a liquid globe gradually 
solidifying from without inwards, in consequence of heat conducted 
through the solid crust to a cold external medium. In the mean- 
time, we can see that this modification will not make any con- 
siderable change in the resulting temperature of any point in 
the crust, unless the latent heat parted with on solidification 
proves, contrary to what we may expect from analogy, to be con- 
siderable in comparison with the heat that an equal mass of the 
solid yields in cooling from the temperature of solidification to the 
superficial temperature. But, what is more to the purpose, it is 
to be remarked that tlio objection, plausible as it appears, is 
altogether fallacious, and that the problem solved above cor- 
responds much more closely, in all probability, with the actual 
history of the earth, than does the modified problem suggested by 
the objection. The earth, although once all melted, or melted 
all round its surface, did, in all probability, really become a solid 
at its melting temperature all through, or all through the outer 
layer, which had been melted ; aqd not until the solidification was 
thus complete, or nearly so, did the surface begin to cool. That 
this is the true view can scarcely be doubted, when the following 
arguments are considered. 

20. In the first place, we shall assume that at one time the 
earth consisted of a solid nucleus, covered all round with a very 
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deep ocean of melted rocks, and left to cool by radiation into 
space. This is the condition that would supervene, on a cold body 
much smaller than the present earth meeting a great number 
of cool bodies still smaller than itself, and is therefore in ac- 
cordance with what we may regard as a probable hypothesis re- 
garding the earth’s antecedents. It includes, as a particular case, 
the commoner supposition, that the earth was once melted 
throughout, a condition which might result from the collision of 
two nearly equal masses. But the evidence which has convinced 
most geologists that the earth had a fiery beginning, goes but a 
very small depth below the surface, and affords us absolutely no 
means of distinguishing between the actual phenomena, and those 
which would have resulted from either an entire globe of liquid 
rock, or a cool solid nucleus covered with liquid to any depth 
exceeding 50 or 100 miles. Hence, irrespectively of any hypo- 
thesis as to antecedents from which the earth’s initial fiery con- 
dition may have followed by natural causes, and simply assuming, 
as rendered probable by geological evidence, that there was at one 
time melted rock all over the surface, we need not assume the 
depth of this lava ocean to have been more than 50 or 100 miles ; 
although we need not exclude the supposition of any greater 
depth, or of an entire globe of liquid. 

21. In the process of refrigeration, the fluid must (as I have 
remarked regarding the sun, in the recent article in Macmillan’s 
Magazine* already referred to, and regarding the earth’s atmo- 
sphere, in a communication to the Literary and Philosophical 
Society of Manchester*!*) be brought by convection, to fulfil a 
definite law of distribution of temperature which I have called 
"convective equilibrium of temperature.” That is to say, the 
temperatures at different parts in the interior must, in any great 
fluid mass which is kept well stirred, differ according to the 
different pressures by the difference of temperatures which any 
one portion of the liquid would present, if given at the tempera- 
ture and pressure of any one part, and then subjected to variation 
of pressure, while prevented from losing or gaining beat. The 

* "On the Age of the Sun’s Heat,” March, 1862: also Popular Lectures and 
Addressee, Vol. i. Macmillan, 1889. 

t "On the Convective Equilibrium of Temperature in the Atmosphere,” read 
Jan. 21, 1862: published in the Memoirs, Vol. n. of 8rd Series; [Art. xon. above, 
Appendix B.] 

20—2 
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re ason for this is the extreme slowness of true thermal conduc- 
tion; and the consequently preponderating influence of groat 
currents throughout a continuous fluid mass, in determining the 
distribution of temperature through the whole. 

22. The thermo-dynamic law connecting temperature and 
pressure in a fluid mass, not allowed to lose or gain heat, investi- 
gated theoretically, and experimentally verified in the cases of air 
and water, by Dr Joule and myself*, shows, therefore, that the 
temperature in the liquid will increase from the surface down- 
wards, if, as is most probably the case, the liquid contracts in 
cooling. On the other hand, if the liquid, like water near its 
freezing point, expanded in cooling, the temperature, accord- 
ing to the convective and thermo-dynamic laws just stated 
(§§ 21, 22), would actually be lower at great depths than near 
the surface, even although the liquid is cooling from the surface ; 
but there would be a very thin superficial layer of lighter and 
cooler liquid, losing heat by true conduction, until solidification at 
the surface would commence. 

23. Again, according to the thermo-dynamic law of freezing, 
investigated by my brother, Professor James Thomson *f*, and 
verified by myself experimentally for water J, the temperature 
of solidification will, at great depths, because of the great pressure 
there, be higher there than at the surface if the fluid contracts, or 
lower than at the surface if it expands, in becoming solid. 

24. How the temperature of solidification, for any pressure, 
may be related to the corresponding temperature of fluid con- 

* Joule, “On the Changes of Temperature produced by the Rarefaction and 
Condensation of Air,” Philosophical Magazine, May, 1845 j or Joule's Scientific 
Papers, Vol. i. London, 1884. Thomson, “On a Method for Discovering Experi- 
mentally the Mechanical Work spent, and the Heat produced by the Compression 
of a Gaseous Fluid,” Trans. Roy. Soc. Edin., Vol. xx. Part n., read April 21, 1851 ; 
Philosophical Magazine, December, 1862 [Art. xlviii. Part iv. §§ 61-80, Vol. x. 
above]. Joule and Thomson, “On the Thermal Effects of Fluids in Motion,” 
Trans. Roy. Soc., read June 16, 1853, and June 16, 1854 [Art. xlix. Vol. i. 
above]. Thomson, “On the Alterations of Temperature accompanying Changes 
of Pressure in Fluids,” Proc. Roy. Soc., Vol. viii., read June 15, 1857 [Art. xcix. 
App. A., above]. 

+ “ Theoretical Considerations Regarding the Effect of Pressure on the Freezing 
Point of Water,” Trans. R. S. E., Jan. 1849. [Appendix to Art. xx,i. Vol. i. above.] 

t Proceedings R. S. E., Jan. 1850; Philosophical Magazine, 1850, Vol. xxxvix. 
to. [Art. xlii. Vol. i. above]. 
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vective equilibrium, it is impossible to say, without knowledge 
which we do not yet possess, regarding the expansion with heat, 
and the specific heat of the fluid, and the change of volume and 
the latent heat developed in the transition from fluid to solid. 

25. For instance, supposing, as is most probably true, both 
that the liquid contracts in cooling towards its freezing-point, and 
that it contracts in freezing; we cannot tell, without definite 
numerical data regarding those elements, whether the elevation 
of the temperature of solidification, or of the actual temperature 
of a portion of the fluid given just above its freezing point, pro- 
duced by a given application of pressure, is the greater. If the 
former is greater than the latter, solidification would commence 
at the bottom, or at the centre if there is no solid nucleus to begin 
with, and would proceed outwards; and there could be no com- 
plete permanent incrustation all round the surface till the whole 
globe is solid, with, possibly, the exception of irregular, com- 
paratively small spaces of liquid. 

26. If, on the contrary, the elevation of temperature, produced 
by an application of pressure to a given portion of the fluid, is 
greater than the elevation of the freezing temperature produced 
by the same amount of pressure, the superficial layer of the fluid 
would be the first to reach its freezing point, and the first actually 
to freeze. 

27. But if, according to the second supposition of § 22 above, 
the liquid expanded in cooling near its freezing-point, the solid 
would probably likewise be of less specific gravity than the liquid at 
its freezing-point. Hence the surface would crust over permanently 
with a crust of solid, constantly increasing inwards by the freezing 
of the interior fluid in consequence of heat conducted out through 
the crust. The condition most commonly assumed by geologists 
would thus be produced. 

28. But Bischof’s experiments, upon the validity of which, so 
far as I am aware, no doubt has ever been thrown, show that 
melted granite, slate, and trachyte, all contract by something about 
20 per cent, in freezing. We ought, indeed, to have more experi- 
ments on this most important point, both to verify Bischofs results 
on rocks, and to learn how the ; case is with iron and other un- 
oxydised metals. In the meantime we must assume it as probable 
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that the melted substance of the earth did really contract by a 
very considerable amount in becoming solid. 

29. Hence, if according to any relations whatever among the 
complicated physical circumstances concerned, freezing did really 
commence at the surface, either all round or in any part, before 
the whole globe had become solid, the solidified superficial layer 
must have broken up and sunk to the bottom, or to the centre, 
before it could have attained a sufficient thickness to rest stably 
on the lighter liquid below. It is quite clear, indeed, that if at 
any time the earth were in the condition of a thin solid shell of, 
let us suppose 50 feet or 100 feet thick of granite, enclosing a 
continuous melted mass of 20 per cent, less specific gravity in its 
upper parts, where the pressure is small, this condition cannot 
have lasted many minutes. The rigidity of a solid shell of super- 
ficial extent, so vast in comparison with its thickness, must be as 
nothing, and the slightest disturbance must cause sonic part to 
bend down, crack, and allow the liquid to run out over the whole 
solid. The crust itself must in consequence become shattered into 
fragments, which must all sink to the bottom, or to meet in the 
centre and form a nucleus there if there is none to begin with. 

30. It is, however, scarcely possible, that any such continuous 
crust can ever have formed all over the melted surface at one time, 
and afterwards have fallen in. The mode of solidification conjec- 
tured in § 25 above, seems on the whole the most consistent with 
what we know of the physical properties of the matter concerned. 
So far as regards the result, it agrees, I believe, with the view 
adopted as the most probable by Mr Hopkins*. But whether from 
the condition being rather that described in § 26 above, which 
seems also possible, for the whole or for some parts of the hetero- 
geneous substance of the earth, or from the viscidity as of mortar, 
which necessarily supervenes in a melted fluid, composed of in- 
gredients becoming, as the whole cools, separated by crystallising 
at different temperatures, before the solidification is perfect, and 
which we actually see in lava from modern volcanoes; it is 
probable that when the whole globe, or some very thick superficial 
layer of it, still liquid or viscid, has cooled down to near its tempe- 
rature of .perfect solidification, incrustation at the surface must 
commence. 

* See his Report on “ Earthquakes tfnd Voleanic Action,” British Association 
Report for 1847. 
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31. It is probable that crust may thus form over wide extents 
of surface, and may be temporarily buoyed up by the vesicular 
character it may have retained from the ebullition of the liquid 
in some places; or, at all events, it may be held up by the viscidity 
of the liquid, until it has acquired some considerable thickness 
sufficient to allow gravity to manifest its claim, and sink the 
heavier solid below the lighter liquid. This process must go on 
until the sunk portions of crust build up from the bottom a 
sufficiently close ribbed solid skeleton or frame, to allow fresh 
incrustations to remain bridging across the now small areas of 
lava pools or lakes. 

32. In the honey-combed solid and liquid mass thus formed, 
there must be a continual tendency for the liquid, in consequence 
of its less specific gravity, to work its way up ; whether by masses 
of solid falling from the roofs of vesicles or tunnels, and causing 
earthquake shocks, or by the roof breaking quite through when 
very thin, so as to cause two such hollows to unite, or the liquid 
of any of them to flow out freely over the outer surface of the 
earth ; or by gradual subsidence of the solid, owing to the thermo- 
dynamic melting, which portions of it, under intense stress, must 
experience, according to views recently published by my brother. 
Professor James Thomson*. The results which must follow from 
this tendency seem sufficiently great and various to acount for all 
that we see at present, and all that we learn from geological in- 
vestigation, of earthquakes, of upheavals and subsidences of solid, 
and of eruptions of melted rock. 

33. These conclusions, drawn solely from a consideration of 
the necessary order of cooling and consolidation, according to 
Bischof’s result as to the relative specific gravities of solid and of 
melted rock, are in perfect accordance with what I have recently 
demonstrated 'f* regarding the present condition of the earth’s in- 
terior, — that it is not, as commonly supposed, all liquid within a 
thin solid crust of from 30 to 100 miles thick, but that it is on the 
whole more rigid certainly than a continuous solid globe of glass 
of the same diameter, and probably than one of steeL 

* “On CxyBtallization and Liquefaction as influenced by Stresses tending to 
Change of Form in Crystals,” Proceedings of the Royal Society , Vol. xx.» read 
Dee. 5 9 1861. 

t In a paper “On the Rigidity of the Earth,” communicated to the Royal 
Society a few days ago; April* 1862 [Art. xcv. below]. 
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Art. XCV. On the Rigidity of the Earth; Sihftings of 
the Earth’s Instantaneous Axis of Rotation; and Ir- 
regularities of the Earth as a Timekeeper. 

[ Transactions Roy . Soc. 1863; read May 15, 1862: and incorporating, instead 
of §§ 21-32 of the original paper, the Opening Address to Sec. A. of the British 
Association, Glasgow meeting, 1876 ; Brit. Association Report , 1876.J 

1. That the earth cannot, as many geologists suppose, be a 
liquid mass enclosed in only a thin shell of solidified matter, is 
demonstrated by the phenomena of precession and nutation. Mr 
Hopkins*, to whom is due the grand idea of thus learning the 
physical condition of the interior from phenomena of rotatory 
motion presented by the surface, applied mathematical analysis to 
investigate the rotation of rigid ellipsoidal shells enclosing liquids, 
and arrived at the conclusion that the solid crust of the earth must 
be not less than 800 or 1000 miles thick. Although the mathe- 
matical part of the investigation might be objected to, I have not 
been able to perceive any force in the arguments by which this 
conclusion has been controverted, and I am happy to find my 
opinion in this respect confirmed by so eminent an authority as 
Archdeacon Pratt f. 

2. It has always appeared to me, indeed, that Mr Hopkins 
might have pressed his argument further, and have concluded that 
no continuous liquid vesicle at all approaching to the dimensions 
of a spheroid 6000 miles in diameter can possibly exist in the 
earths interior without rendering the phenomena of precession 
and nutation very sensibly different from what they are. 

3. Considerations regarding the velocities of long waves in 
deep sea, of tidal waves and of earthquake waves, and the har- 
monic vibrations of a liquid globe, having recently led me to think 

* Transactions Roy . Soc., .years 1839, 1840, 1842. 
t Figure of the Earth , edit. 1860, 8 85. 
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of the relative values of gravitation and elasticity in giving rigidity 
to the earth’s figure, I was surprised to find that the former would 
have a larger share in this effect than the latter, unless the average 
substance of the earth had a very high degree of rigidity. For 
instance, I found that a homogeneous incompressible liquid globe 
of the same density as the mean density of the earth, if changed 
to a spheroidal form and then left free, influenced only by mutual 
gravitation of its parts, would perform simple harmonic vibrations 
in 47 m 12' half-period*. A steel globe of the same dimensions, 
without mutual gravitation of its parts, could scarcely oscillate so 
rapidly, since the velocity of plane waves of distortion in steel is 
only about 10,140 feet per second, at which rate a space equal to 
the earth’s diameter would not be travelled in less than l h 8“ 40*. 


4. Hence it is obvious that, unless the average substance of 
the earth is more rigid than steel, its figure must yield to the dis- 
torting forces of the moon and sun, not incomparably less than it 
would if it were fluid. To illustrate this conclusion, I have in- 
vestigated the deformation experienced by a homogeneous clastic 
spheroid under the influence of any arbitrarily given disturbing 
forces -f-. I thus find that if 2 K denote the difference between the 
longest and shortest diameters of the tidal spheroid, calculated on 
the supposition that the substance is of homogeneous (and there- 
fore incompressible) fluid, and 2 h the difference between the longest 
and shortest diameters of the spheroid into which the same mass, 
if of homogeneous incompressible solid matter, would be defonned 
from a naturally spherical figure when exposed to the same lunar 
or solid disturbing influence, we have (see § 40, Appendix to this 
paper) 

h 


h= 


n 


1 + 19 

2 gwr 


where w denotes the mass of unit volume, 

n, the “ rigidity” of the substance (see § 71 of Art. XCVI. 
below); 

g, the force of gravity on a unit of mass at the surface ; 
and r, the radius of the globe. 


* Thin is demonstrated in §§ 55 — 58 of “Dynamical Problems regarding Elastic 
Spheroidal Shells, &o.” Transactions Roy. Soe. 1865, read Nov. 27, 1862 [Art. xcvx. 
below]. 

t The solution of this problem will be found in §g 47, 48 of the paper referred 
to above. 
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5. The density of iron or steel (7'8 times that of water) does 
not differ very much from the mean density of the earth (5*5 
times that of water according to Cavendish’s experiment). The 
rigidity of iron, according to experiments of my brother. Professor 
James Thomson* is 10,800,000 lbs. per square inch. Since the 
weight of 1 lb. at Glasgow, where the experiment was made, is 
32*2 British absolute units of force, we must multiply by 32*2 
to reduce to kinetic measure as to force; and we must multiply by 
144 to make the unit of area a square foot instead of a square 
inch. We thus find, in consistent absolute measure, 

n = 501 x 10 8 , 

— the unit of mass being 1 lb., the unit of space 1 foot, and the unit 
of force that force which, acting on one pound of matter during a 
mean solar second of time, generates a velocity of 1 foot per 
second. In terms of the same units we have r = 20,887,700 ; 
g as 32*14, being about the average over all the earth; and for iron 
or steel w = 487. Hence 

, h' h' 

h ~ 19 501 x 10 8 — 2*44 “ • 

1 + 2 * 3308 x 10 8 

Of glass, the rigidity is, according to Wcrtheim, about one-fifth of 
the value we have just used as that of iron ; and therefore if the 
earth were homogeneous of its actual mean density, and had 
throughout the same rigidity as that of glass, the result would be 

h = -78h\ 

6. Hence it appears that if the rigidity of the earth, on the 
whole, were only as much as that of steel or iron, the earth as a 
whole would yield about two-fifths as much to the tide-producing 
influences of the sun and moon as it would if it had no rigidity at 
all; and it would yield by more than three-fourths of the fluid 
yielding, if its rigidity were no more than that of glass. 

7. Such a deformation as this would be quite undisco verable 
by any direct geodetical or astronomical observations; but if it 
existed, it would largely influence the actual phenomena of the 
tides and of precision and nutation. 

* “ On the Elasticity and Strength of Spiral Springs, and of Bars subjected to 
Torsion,” Cambridge and Dublin Mathematical Journal, 1848. 
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§§ 8—20. Effect of the Earth's Elastic Yielding on the Tides. 

8. To find the effect of the earth’s elastic yielding on the 
tides, let 2 H denote the difference between the greatest and least 
diameters of the spheroidal surface perpendicular to the resultant 
of the lunar or solar disturbing force* and let terrestrial gravita- 
tion be supposed perfectly symmetrical about the centre, then 
Bjr will be the ellipticity of that spheroid ; and we shall call it 
the ellipticity of level produced by the lunar or solar influence on 
a rigid earth. It may be remarked that H is the height of high 
water above low water in the “equilibrium tide” of an ocean of 
infinitely small density covering a rigid earth. 


9. Let IT denote the height of the equilibrium tide for an 
ocean of density ljN of the earth’s mean density, the earth being 
still supposed perfectly rigid and covered by the ocean. Then the 
terrestrial gravitation level will be disturbed (as is proved in the 
theory of the attraction of ellipsoids) from the spherical surface to 

3 1 IT 

the spheroidal surface of ellipticity ^ , by the attraction 

of the ocean in its altered figure. The ellipticity of level induced 
by lunar or solar influence must be added to this to give the 
ellipticity of actual level, which is of course the ellipticity of the 
free equilibrium surface of the ocean, or according to our nota- 
tion JET/r. Hence 

ff_H 3 1 IT 
r ~~ r + 5”iT r ’ 


by which we find 



H 

3 1/ 

5’N 


For sca-water the value of N is about 5'5 ; and therefore 


ZT=||h=112H, 

or only 12 per cent, more than for an ocean of infinitely small 
density. 


* This "disturbing force” is of course the resultant of the actual attraction of 
either body on a unit of mass in any position, and a force equal and opposite to its 
attraction on a unit of mass at the earth’s centre. 
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10. What we have denoted in § 4 above by h', is the value 
of /T, for N — 1 ; and therefore 

k=\h. 


and 


h = 


H 


1+T-” 

2 gwr 


11. Now, according to a proposition regarding the attraction 

of ellipsoids already used, we have ^ ~ for the ellipticity in the 

terrestrial gravitation level, produced by the ellipticity of de- 
formation h/r experienced in consequence of want of perfect rigidity. 
Hence the ellipticity of the terrestrial gravitation level, as disturbed 

by lunar or solar influence, is ^ . - + — . This will be the absolute 
J or r 

tidal equilibrium ellipticity of an ocean of infinitely small density 

covering the elastic globe ; but since there is a tidal ellipticity h/r 

induced in the solid itself, the height from low tide to high tide 

of fluid relatively to solid (that is to say, the difference of depth 

between high water and low water) will be 


l h + H) - h = H - 1 h ; 
o J 5 


or, according to the value of h just found (§ 10), 


19 

2 



U 


1 


19 n 
"** 2 * gwr 


12. This result expresses strictly the height of the equilibrium 
tide of a liquid of infinitely small density covering an elastic solid 
globe. It may be regarded as a better expression of the true tidal 
tendency on the actual ocean, than the slightly different result 
calculated with allowance for the effect of the attraction of the 
altered watery figure constituting the equilibrium spheroid, and its 
influence on the figure of the elastic solid ; since the impediments 
of land and the influence of the sea-bottom, render the actual 
ocean surface altogether different from that of the equilibrium 
spheroid. 



XCV.] ON THE RIGIDITY OF THE EARTH, &C. 317 


13. Hence the actual tidal tendency, which would be if if 
the earth were perfectly rigid, is in reality 

19 n „ 

2 ' 

i+5. 5 -' 

2 gwr 

where n denotes what we may call the earth's tidal effective 
rigidity , being the “rigidity” of a homogeneous incompressible 
solid globe of equal mass which, with an ocean equal and similar 
to the earth's, would exhibit the same tides. 


14. If, for example, we give n the value for iron or steel above 
indicated, the formula becomes *59 x II. The comparison between 
theory and observation, owing to the extreme complexity of the 
circumstances, has been hitherto so imperfect that we cannot say 
it disproves this result ; and therefore, from tidal phenomena 
hitherto observed, we cannot infer that the earth is more effectively 
rigid than steel. 

15. The value of n for glass, according to Wertheim, is 
2160000 x 144 x 3 2 2, in British absolute units ; and it reduces 
the formula to ‘22 H. Now, imperfect as the comparison between 
theory and observation as to the absolute height of the tides has 
been hitherto, it is scarcely possible to believe that the height is 
iu reality only two-ninths of what it would be if, as has hitherto 
been universally assumed in tidal investigations, the earth were 
perfectly rigid. It seems therefore nearly certain, with no other 
evidence than is afforded by the tides, that the tidal effective 
rigidity of the earth must bo greater than that of glass. 

16. Any approach to a close testing of the absolute amount 
of the tidal influence can scarcely be expected of either of the two 
great Kinetic* theories — the Oceanic theory of Laplace, or the 

* Dynamics meaning properly the science of force, and there being precedents 
of the very highest kind, for instance, in Delaunay’s MScanique Rationelle , of 1861, 
and Robison’s Mechanical Philosophy of 1804, in favour of using the term according 
to its proper meaning — and the modern corrupt usage, which has confined it to the 
branch of dynamical science in which relative motion is considered, being ex- 
cessively inconvenient and vexatious, — it has been proposed to introduce the term 
"kinetics” to express this branch; bo that dynamics may be defined simply as the 
* * science of force,” and divided into the too branches, Statics and Kinetics. The 
introduction of this new term, derived from tcivq&is, motion , or act of moving, does 
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Channel theory of Airy, — as applied to diurnal or semidiurnal 
tides; but notwithstanding the strong contempt which has been 
expressed by the last-mentioned naturalist* (no doubt justly as 
regards false applications of it) for the equilibrium theoryf*, we 
may look to it confidently for good information when it is applied 
to test the difference between mean fortnightly variations of sea- 
level at two well-chosen stations, one in a low latitude and the 
other in a high latitude. (See Note (§ 39) at the end of this 
paper.) 

17. The fortnightly tide + at each pole gives high water 
when the moon’s declination (A), whether north or south, is 
greatest, and low water when she crosses the equator; and the 
whole difference in level produced by it would be 

//'sin 1 A 

if the earth were all covered with water. The*mcan daily level at 
the equator, on the same supposition, woidd vary by half that 
amount, being low water when the moon is furthest from the 
equator, and high water when she crosses the equator. But 
owing to the actual distribution of land and water, either of those 
variations may be diminished by an amount which it is impossible 
to estimate theoretically; but then the other must be increased 
by nearly the same amount. And if a denote the mean height of 
the sea-level above a fixed mark at the earth’s north pole, about 
the times when the moon’s declination is greatest, b the cor- 
responding mean of observations about times when she is crossing 
the equator, a and V corresponding means derived from observa- 
tion at an equatorial station, and t H something intermediate 
between II and H', we must have 

a — b + b'—a' = % ,17 sin* A, 

whatever be the distribution of land and water over the earth, 

not interfere with Amp&re’s term, now universally accepted, “kinematics” (from 
Klvrifia ), the science of movements . 

* “Naturalist. A person well versed in Natural Philosophy.”— Johnson’s 
Dictionary . Armed with this authority, chemists, electricians, astronomers, and 
mathematicians may surely claim to be admitted along with merely descriptive 
investigators of nature to the honourable and convenient title of Naturalist, and 
refuse to accept so un-English, unpleasing, and meaningless a variation from old 
usage as “physicist.” 

t Encyclopedia Metropolitan , Airy’s* “Tides and Waves,” gg 64, 539, Ac. 

t Airy’s Tides and Waves , g 45. 
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only provided the fortnightly tide follows sensibly the equilibrium 
law, which, for moderately well-chosen stations, we may suppose it 
must do. 


18. If, instead of being at a pole and at the equator, the 
stations are in latitudes respectively l and l', we should have 

a — b + b' — a^^H sin* A (sin* l — sin* V). 

Now if we suppose the moon’s mass to be ^ of the earth’s, we 
have U = 1’92 foot. As H' = ri2 II, and as there is more area of 
water than of land over the earth, we cannot be far wrong in 
taking t H = 108 H = 2 04 feet. 

The greatest value of A is 28° 37' ; and hence, in the most 
favourable lunations, 

a — b + b' — a' = ’713 foot x (sin* l — sin* f). 

19. Iceland and Tencriffe, in nearly the same longitude, and 
in latitudes 63° 20' and 28° 30', would probably be very favourable 
stations. For them sin* l — sin* l = ‘571 ; and therefore 

a — b + b' — a = 0 407 foot, 

or about 4 9 inches. 

It is probable that carefully made and reduced observations, 
with proper allowance for barometric disturbances, at two such 
stations, would not only detect this tide, but would give a tolerably 
accurate determination of its amount. 

20. It would be, for Iceland and Teneriffe, as found above, 
4‘9 inches if the earth were perfectly rigid ; or 3 inches if the 
tidal effective rigidity is only that of steel ; or about an inch if the 
tidal effective rigidity is only that of glass. 

There seems no more hopeful way to ascertain how rigid the 
earth really is, than to make careful observations with a view to 
determining the fortnightly tide with all possible accuracy. It is 
possible also that very accurate observations on the semi-diurnal 
tides in a deep inland lake of great extent, or at distant points of 
the Mediterranean sea-board with only deep water intervening, 
might help to solve this question. 
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§§ 21 — 38. Effects of Elastic Yielding on Precession and 

Nutation. 

[Of date September, 1876: replacing §§ 21 — 32 of the original paper.] 

21. Whatever may be its age, we may be quite sure the earth 
is solid in its interior ; not, I admit, throughout its whole volume, 
for there certainly are spaces in volcanic regions occupied by liquid 
lava ; but whatever portion of the whole mass is liquid, whether 
the waters of the ocean or melted matter in the interior, these 
portions are small in comparison with the whole; and we must 
utterly reject any geological hypothesis which, whether for explain- 
ing underground heat or ancient upheavals and subsidences of the 
solid crust, or earthquakes, or existing volcanoes, assumes the solid 
earth to be a shell of 30, or 100, or 500, or 1000 kilometres thick- 
ness, resting on an interior liquid mass. 

22. This conclusion was first arrived at by Hopkins, who may 
therefore properly bo called the discoverer of the earth’s solidity. 
He was led to it by a consideration of the phenomena of precession 
and nutation, and gave it as shown to be highly probable, if not 
absolutely demonstrated, by his confessedly imperfect and tenta- 
tive investigation. But a rigorous application of the perfect 
hydrodynamical equations leads still more decidedly to the same 
conclusion. 

23. I am able to say this now in consequence of a conversation 
which I had with Professor Newcomb, one evening (June 1876j in 
Prof. Henry’s drawing-room in the Smithsonian Institution, Wash- 
ington. Admitting fully my evidence for the rigidity of the earth 
from the tides, he doubted the argument from precession and 
nutation. Trying to recollect what I had written on it fourteen 
years ago in a paper on the “ Rigidity of the Earth,” published in 
the Transactions of the Royal Society, my conscience smote me, 
and I could only stammer out that I had convinced myself that 
so-and-so and so-and-so, at which I had arrived by a non-mathe- 
matical short cut. were true. He hinted that viscosity might 
suffice to render precession and nutation the same as if the earth 
were rigid, and so vitiate the argument for rigidity. This I could 
not for a moment admit, any more than when it was first put 
forward by Delaunay. But doubt entered my mind regarding the 
so-and-so and so-and-so ; and I had not completed the night 
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journey to Philadelphia which hurried me away from our un- 
finished discussion before I had convinced myself that they were 
grievously wrong. So now I must request as a favour that each 
one of you on going home will instantly turn up his or her copies 
of the Transactions of the Royal Society for 1863 and of the first 
edition (1867) of Thomson and Tait’s Natural Philosophy, Vol. I., 
and draw the pen through §§ 21 — 32 of my paper on the “Rigidity 
of the Earth” in the former, and through every thing in §§ 847, 
848, 849 of tho latter which refers to the effect on precession and 
nutation of an elastic yielding of the earth’s surface*. 

24. When those passages were written I knew little or nothing 
of vortex motion ; and until my attention was recalled to them by 
Professor Newcomb I had never once thought of this subject in the 
light thrown upon it by tho theory of the quasi-rigidity induced in 
a liquid by vortex motion, which has of late occupied me so much. 
With this fresh light a little consideration sufficed to show me that 
(although the old obvious conclusion is of course true, that, if the 
inner boundary of the imagined rigid shell of the earth were 
rigorously spherical, the interior liquid could experience no pre- 
cessional or nutational influence from the pressure on its bounding 
surface, and therefore if homogeneous could have no precession or 
nutation at all, or if heterogeneous only as much precession and 
nutation as would be produced by attraction from without in virtue 
of non-sphericity of its surfaces of equal density, and therefore the 
shell would have enormously more rapid precession and nutation 
than it actually has — forty times as much, for instance, if the 
thickness of the shell is 60 kilometres) a very slight deviation of 
the inner surface of the shell from perfect sphericity would suffice, 
in virtue of the quasi-r rigidity duo to vortex motion, to hold back 
the shell from taking sensibly more precession than it would give 
to the liquid, and to cause the liquid (homogeneous or hetero- 


* In a paper by Brevet-Major General J. G. Barnard, College of Engineers, 
U. S. A., entitled “ Problems of Botatory Motion presented by tho Gyroscope, the 
Precession of the Equinoxes, and the Pendulum” of date, October, 1871, and 
constituting No. 240 of the Smithsonian Contributions to Knowledge , 1 find an 
anticipation of this correction expressed in the following terms : — “ I do not concur 
with Sir William Thomson in the opinions quoted in note, page 38, from Thomson 
and Tait, and expressed in his letter to Mr G. Poulett Sorope (Nature, Feb. 1, 
1872) ; so far as regards fluidity, or imperfect rigidity, within an infinitely rigid 
envelope, I do not think the rate of precession would be affected." 

T. III. 


21 



322 ON THE RIGIDITY OF THE EARTH, &C. [XCV. 

geneous) and the shell to have sensibly the same processional 
motion as if the whole constituted one rigid body. But it is only 
because of the very long period (26,000 years) of precession, in 
comparison with the period of rotation (one day), that, a very slight 
deviation from sphericity would suffice to cause the whole to move 
as if it were a rigid body. A little further consideration showed 
me: — 

(1) That an cllipticity of inner surface equal to gfi 000 x 365 

would be too small, but that an ellipticity of one or two hundred 
times this amount would not be too small to compel approximate 
equality of precession throughout liquid and shell. 

(2) That with an ellipticity of interior surface equal to 1 /300, 
if the precession-generating influence were 26,000 times as rapid 
as it is, the motion of the liquid would be very different, from that 
of a rigid mass rigidly connected with the sheH. 

(3) That with the actual forces and the supposed interior 
ellipticity of 1/300, the lunar nitie teen-yearly nutation might be 
affected to about five per cent, of its amount by interior liquidity. 

(4) Lastly, that the lunar semiannual nutation must be 
largely, and the lunar fortnightly nutation enormously, affected 
by interior liquidity. 

25. But although so much could be foreseen readily enough, I 
found it impossible to discover without thorough mathematical in- 
vestigation what might bo the characters and amounts of the devia- 
tions from a rigid body’s motion which the several cases of preces- 
sion and nutation contemplated would present. The investigation, 
limited to the case of a homogeneous liquid enclosed in an ellip- 
soidal shell, has brought out results which I confess have greatly 
surprised me. When the interior ellipticity of the shell is just too 
small, or the periodic speed of the disturbance just too great, to 
allow the motion of the whole to be sensibly that of a rigid body, 
the deviation first sensible renders the precessional or nutational 
motion of the shell smaller than if the whole were rigid, instead of 
greater, as I expected. The amount of this difference beans the 
same proportion to the whole precession or nutation, as the 
reciprocal of the ellipticity bears to the number of days in the 
period of the precession or nutation. It is remarkable that this 
result is independent of the thickness of the shell, assumed how- 
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ever to be small in proportion to the earth's radius. Thus in the 
case of precession the effect of interior liquidity would be to 
diminish the periodic speed of the precession in the proportion 
stated ; in other words, it would add to the precessional period a 
number of days equal to the number whose reciprocal measures the 
ellipticity. In the actual case of the earth, if wo still take 1/300 
as the ellipticity of the inner boundary of the supposed rigid shell, 
the effect would be to add 300 days to the precessional period of 
26,000 years, or to diminish by about 1/600 of a second the annual 
precession of about 51", an effect which I need not say would be 
wholly insensible. But on the lunar nutation of 18*6 years period, 
the effect of interior liquidity would bo quite sensible; 18*6 years 
being twenty-three times 300 days, the effect would be to diminish 
the axes of the ellipse which the earth's polo describes in this 
period, each by 1/23 of its own amount. The semiaxes of this 
ellipse, calculated on the theory of perfect rigidity from the very 
accurately known amount of precession, and the fairly accurate 
knowledge which we have of the ratio of the lunar to the solar 
part of the processional motion, are 9"*22 and 6"*86, with an 
uncertainty not amounting to one half per cent, on account of 
want of perfect accuracy in the latter part of data. If the true 
values were less, each by 1/23 of its own amount, the discrepance 
might have escaped detection, or might not have escaped detection; 
but certainly could be found if looked for. So far nothing can be 
considered as absolutely proved with reference to the interior 
solidity of the earth from precession and nutation. 

26. Now think of the solar semiannual and the lunar 
fortnightly nutations. The period of each of these is less than 300 
days. The hydrodynamical theory shows that, irrespectively of 
the thickness of the sholl, the nutation of the crust would be zero 
if the period of the nutational disturbance were 300 times the 
period of rotation (the ellipticity being 1/300); if the nutational 
period were any thing between this and a certain smaller critical 
value depending on the thickness of the crust, the nutation would 
be negative ; if the period were equal to this second critical value, 
the nutation would be infinite ; and if the period were still less, 
the nutation would be again positive. The 183 days period of the 
solar nutation falls so little short of the critical 300 days that the 
amount of the nutation is not sensibly influenced by the thickness 

21—2 
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of the crust: it is negative and is equal in absolute value to 
183/(300 — 183) times what the amount would be wore the earth 
solid throughout. Now this amount, as calculated in the Nautical 
Almanac, gives 0"*55 and 0"*51 for the semiaxes of the ellipse 
traced by the earth's axis round its mean position ; hence on the 
supposition of a solid crust with internal ellipticity 1/300 the semi- 
axes of the ellipse would be — 0"*86 and — 0"'80. Now I tbink 
we may safely say that if the true nutation placed the earth's axis 
on the opposite side of an ellipse having 0"‘86 and 0"’80 for its 
semiaxes, the discrepance could not possibly have escaped detection. 
But, lastly, think of the lunar fortnightly nutation. Its period is 
1/20 of 300 days, and its amount, calculated in the Nautical 
Almanac on the theory of complete solidity, is such that the 
greater semiaxis of the approximately circular ellipse described by 
the polo is 0"'0325. Were the crust infinitely thin this nutation 
would be negative, but its amount nineteen times that corre- 
sponding to solidity. This would make the greater semiaxis of the 
approximately circular ellipse described by the polo amount to 
19 x 0"’0885, which is 1"‘7. It would be negative and of some 
amount between 1"*7 and infinity, if the thickness of the crust were 
any thing from zero to 120 kilometres. This conclusion is abso- 
lutely decisive against the geological hypothesis of a thin rigid 
shell full of liquid*. 

27. But interesting in a dynamical point of view as Hopkins’ 
problem is, it cannot afford a decisive argument against the earth’s 
interior liquidity. It assumes the crust to be perfectly stiff and 
unyielding in its figure. This, of course, it cannot be, because no 
material is infinitely rigid; but, composed of rock and possibly 
of continuous metal in the great depths, may the crust not, as a 
whole, be stiff enough to practically fulfil the condition of un- 
yieldingness? No, decidedly it could not; on the contrary, wero 
it of continuous steel and 500 kilometres thick, it would yield very 
nearly as much as if it were india-rubber to the deforming influences 
of centrifugal force and of the sun’s and moon’s attractions. Now 
although the full problem of precession and nutation, and, what is 
now necessarily included in it, tides, in a continuous revolving 
liquid spheroid, whether homogeneous or heterogeneous, bn* not 

* The mathematical investigation which led to the conclusions stated in 
§g 24—26 above, has not yet been published. W. T., Feb. 28, 1889. 
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yet been coherently worked out, I think I see far enough towards 
a complete solution to say that precession and nutation will be prac- 
tically tho same in it as in a solid globe, and that the tides will be 
practically the same as those of the equilibrium theory. From 
this it follows that precession and nutation of the solid crust, with 
the practically perfect flexibility which it would have even though 
it were 100 kilometres thick and as stiff as steel, would be sensibly 
the same as if the whole earth from surface to centre were solid 
and perfectly stiff. Hence precession and nutation yield nothing 
to be said against such hypotheses as that of Darwin*, that the 
earth as a whole takes approximately the figure due to gravity and 
centrifugal force, because of the fluidity of the interior and the 
flexibility of the crust. But, alas for this “ attractive sensational 
idea” (as Foulett Scrope called it)? “that a molten interior to the 
globe underlies a superficial crust, its surface agitated by tidal 
waves, and flowing freely towards any issue that may here and 
there be opened for its outward escape” the solid crust would yield 
so freely to the deforming influence of sun and moon that it would 
simply carry the waters of the ocean up and down with it, and 
there would be no sensible tidal rise and fall of water relatively to 
land. 

28. The state of the case is shortly this : — The hypothesis of 
a perfectly rigid crust containing liquid, violates physics by assuming 
prcternaturally rigid matter, and violates dynamical astronomy in 
the solar semiannual and lunar fortnightly nutations; but tidal 
theory has nothing to say against it. On the other hand, the tides 
decide against any crust flexible enough, to perform the nutations 
correctly with a liquid interior, or as flexible as the crust must be 
unless of pretcrnaturally rigid matter. 

29. But now thrice to slay the slain : suppose the earth this 
moment to bo a thin crust of rock or metal resting on liquid 
matter ; its equilibrium would be unstable ! And what of the 
upheavals and subsidences ? They would be strikingly analogous 
to those of a ship which has been rammed — one portion of crust 
up and another down, and then all down. Now whatever may be 
the relative densities of rock, solid and melted, at or about the 

* “ Observations on tho Parallel lioads of Glen Boy and other parts of Lochaber 
in Scotland, with an attempt to prove that they are of marine origin,” Transactions 
of the Royal Society for Feb. 1889, p. 81. 
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temperature of liquefaction, it is, I think, quite certain that cold 
solid rock is denser than hot melted rock ; and no possible degree 
of rigidity in the crust could prevent it from breaking in pieces 
and sinking wholly below the liquid lava. Something like this 
may have gone on, and probably did go on, for thousands of years 
after solidification commenced — surface -portions of the melted 
material losing heat, freezing, sinking immediately, or growing to 
thicknesses of a few metres, when the surface would be cool and 
the whole solid dense enough to sink. “ This process must go on 
until the sunk portions of crust build up from the bottom a suffi- 
ciently close-ribbed skeleton or frame to allow fresh incrustations 
to remain, bridging across the now small areas of lava pools or 
lakes. 

30. “ In the honeycombed solid and liquid mass thus formed 
there must be a continual tendency for the liquid, in consequence 
of its less specific gravity, to work its way up ; whether by masses 
of solid falling from the roofs of vesicles or tunnels and causing 
earthquake-shocks, or by the roof breaking quite through when 
very thin, so as to cause two such hollows to unite or the liquid of 
any of them to flow out freely over the outer surface of the earth, 
or by gradual subsidence of the solid owing to the thermodynamic 
melting which portions of it under intense stress must experience, 
according to views recently published by my brother. Prof. James 
Thomson*. The results which must follow from this tendency 
seem sufficiently great and various to account for all that we learn 
from geological evidence of earthquakes, of upheavals and sub- 
sidences of solid, and of eruptions of melted rock'f*.” 

31. Leaving altogether now the hypothesis of a hollow shell 
filled with liquid, we must still face the question, How much does 
the earth, solid throughout, except small cavities or vesicles filled 
with liquid, yield to the deforming (or tide-generating) influences of 
sun and moon ? This question can only be answered by observation. 
A single infinitely accurate spirit-level or plummet, far enough away 
from the sea to be not sensibly affected by the attraction of the 

* “On Crystallization and Liquefaction aB influenced by Stresses tending to 
Change of Form in Crystals,” l'roc. Hoy. Soe. Vol. xi., read Deo. 5, 1861. 

t “Secular Cooling of the Earth,” Transactions of the Royal Society of Edin- 
burgh, Yol. xxiii. 1862, and Thomson and Tait’s Natural Philosophy, Edition 1888, 
Part ii., Appendix C ; [Art. xciv. §3 31, 32 above]. 
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rising and tailing water, would enable us to find the answer. 
Observe by level or plummet the changes of direction of apparent 
gravity relatively to an object rigidly connected with the earth, 
and compare these changes with what they would be were the 
earth perfectly rigid, according to the known masses and distances 
of sun and moon. The discrepance, if any is found, would show 
distortion of the earth, and would afford data for deter minin g the 
dimensions of the elliptic spheroid into which a non-rotating 
globular mass of the same dimensions and elasticity as the earth 
would bo distorted by centrifugal force if set in rotation, or by tide- 
generating influences of sun or moon. The effect on the plumb-line 
of the lunar tide-generating influence is to deflect it towards or 
from the point of the horizon nearest to the moon, according as the 
moon is above or below the horizon. The effect is zero when the 
moon is on the horizon or overhead, and is greatest in either 
direction when the moon is 45° above or below the horizon. When 
this greatest value is reached, the plummet is drawn from its mean 
position through a space equal to 1/12,000,000 of the length of the 
thread. No ordinary plummet or spirit-level could give any per- 
ceptible indication whatever of this effect; and to measure its 
amount it would be necessary to be able to observe angles as small 
as 1/120,000,000 of the radian, or about 1/600 of a second. A 
submerged water-pipe of considerable length, say 12 kilometres, 
with its two ends turned up and open, might answer. Suppose, 
for example, the tube to lie north and south, and its two ends to 
open into two small cisterns, one of them, the southern for example, 
of half a decimetre diameter (to escape disturbance from capillary 
attraction), and the other of two or three decimetres diameter (so 
as to throw nearly the whole rise and fall into the smaller cistern). 
For simplicity, suppose the time of observation to be when the 
moon’s declination is zero. The water in the smaller or southern 
cistern will rise from its lowest position to its highest position 
while the moon is rising to maximum altitude, and fall again after 
the moon crosses the meridian till she sets ; and it will rise and 
fall a-gnin through the same range from moonset to moonrise. If 
the earth were perfectly rigid, and if the locality is in latitude 45°, 
the rise and fall would be half a millimetre on each side of the 
mean level, or a little short of half a millimetre if the place is 
within 10° north or south of latitude 45°. If the air were so 
absolutely quiescent during the observations as to give no varying 
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differential pressure on the two water-surfaces to the amount of 
1/100 millimetre of water, or 1/1400 of mercury, the observation 
would be satisfactorily practicable, as it would not be difficult by 
aid of a microscope to observe the rise and fall of the w r ater in the 
smaller cistern to 1/100 of a millimetre ; but no such quiescence of 
the atmosphere could be expected at any time; and it is probable 
that the variations of the water-level due to difference of the 
barometric pressure at the two ends would, in all ordinary weather, 
quite overpower the small effect of the lunar tide-generating 
influence. If, however, the two cisterns, instead of being open to 
the atmosphere, were connected air-tightly by a water-pipe with 
no water in it, it is probable that the observation might bo suc- 
cessfully made : but some other apparatus on a small scale would 
probably be preferable to any elaborate method of obtaining the 
result by aid of very long pipes laid in the ground ; and I have 
only called your attention to such an ideal method as leading up 
to the natural phenomenon of tides. 

32. Tides in an open canal or lake of 12 kilometres length 
would be of just the amount which we have estimated for tho 
cisterns connected by submerged pipe ; but would be enormously 
more disturbed by wind and variations of atmospheric pressure. 
A canal or lake ol 240 kilometres length in a proper direction and 
in a suitable locality would give but 10 millimetres rise and fall at 
each end, an effect which might probably bo analyzed out of the 
much greater disturbance produced by wind and differences of 
barometric pressure; but no open liquid level short of the ingens 
asquor, the ocean, will probably be found so well adapted as it for 
measuring the absolute value of the disturbance produced on 
terrestrial gravity by the lunar and solar tide-generating influence. 
But observations of the diurnal and semidiurnal tides in the ocean 
do not (as they would on smaller and (pricker levels) suffice for this 
purpose, because their amounts differ enormously from the equi- 
librium-values on account of the smallness of their periods, in 
comparison with the periods of any of the grave enough modes of 
free vibration of the ocean as a whole. On the other hand, the 
lunar fortnightly dcclinational and the lunar monthly elliptic tides, 
and the solar semiannual and annual elliptic tides, have their 
periods so long that their amounts must certainly be very approxi- 
mately equal to the equilibrium-values. But there are large 
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annual and semiannual changes of sea-level, probably both differen- 
tial, on account of wind and differences of barometric pressure and 
differences of temperature of the water, and absolute, depending 
on rainfall and the melting away of snow and evaporation, which 
altogether swamp the small semiannual and annual tides due to 
the sun’s attraction. Happily, however, for our object, there is no 
meteorological or other disturbing cause which produces periodic 
changes of sea-level in cither the fortnightly dcclinational or the 
monthly elliptic period ; and the lunar gravitational tides in these 
periods are therefore to be carefully investigated in order that we 
may obtain the answer to the interesting question, How much does 
the earth as an elastic spheroid yield to the tide-generating 
influence of sun or moon? Hitherto in the British Association 
Committee’s reductions of Tidal Observations wo have not suc- 
ceeded in obtaining any trustworthy indications of cither of these 
tides. The St-George’s pier landing-stage pontoon, unhappily 
chosen for the Liverpool tide-gauge, cannot be trusted for such a 
delicate investigation: the available funds for calculation wore 
expended before the long-period tides for Hilbre Island could be 
attacked : and three years of Kurrachee gave our only approach to 
a result. Comparisons of this with an indication of a result from 
calculations on West Hartlepool tides, conducted with the assistance 
of a grant from the Royal Society, seem to show possibly no 
sensible yielding, or perhaps more probably some degree of yielding, 
of the earth’s figure. The absence from all the results of .any 
indication of a 18’6-yearly tide (according to the same law as the 
other long-period tides) is not easily explained without assuming 
or admitting a considerable degree of yielding. 

33. On the whole we may fairly conclude that, whilst there is 
some evidence of a tidal yielding of the earth’s mass, that yielding 
is certainly small, and the effective rigidity is at least as great as 
that of steel. 

34. Closely connected with the question of the earth’s rigidity, 
and of as great scientific interest and of even greater practical 
moment, is the question, How nearly accurate is the earth as a 
timekeeper ? and another of, at all events, equal scientific interest, 
How about the permanence of the earth’s axis of rotation ? 

35. Peters and Maxwell, about 35 and 25 years ago, respectively, 
raised the question, How much* does the earth’s axis of rotation 
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deviate from being a principal axis of inertia ? and pointed out that 
an answer to this question is to be obtained by looking for a varia- 
tion in latitude of any or every place on the earth's surface in a 
period of 306 days. The model before you illustrates the travelling 
round of the instantaneous axis, relatively to the earth in an approxi- 



mately circular cone whose axis is the principal axis of inertia* and 
relatively to space in a cone round a fixed axis. In the model the 
former of these cones, fixed relatively to the earth, rolls internally 
on the latter, supposed to be fixed in space. Peters gave a minute 
investigation of observations at Pulkova in the years 1841 — 42, 
which seem to indicate at that time a deviation, amounting to 
about 3/40 of a second, of the axis of rotation from the principal 
axis. Maxwell, from Greenwich observations of the years 1851 — 54, 
found seeming indications of a very slight deviation, something less 
than half a second, but differing altogether in phase from that 
which the deviation indicated by Peters, if real and permanent, 
would have produced at Maxwell’s later time. On my hogg ing 
Professor Newcomb to take up the subject, he kindly did so at 
once, and undertook to analyze a scries of observations suitable for 
the purpose which had been made in the United States Naval 
Observatory, Washington. A few woeks later I received from him 
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a letter, referring me to a paper* by Dr Nyr6n, of Fulkova Obser- 
vatory, in 'which a similar negative conclusion as to constancy 
of magnitude or direction in the deviation sought for is arrived 
at from several series of the Pulkova observations between the 
years 1842 and 1872, and containing the following statement of his 
conclusions : — 

"The investigation of the ten-month period of latitude from 
the Washington prime vertical observations from 1862 to 1867 is 
completed, indicating a coefficient too small to be measured with 
certainty. The declinations with this instrument are subject to an 
annual period which made it necessary to discuss those of each 
month separately. As the series extended through a full five years, 
each month thus fell on five nearly equidistant points of the period. 
If x and y represent the coordinates of the axis of instantaneous 
rotation on June 30, 1864, then the observations of the separate 
months give the following values of x and y : — 



X 

y 

January ... 

-6-35 

+ 6*32 

February .. 

-0 03. 

+ 009 

March 

+017 

+ 0*16 

April 

+0-44 

+ 005 

May 

+008 

+ 002 

June 

-001 

-001 

July 

-0 05 

000 

August 

-0 24 

+ 029 

September . 

+0*18 

+ 021 

October .... 

+013 

-001 

November . 

+008 

-020 

December . 

-0 08 

-008 

Mean 

.001 + 003 

+ 005 + 003 


“ Acce p ting these results as real, they would indicate a radius 
of rotation of the instantaneous axis amounting, at the earth’s 
surface, to 5 feet , and a longitude of the point in which this axis 
intersects the earth’s surface near the North Pole, such that on July 
11, 1864, it was 180° from Washington, or 103° east of Greenwich. 

* “ Beatimmang der Natation der Erdaohse,” of date 16 November, 1871; 
published in the Memo ires VAcademie Impiriale dee Science* de St PeUrthourg, 
vi i* a6rie, Tome xix. y 1873. 
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The excess of the coefficient over its probable error is so slight that 
this result cannot be accepted as any thing more than a consequence 
of the unavoidable errors of observation.” 

36. From the discordant character of these results we must 

not, however, infer that the deviations indicated by Peters, 
Maxwell, and Newcomb are unreal. On the contrary, any which 
are outsido the limits of probable error of the observations ought 
properly to be regarded as real. There is, in fact, a vera causa in 
the temporary changes of sca-lcvcl due to meteorological causes, 
chiefly winds, and to meltings of ice in the polar regions and return 
evaporations, which seems amply sufficient to account for ii regular 
deviations, of from 1/2 to 1/20 of a second, of the earth’s instan- 
taneous axis from the axis of maximum moment of inertia, or, as I 
ought rather to say, of the axis of maximum moment of inertia 
from the instantaneous axis. , 

37. As for geological upheavals and subsidences, if on a very 
large scale of area, they must produce, on the period and axis of 
the earth’s rotation, effects comparable with those produced by 
changes of sea-level equal to them in vertical amount. For sim- 
plicity, calculating as if the earth were of equal density throughout, 
I find that an upheaval of .all the earth’s surface in north latitude 
and cast longitude and south latitude and west longitude with 
equal depression in the other two quarters, amounting at greatest 
to ten centimetres, and graduating regularly from the points of 
maximum elevation to the points of maximum depression in the 
middies of the four quarters, would shift the earth’s axis of 
maximum moment of inertia through 1” on the north side towards 
the meridian of 90° W. longitude, and on the south side towards 
the meridian of 90° E. longitude. If such a change were to take 
place suddenly, the earth’s instantaneous axis would experience a 
sudden shifting of but 1/300 of a second (which we may neglect), 
and then, relatively to the earth, would commence travelling, in a 
period of 306 days, round the fresh axis of maximum moment of 
inertia. The sea would be set into vibration, ono ocean up and 
another down through a few centimetres, like water in a bath set 
a-swing. The period of these vibrations would be from 12 to 24 
hours, or at most a day or two ; their subsidence would probably 
be so rapid that after at most a few months they would become 
insensible. Then a regular 306-tfays period tide of 11 centimetres 
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from lowest to highest would bo to be observed, with gradually 
diminishing amount from century to century, as, through the 
dissipation of energy produced by this tide, the i nstant aneous a-vi» 
of the earth is gradually brought into coincidence with the iresh 
axis of maximum moment of inertia. If we multiply these figures 
by 3600, we find what would be the result of a similar sudden 
upheaval and subsidence of the earth to the extent of 360 metres 
above and below previous levels. It is not impossible, although 
we may regard it as exceedingly improbable, that in the very early 
ages of geological history such an action as this, and the consequent 
400-metres tide producing a succession of deluges every 306 days 
for many years, may have taken place ; but it seems more probable 
that even in the most ancient times of geological history the great 
world-wide changes, such sis the upheavals of the continents and 
subsidences of the ocean-beds from the general level of their 
supposed molten Origin, took place gradually through the thermo- 
dynamic melting of solids and the squeezing out of liquid lava from 
the interior, to which I have already referred. A slow distortion 
of the earth as a whole woidd never produce any great angular 
separation between the instantaneous axis and the axis of maximum 
moment of inertia for the time being. Considering, then, the great 
facts of the Himalayas and the Andes, and Africa and the depths 
of the Atlantic, and America and the depths of the Pacific, and 
Australia, and considering further the ellipticity of the equatorial 
section of the sea-level, estimated by Capt. Clarke at about 1/10 of 
the mean ellipticity of meridional sections of the sea-level, wo need 
no brush from the comet’s tail (a wholly chimerical cause which 
can never have been put forward seriously except in ignorance of 
elementary dynamical principles) to account for a change in the 
earth’s axis; we need no violent convulsion producing a sudden 
distortion on a great scale, with change of the axis of maximum 
moment of inertia followed by gigantic deluges ; and we may not 
merely admit, but assert as highly probable, that the axis of maxi- 
mum moment of inertia and the instantaneous axis of rotation, 
always very near one another, may have been in ancient times very 
far from their present geographical position, and may have gradually 
shifbod through 10, 20, 30, 40, or more degrees without at any time 
any perceptible sudden disturbance of either land or water. 

38. Lastly, as to variations in the earth’s rotational period. 
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We all know how, in 1853, Adams discovered n correction 
to be needed in the theoretical calculation with which Laplace 
followed up his brilliant discovery of the dynamical explanation of 
an apparent acceleration of the moon’s mean motion shown by 
records of ancient eclipses ; and how he found that when his 
correction was applied the dynamical theory of the moon’s motion 
accounted for only about half of the observed apparent acceleration ; 
and how Delaunay in 1800 verified Adams’s result and suggested 
that the explanation may be a retardation of the earth’s rotation 
by tidal friction. The conclusion is that, sinco the 19th of March, 
721 B.C., a day on which an eclipse of the moon was seen in Babylon, 
commencing “when one hour after her rising was fully passed,” the 
earth has lost rather more than 1/3,000,000 of her rotational 
velocity, or, as a timekeeper, is going slower by Hi seconds per 
annum now than then. According to this rate of retardation, if 
uniform, the earth at the end of a century would, as a timekeeper, 
be found 22 seconds behind a perfect clock, rated and set to agree 
with her at the beginning of the century. Newcomb’s subsequent 
investigations in the lunar theory have on the whole tended to 
confirm this result; but they have also brought to light some 
remarkable apparent irregularities in the moon’s motion, which, if 
real, refused to be accounted for by the gravitational theory, without 
the influence of some unseen body or bodies passing near enough 
to the moon to influence her mean motion. This hypothesis 
Newcomb considers not so probable as that the apparent irregu- 
larities of the moon are not real, and are to be accounted for by 
irregularities in the earth’s rotational velocity. If this is the true 
explanation, it seems that the earth was going slow from 1850 to 
1862, so much as to have got behind by seven seconds in these 
twelve years, and then to have begun going faster again so as to 
gain eight seconds from 1862 and 1872. So great an irregularity 
as this would require somewhat greater changes of sea-level, but 
not many times greater than the British Association Committee’s 
reductions of tidal observations for several places in different parts 
of the world, allow us to admit to have possibly taken place. The 
assumption of a fluid interior, which Newcomb suggests, and the 
flow of a large mass of the fluid “from equatorial regions to a 
position nearer the axis,” is not, from what I have said to you, 
admissible as a probable explanation of the remarkable accelera- 
tion of rotational velocity which seems to have taken place about 
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1862; but happily it is not necessary. A settlement of 14 centi- 
metres in the equatorial regions, with corresponding rise of 28 
centimetres at the poles (which is so slight as to be absolutely 
undiscovcrable in astronomical observatories, and which would 
involve no chango of sea-level absolutely disproved by reductions 
of tidal observations hitherto made), would suffice. Such settle- 
ments must occur from time to time ; and a settlement of the 
amount suggested might result from the diminution of centrifugal 
force duo to 150 or 200 centuries tidal retardation of the earth's 
rotational speed. 


Note on the Fortnightly Tide. 

39. In water 10,000 feet deep (which is considerably less 
than the general depth of the Atlantic, as demonstrated by the 
many soundings taken within the last few years, especially those 
along the whole line of the Atlantic telegraph cable, from Valencia 
to Newfoundland) the velocity of long free waves is 567 feet per 
second*. At this rate the time of advancing through 57° (or a 
distance equal to the earth’s radius) would bo only ten hours. 
Hence it may be presumed that, at least at all islands of the 
Atlantic, the fortnightly tide should follow sensibly the equi- 
librium law. 

“ In the Philosophical Transactions, 1839, p. 157, Mr Whewell 
shows that the observations of high and low water at Plymouth 
give a mean height of water increasing as the moon’s declination 
increases, and amounting to three inches when the moon’s declina- 
tion is 25°. This is the same direction as that corresponding 
in the expression above to a high latitude. The effect of the 
sun’s declination is not investigated from the observations. In 
the Philosophical Transactions, 1840, p. 163, Mr Whewell has 
given the observations of some most extraordinary tides at Petro- 
paulofsk in Kamschatka, and at Novo-Arkangelsk in the island 
of Sitkhi on the west coast of North America. From the curves 
in the Philosophical Transactions, as well as from the remaining 
curves relating to the same places (which, by Mr Whewell’s 
kindness, we have inspected), there appears to be no doubt that 
the mean level of the water at Petropaulofsk and Novo-Arkangelsk 


* Airy’s Tides <tnd Waves, g 170. 
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rises as the moon’s declination increases. We have no further in- 
formation on this point.” — Airy’s “ Tides and Waves ’ ’ § 533. 


Appendix A, added January 2, 1864. 

40. Let tho difference of longest and shortest radii, which 
would be produced by lunar and solar influence in the two cases — 
of the earth supposed a homogeneous incompressible fluid tending 
to the spherical shape by gravitation alone, and supposed a homo- 
geneous incompressible elastic solid without mutual gravitation 
but tending in virtue of its elasticity to the spherical figure — be 
denoted by li' and h" respectively; and let h be the difference 
of greatest and least radii when both gravity and elasticity act 
jointly to maintain the spherical figure. We shall have obviously 

1 _ 1 J_ 

h~h' + h" • 


For the distorting force, being balanced by elasticity and by 
gravity jointly, may be divided into two parts, one h/h" of the 
whole, balanced by elasticity alone, and the other h/h', balanced 

by gravity alone ; and therefore + j*, = 1. 

But, by § 53 of the mathematical investigation regarding 
elastic spheroids, given in tho next Paper [Art. XOVI. below], we 

have h" = 5 ™ i r 3 , where m denotes the mass of the disturbing 

body, and c its distance from the earth’s centre. With the same 

notation we have, by the aid of § 51 of tho same paper, II = ~ - , 

where II has the meaning defined above in § 8 of the present 

paper ; and therefore, § 10, h' = | ™ - . From this and the value 

a &e g 

above for A" wo have jt, = , and, as we have just seen that 

h’ ^ 

h p , we have the result used in § 4 above. 

1 + F 



Appendix B. — On the Observations and Calculations required to 
find the Tidal Retardation of the Earth's Rotation*. 

^Philosophical Magazine. June (Supplement) I 860 .] 

The first publication of any definite estimate of the possible 
amount of the diminution of rotatory velocity experienced by the 
earth through tidal friction is due, I believe, to Mr William Ferrel, 
and is to be found in the Number for December 8, 1853, of the 
Astronomical Journal of Cambridge, United States. It is founded 
on calculating the moment round the earth's centre of the attrac- 
tion of the moon, on a regular spheroidal shell of water symmetrical 
about its longest axis, this being (through the influence of fluid 
friction) kept in a position inclined backwards at an acute angle 
to the line from the earth’s centre to the moon. One of the 
simplest ways of seeing the result is this: — First, by the known 
conclusions as to the attractions of ellipsoids, or still more easily 
by the consideration of the proper “spherical harmonic ’’-f - (or 
Laplace’s coefficient) of the second degree, we see that an equi- 
potential surface lying close to the bounding surface of a nearly 
spherical homogeneous solid ellipsoid, is approximately an ellipsoid 
with axes differing from one another by three-fifths of the amounts 
of the differences of the corresponding axes of the ellipsoidal 
boundary. From this it follows^ that a homogeneous prolate sphe- 
roid of revolution attracts points outside it approximately as if its 
mass were collected in a uniform bar having its ends in the foci of 
the equipotential spheroid. If, for example, a globe of water of 
21,000,000 feet radius (this being nearly enough the earth’s radius) 
be altered into a prolate spheroid with longest radii exceeding the 
shortest radii by two feet, the equipotential spheroid will have 
longest and shortest radii differing by 6/5 of a foot. The foci of this 
latter will be at 7100 feet on each side of the centre; and there- 

* From the Bede Lecture, Cambridge, May 23, 1866, "On the Dissipation of 
Energy.” 

t Thomson and Tait’s Natural Philosophy , § 636 (4). 

J Ibid. § 601 and § 480 (e). 

T. III. 


22 
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fore the resultant of gravitation between the supposed spheroid of 
water and external bodies will be the same as if its whole mass 
were collected in a uniform bar of 14,200 feet length. But by a 
well-known proposition*, a uniform lino FF' (a diagram is unneces- 
sary) attracts a point M in the line MK bisecting the angle FMF'. 
Let GQ be a perpendicular from G, the middle point of F'F, to this 
bisecting line MK. If GM bo 60 x 21 x 10® (the moon’s distance), 
and if the angle FGM bo 45°, we find, by elementary geometry, 
GQ = -02 of a foot (about £ inch). The mass of a globe of water 
equal in bulk to the earth is 11 x 10 SI tons"f\ And, the moon’s 
mass being about 1/7 5 of the earth’s, the attraction of the moon on 
a ton at the earth’s distance is (1/75) x (1/GO 2 ), or 1 /270,000 of a ton 
force, if, for brevity, we call a ton force the ordinary terrestrial 
weight of a ton — that is to say, the amount of the earth’s attraction 
on a ton at its surface. Hence the whole force of the moon on the 
earth is IT x 10 21 /270,000, or 4-1 x 10“ tons'force. If, then, the 
tidal disturbance were exactly what wo have supposed, or if it were 
(however irregular) such as to have the same resultant effect, the 
retarding influence of the moon’s attraction would be that of 
4T x 10“ tons force acting in the plane of the equator and in a 
line passing the centre at 1/50 of a foot distance. Or it would be 
the same as a simple frictional resistance (as of a friction-brake) 
consisting of 4T x 10“ tons force acting tangentially against the 
motion of a pivot or axle of about 1/2 inch diameter. To estimate 
the retardation produced by this, we shall suppose the square of 
the earth’s radius of gyration, instead of being 2/5, as it would be 
if the mass were homogeneous, to be 1/3, of the square of the 
radius of figure, as it is made to be, by Laplace’s probable law 
of the increasing density inwards, and by the amount of precession 
calculated on the supposition that the earth is quite rigid. Hence 
(if we take g = 322 feet per second generated per second, and the 
earth’s mass as 6T x 10” tons) the loss of angular velocity per 
second, on the other suppositions wo havo made, will be 

32-2 x 41 x 10“ x 02 

6^'io«xT(^x~To®r or 2-94 x 1<r “- 

* Thomson and Tait’s Natural Philosophy , § 481 (h) and (a). 

t In stating large masses, if English measures are used at all, the ton is con- 
venient, because it is 1000 kilogrammes nearly enough for many practical purposes 
and rough estimates. It is 1016-047 .kilogrammes; so that a ton diminished by 
about 1-0 per cent, would be just 1000 kilogrammes. 
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The loss of angular velocity in a century would be 31J x 10“ 
times this, or ‘93 x 10“ u , which is as much as 1*28/10 T of 2w/86400, 
the present angular velocity. Thus in a century the earth would 
be rotating so much slower that, regarded as a time-keeper, it would 
lose about one second and a quarter in ten million, or four seconds 
in a year. And the accumulation of effect of uniform retardation 
at that rate would throw the earth as a time-keeper behind a 
perfect chronometer (sot to agree with it in rate and absolute 
indication at any time) by 200 seconds at the end of a century, 
800 seconds at the end of two centuries, and so on. In the present 
very imperfect state of clock-making (which scarcely produces an 
astronomical clock two or three times more accurate than a marine 
chronometer or good pocket-watch), the only chronometer by which 
we can check the earth is one which goes much worse — the moon. 
The marvellous skill and vast labour devoted to the lunar theory 
by the great physical astronomers Adams and Delaunay, seem to 
have settled that the earth has really lost in a century about 
eleven seconds of time on the moon corrected for previously 
thought of perturbations. M. Delaunay has suggested that the 
true cause may be tidal friction, which he has proved to be 
probably sufficient by some such estimate as the preceding*. 
This, by the forward tangential force on the moon in her orbit 
which it implies, causes a gradual diminution of the mean angular 
velocity of her radius vector round the earth : which, when taken 
into account*by Prof. Adams*!*, on the hypothesis of tidal influence 
of moon and sun being the sole cause of the unexplained part of 
the apparent acceleration of the moon’s motion, raises from the 
seeming eleven seconds, to twenty-two seconds, the time which 
must be actually lost by the earth in a century, on an absolute 
time-keeper set to keep time according to sidereal seconds as 
shown by the earth at the beginning of the century. 

But the many disturbing influences to which the earth is ex- 
posed render it a very untrustworthy time-keeper. For instance, 

* It scorns hopeless, without waiting for some centuries, to arrive at any 
approach to an exact determination of the amount of the actual retardation o t the 
earth’s rotation by tidal friction, except by extensive and accurate observation of 
the amounts and timos of the tidos on the shores of continents and islands in all 
seas, and much assistance from true dynamical theory to estimate these elements all 
over the sea. But supposing them known for every part of the sea, the retardation 
of the earth’s rotation is easily calculated by quadratures. 

+ See Thomson and Tail’s Natural Philoiophy, § 830. 
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let us suppose ice to melt from the polar regions (20° round each 
pole, we may say) to the extent of something more than a foot 
thick, enough to give 1*1 foot of water over those areas, or ‘066 
of a foot of water if spread over the whole globe, which would in 
reality raise the sea-lovol by only some such almost undiscoverable 
difference as 3/4 of an inch, or an inch. This, or the reverse, 
which we may believe might happen any year, and could cer- 
tainly not be detected without far more accurate observations 
and calculations for the mean sea-level than any hitherto made, 
would slacken or quicken the earth’s rate as a time-keeper by one- 
tenth of a second per year*. 

Again, an excellent suggestion, supported by calculations which 
show it to be not improbable, has been made to the French 
Academy by M. Dufour, that the retardation of the earth’s rota- 
tion indicated by M. Delaunay, or some considerable part of it, may 
be due to an increase of its moment of inertia by the incorporation 
of meteors falling on its surface. If we suppose the previous 
average moment of momentum of the meteors round the earth’s 
axis to be zero, their influence will be calculated just as I have 
calculated that of the supposed melting of ice. Thus meteors 
falling on the earth in fine powder (as is in all probability the lot 
of the greater number that enter the earth’s atmosphere and do 
not escape into external space again) enough to form a layer 
about 1/20 of a foot thick in 100 years, if of twice the density of 
water, would produce the seeming retardation of 11* on the time 
shown by the earth’s rotation. But this would also accelerate the 
moon’s mean motion by half the same proportional amount ; and 
therefore a layer of meteor-dust accumulating at the rate of 1/30 of 

* The calculation 1b simply this. Let E be the earth’s whole mass, a its radius, 
k its radius of gyration before, and k' after, the supposed melting of the ice, and W 
the mass of ice melted. Then, since fa 2 is the square of the radius of gyration of 
the thin shell of water supposed spread uniformly over the whole surface, and that 
of ‘either ice-cap is very approximately £ a 3 (sin 20 o ) a , we havo 

Ek' a = Ek* + ira 3 (sin 20°)*]. 

And, by the principle of the conservation of moments of momentum, the rotatory 
velocity of the earth will vary inversely as the square of its radius of gyration. To 
put this into numbers, we take, as above, A*=J« 8 and a=21xl0«. And as the 
mean density of the earth is about 54 times that of water, and the bulk of a globe 
iB the area of its surface into 1/3 of its radius, 
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a foot per century, or 1 foot in 3000 years, would suffice to explain 
Messrs. Adams and Delaunay’s result. I see no other way of 
directly testing the probable truth of M. Dufour’s very interesting 
hypothesis than to chemically analyze quantities of natural dust 
taken from any suitable localities (such dust, for instance, as has 
accumulated in two or three thousand years to depths of many 
feet over Egyptian, Greek, and Roman monuments). Should a 
considerable amount of iron with a large proportion of nickel be 
found or not found, strong evidence for or against the meteoric 
origin of a sensible part of the dust would be afforded. 

Another source of error in the earth as a time-keeper, which 
has often been discussed, is its shrinking by cooling. But I find 
by the estimates I have given elsewhere* of the presont state of 
deep underground temperatures, and by taking 1/100000 as the 
vertical contraction per degree Centigrade of cooling in the earth’s 
crust, that the gain of time by the earth, regarded as a clock, 
would not in a century amount to more than 1/30 of a second, 
or 1/6000 of the amount estimated above as conceivably due to 
tidal friction. 


Appendix C . — On the Thermodynamic Acceleration of the 

Earth’s Rotation. 

\Proc. Royal Society of Edinburgh , Yol. XI. ; read Jan. 16, 1882.] 

It has long been known, having been first, I believe, pointed 
out by Kant, and more recently brought very near to a practical 
conclusion by Delaunay, that the earth’s rotational velocity is 
diminished by tidal agency, in virtue of the imperfect fluidity of 
the ocean. An integral effect of all the consumption of energy 
by fluid friction (or more properly speaking by continued defor- 

* “Secular Cooling of the Earth," Transactions of the Royal Society of 
Edinburgh, 1862; and Philosophical Magazine, January 1863 [Art. xciv. above]. 
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relation of fluid matter) in the tidal motions, is to cause the time 
of high water on an average for the whole earth to be not exactly 



cither transit, or 0 o clock, as it would he were the ocean a perfect 
fluid, but to be some time after transit, and before (> o’clock*. 

* For brevity, I use tho word “transit” to denote a time of transit of the tide- 
generating body (whether son or moon), or a time of transit of the point of the 
heavens opposite to tho tide-genoiating body, across the meridian of tho place; 
and “6 o’clock,” to denote the middle instant of tho interval of time between 
consecutive transits. If, to fix the ideas, we first think of tho lunar tide alone 
as if there were no solar tide, 6 o’clock will mean 6 lunar hours boforo or 
aftor a lunar transit. 
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Thus we may imagine the average limar tide for the whole earth 
to consist of a displacement of the water, presenting protuber- 
ances, not exactly towards moon and anti-moon, but in a line 
inclined at an angle to the line joining moon and anti-moon, in 
the direction indicated by the drawing (fig. 1), in which M, A 
represent the directions of moon and anti-moon, and H, H' the 
crowns of tho ideal spheroid, representing the average water-level 
for the whole earth. The angle HGM is made 87° 30', which 
would bo actually the case if 5 h 50“ lunar time were the 
average time of high water for the whole earth. It is obvious 
that the resultant force of the moon, on the whole mass of the 
solid and liquid constituting the earth, is not a single force, 
exerted in the Hue MG, but that, after the manuer of Poiusot, it 
may be represented by a single force in this line, and a couple in 
a direction opposite to that of the arrows indicating in the 
diagram the direction of the earth’s rotation. Thus the lunar 
attraction produces, as it wero, the action of a friction brake 
resisting the earth’s rotation. The same is no doubt also ’ the 
case in respect to the sun and the water of the ocean. 

If HIV were inclined to the line of the attracting body, on 
the other side from that shown in the first diagram, the effect of 
the attraction would bo to accelerate the earth’s rotation. Now 
this, which is represented in the second diagram (fig. 2), is found 
by observation to be actually the case in respect to the sun and 
(not the waters of the ocean, but) the earth’s atmosphere. The 
accompanying table and formula show the result of the Fourier 
Harmonic Analysis applied for the diurnal period by Mr G. H. 
Simmonds to barometric observations collected from all parts of 
tho world. In the formula, E denotes the excess of the baro- 
metric pressuro above its mean value for the day, at the time 0 
reckoned in degrees from midnight, at the rate of 15° per mean 
solar hour : -RjC,, R a c t , R ,c 8 denote the ranges and angles, cor- 
responding to the times of maximum height, for the first three 
terms of the Fourier expression which the formula exhibits. The 
table shows- the values of Rfi^ R a c „, R a c a , calculated for the' 
different places, from observations at the times stated in column 5. 

It is a very remarkable result of this analysis that the ampli- 
tude R a of the semidiurnal term is for most places, especially 
those within 40° of the equator,- considerably greater than tho 12, 
of the diurnal term. The cause of the semidiurnal variation of 
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barometric pressure cannot be the gravitational tide-generating 
influence of the sun, because, if it were, there would be a much 
larger lunar infl uence of the same kind, while in reality the lunar 
barometric tide is insensible or nearly so. It soems therefore 
certain that the semidiurnal variation of the barometer is due 
to temperature. Now the diurnal term, in the Harmonic Analysis 
of the variation of temperature, is undoubtedly much larger in all, 
or nearly all, places than the semidiurnal. It is then very re- 
markable that the semidiurnal term of the barometric effect ' of the 
variation of temperature should be greater, and so much greater as 
it is, than the diurnal. The explanation probably is to be found 
by co nsid ering the oscillations of the atmosphere, as a whole, in the 
light of the very formulas which Laplace gave in his Mdcanique 
Celeste for the Ocean, and which he showed to be also applicable 
to the atmosphere. When thermal influence is substituted for 
gravitational, in the tide-generating force reckoned for, and when 
the modes of oscillation corresponding respectively to the diurnal 
and * semidiurnal terms of the thermal influence are investi- 
gated, it will probably bo found that the period of free oscillation 
of the former agrees much less nearly with 24 hours than does 
that of the latter with 12 hours; and that therefore, with com- 
paratively small magnitudes of the tide-generating force, the 
resulting tide is greater in the semidiurnal term than in the 
diurnal. Now, if we look to the values of c a in the table, we see 
that, with one exception (Sitka, a place far north, where ll t is 
very small), they are all positive acute angles: and we find Cl 0, 3 
as the mean of all the 30. If we assign weights to the different 
values of c s , according to the corresponding values of M a , we 
should find a somewhat larger number for the true mean value 
of c s . It is enough for our present purpose to say that the mean 
is 60° or a little more. Looking now to the formula, we see that 
the meaning of this is that the times of maximum of the semi- 
diurnal variation R a are a little before 10 o’clock in the morning 
and a little before 10 o’clock at night (exactly at 10 o’clock if c 
were exactly 60°). Without more of observation, or of observation 
and theory, than has yet been brought to bear on the subject, we 
cannot tell tho law of variation of R t with the latitude. The 
observations in the table seem to show, what Laplace’s Tidal 
Theory prepares us to expect, that it diminishes more in the 
Polar regions than it would if it followed the elliptic spheroidal 
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Extracted from the (fuerterfy Jom l of tk Mmloyicd Society for January I860. 11 The Diurnal Range of Atmospheric Pressure," 

by Robert Strachan, FIS. 

Harmonic Constituents of the Diurnal Variation of Atmospheric Pressure, calculated by 6. H. Simmonds, FIS, 



Latitude, 

Longitude. 

He^ht 

Time of Obserration 

IHum&l 

Constituents, 
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Hi 

*1 

Hs 

f| 

B t 
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1 

C 1 

o / 

Feet 
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Indies, 

O 

Inches,. 

2 

Inches, 

C 

Singapore, . . 

1 27 N 

103 40 

Small No. 

5 from 1841 to 1845 

■0210 

280-3 

•0387' 

660 

0015 

333-3 

Trevandrum,. . 

831H 

77 0 

195 

0 

„ June 1837 to May 1842, . , , 

•0154 

290-3 

•0424 

68-2 

0013 

2934 

Madras,, , , 

13 4N 

8014 

22 

7 

„ 1844 to 1850, 

•0234 268'9 ■ '0432 

670 

0007 

270-0 

Bombay, . . 

18 33N 

72 48 

38 

17 

„ 1846 to 1862, 

•0198 

242-9 

0382 

66'4 

•0014 

286.3 

Calcutta, . . 

22 31 N 

88 21 

18 

15 

,i 1853 to 1869) i i « i i 

•0270 

250-9 *0394 

610:0012 

258-5 

Simla, . . . 

31 OR 

7712 

6953 

5'5 

„ June 1841 to December 1846,, . 

•0100 

185-7 

0210 

481 ! 0015 

248-3 

Lisbon, . . . 

38 43 K 

9 8 

335 

6*9 

„ January 1864 to November 1870, . 

•0053 

246-6 0176 

624 , 

•0022 

272-4 

Pekin, . 

39 57 N 

11629 

101 

6 

„ 1850 to 1855, 

•0295 

2700 -0217 

54-8! -0026 

2560 

Washington, , . 

38 MR 

77 3 

103 

9 

„ 1861 to 1869, 

•0168 

2650 0201 

730 

•0024 

1720 

Girard College, , 

39 58 N 

7511 

112 

5i 

„ June 1840 to June 1845,, . . 

•0183 

2660 

0179 

750 

•0018 

2824 

Toronto, , . 

43 40N 

79 21 
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7 

„ 1841 to 1847, 

•0140 242-4 

0127 ' 810 

•0020 

2911 

Tiflis (Avrlaba), . 

41 42 N 

44 50 

1501 

7'3 

„ January 1855 to April 1862, . . 

•0246 

2880 

0142 

670 

•0021 

242-3 


41 43 N 

• • 

1343 

9*7 

„ May 1862 to December 1871, . . 

•0266 

2940 

0162 

7011 

0018 

2674 

Vienna,. . . 

43 13 H 

1023 

650 

7*9 

„ 1849 to 1856 (lessonemonthof April), 

*0068 : 262-4 

0113 

590 

0012 

272-2 

Cracow, . . . 

30 4R 

1958 

712 

7 

„ 1850 to 1856, 

•0050 

2870 

•0066 

42-5 

•0016 

256-4 

Prague,. . . 

50 5R 

1425 

351 

27 

„ 1842 to 1868 

•0100 : 271-5 
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554 

0011 

2810 

Brussels, , . 
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190 

28 

„ 1842 to 1869 

•0019 
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0095 

564 

0012 

2781 

Greenwich, . . 
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, , 

159 

7 

„ 1841 to 1847, 

•0011 

1330 

0104 

570 

0004 

326-6 

Oxford, . . . 

5146N 

115 

212 

16 

„ 1855 to 1870, 

■0046 

3121 

‘0096 

664 

0013 

273-3 

Hertchinek, . . 

j 51 18 N 

11930 

2230 

19 

„ 1842 to 1845, 1848 to 1855, and 
1856 to 1862 


•0126 

283-1 ; -0098 

714 

0016 

2360 

Bamaoul, . . 

53 20N 

63 37 

400 

17 

„ 1842 to 1845, 1850 to 1855, and 
1856 to 1862 


•0046 

189-2 

•0044 

720 

•0011 

262-3 

Catherinenburg, . 

50 30R 

60 34 

813 

18 

„ 1842 to 1845, 1849 to 1855, and 
1856 to 1862 


•0036 

325-4 

0035 

620 

0003 

2121 

Sitka, .. . 

57 9R 

13518 

15 

10 

„ 1843 to 1645, 1848, 1850 to 1854, 
and 1856 


•0028 

1350 : '0037 

-60 

0003 

147-3 

St Petersburg, , 

: 59 57 R 

30 28 

15 

22 

„ 1841 to 1862 

■0014 152-7 1 *0035 

60 

0006 

2060 

Batavia, . . 

1 6 US 

106 50 

24 

7 

„ 1866 to 1872, 

•0239 

2930 

0369 

670 

0016 

2810 

Ascension, . . 

7 55 S 

058 

53 

2 

„ September 1863 to August 1865,. . 

•0106 

287*4 

0279 

660 

-0004 

2060 

St Helena, . . 

H5 57S 

541 

1764 

6 

„ 1841 to 1846 

•0071, 234-1 

•0293 

63-4 

0014 

3480 

Santiago de Chile,. 

: 33 26 S 

70 38 

1790 

2*9 

„ November 1849 to September 1852, 

•0065 

12530 

0157 

77-2 

0014 

1050 

Cape of Good Hope, 

1 33 56 8 

1829 

Small Ho. 

5'2 

„ April 1841 to June 1846, . . 

•0047 257-8 *0195 

720 

•0014 

2810 

Hobarton, . . 

42 52S 

147 27 
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7 

„ 1841 tol847, . ... . . 

•0123 j 317-5 1 0197 

844 

0018 

287.6 
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law of proportionality to tlie square of the cosine of the latitude. 
We may, however, take by inspection from the table 

Ji g = cos* lat x 032 inch 

as a rough estimate of a barometric variation distributed over the 
whole earth in the form of an elliptic spheroid, which would give 
the same resisting couple in the calculation of the solar gravita- 
tional influence on the disturbed atmosphere ; or (getting quit of 
the intolerable British inch), 

Jt 2 — cos* lat x ‘08 cm. 

Now the height of the barometer corresponds always to the 
mass of the air over a given horizontal area of the locality, inde- 
pendently of the temperature of the air; and, in averages for tlie 
different places, no doubt independently of the wind also*. Thus 
for every centimetre of higher or lower mercury, in the barometer, 
there is more or less mass of air over the locality to the extent of 
13’596, or say 14grms. over every square centimetre of horizontal 
surface. Thus the second diagram with its angle of 30° (corre- 
sponding to c,= 60°) represents the state of things,' as regards 
the quantity of air over different parts in the circle of any parallel 
of latitude, or at all events of any circle farther from the pole 
than 60° north or south latitude. It represents the state of things 
for every parallel of latitude in the imagined elliptic spheroid, 
constituting the terms we have to deal with in the spherical 
harmonic expression of the actual effect : and definitively, if we 
suppose half the excess of the greatest above the least radius of 
the elliptic spheroid in the diagram to be equal to the square 
of the sine of the latitude multiplied into ’08 cm., the diagram 
shows tho distribution of a mass of matter of the same density 

* In strong winds the barometer may Btand sensibly above or below tho 
proper value for the weight of tho atmosphero over the placo, according as tho 
room containing the barometer is more exposed by openings on tho windward 
or on the leewurd side of the house in which it is placed. The error due to 
this causo may be sensible in the diurnal averages for one particular barometer, 
because of tlie daily periodic variations in the direction of tho wind; but it is 
' not probably large for any well-placed barometer, and, such as it is, it must be 
fairly well eliminated in the averages for different barometers in variously 
arranged buildings and in different parts of the world. In passing, it may be 
remarked, that it is probably not a matter of no importance that the barometer- 
room of a well-appointed meteorological observatory should bo as nearly as may 
be symmetrically arranged in respect to openings to the external air in 
directions, and in respect to shelter against wind from other partB of the building. 
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as mercury, over the whole surface of the earth, which would 
experience the same resultant couple from the sun as does the 
earth’s atmosphere in reality. To evaluate this couple we may 
use the known formula (Thomson and Tait’s Natural Philosophy, 
2nd ed. Vol. i. Part H., § 539) rclativo to the mutual attraction 
between a mass M, not concentrated in a point, and a portion 
of matter m, concentrated in a very distant point — 


I> = 3m V-WSt, (IX 

(a? + </ + !?)* 

where x, y, z denote coordinates of m relatively to rectangular 
lines OX, OY, OZ coincident with the principal axes of inertia of 
M through its centre of inertia ; B and C the moments of inertia 
of M round 0 Y and OZ ; and L the component round OX, of 
the couple obtained by transposing, .after the manner of Poinsot, 
the resultant attraction of m, from its actual lino through x, y, z, 
to a parallel line through o, the centre of inertia of M. Suppose 
now if to be a homogeneous ellipsoid of revolution, having for 
semi-axes a , h, c, we have" 


B—G—j-Mfc 2 — b*) 

= I, M (c + b)(c — b). 

Hence for a prolate spheroid of the dimensions stated above, we 
have 

Jl—G—y Mr 0 32 cm (2), 

whore r denotes the earth’s radius in centimetres. To fit the 
formula (1) to the case represented by the diagram in fig. 2, wo 
have 

yz = D 2 sin 30° cos 30' J (3), 

where D denotes the sun’s distance from the earth. With this 
and (2), (1) becomes 

T 3 mMr 0 - 32 cin sin 30° cos 30 c fA x 

L ~5~ D " 


where M denotes the mass of a quantity of mercury equal in 
bulk to the earth, so that if E denotes the earth’s mass M.= 2 5 E. 
Now mE/D* is the attraction of the earth on the sun: hence if 
wo call this force F, 



348 ON THE RIGIDITY OF THE EARTH, &C. [XCV. APP. C. 


Now if S denote the number of grammes in the sun’s mass, 
we have 

F = ^5 8 . 980 dynes, 

since the earth’s attraction on a gramme of matter at its surface 
is about 980 dynes ; and so we find 


L = ^ 8. 980 . 0-21 = ^S. 207. 


(5). 


Now if to denote the acceleration of the earth’s angular velocity 
produced by this couple, we have 

. L 


CO — 


( 6 ), 


where / denotes the earth’s moment of inertia; and, allowing for 
the increase of the earth’s density from the surface inwards, ac- 
cording to Laplace’s probable law, we have, approximately, 

I = \ r*E 


(instead of I = \i*E t as it would be if the'mass were homogeneous) 
E denoting the earth’s mass. Hence 

. _ t* 8 207 

® 6 ir 'E v 


Now jD s /r* = 12'3 . 10**, S/E= 319. 10 4 , r = 6 370.10® centi- 
metres, which gives r 2 = 40‘6 . 10 18 . Hence 


tb — 3 


319. 10 4 207 

12-3. 10‘ 2 400. 10 18 


= 4 0 . 10" 23 . 


This is tho rate per second of gain of angular velocity. The 
earth’s angular velocity at present is 2w/86400, or approximately 
1/13700. * Calling this to, we have 

A) 

- = 5-5 . 10" 1 
to 

for the proportionate gain per second. There are 31*5 million 
seconds in a year, and 3150 in a century. Hence the ratio to the 
earth's present angular velocity, of the gain per second, amounts 
to 1*73 x 10 - *. 

To interpret the result, suppose two chronometers, A and B, 
to be kept going for a century, according to the following condi- 
tions: — • 
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Chronometer A to be an absolutely perfect timekeeper, and to 
be regulated to sidereal time at the beginning of the century, in 
the usual manner, by astronomical observation. 

Chronometer B to be kept constantly regulated to sidereal 
time by astronomical observations from day to day, and from year 
to year, during the century. 

At the end of the century B will be found to be gaining on A 
to the amount of 1*73 x 10“° of a second per second. This rate 
of gain has been uniformly acquired; and, therefore, on the aver- 
age of the century, B has been going faster than A, at the rate of 
*86 x 10"® of a second per second. Hence, in the whole century 
(or 3*15 x 10* sidereal seconds), B has gained on A to the extent 
of 2*6 seconds. 

In reality a tenfold greater difference, in the opposite direction, 
would be observed between the two chronometers. Adams, from 
his correction of Laplace’s dynamical investigation of the accelera- 
tion of the moon’s mean motion, produced by the sun’s attraction, 
found that our supposed chronometer B, regulated to sidereal time, 
would bo 22 seconds* behind the perfect chronometer A at the end 
of a century. (See Thomson and Tait’s Natural Philosophy, 1st 
cd., §830; or 2nd ed., vol.i. part 1, §405.) The retardation of the 
earth’s rotation thus definitively specified, which may be regarded 
as a well-established result of observation and theory, received 
from Delaunay what we cannot doubt to be its true explanation, 
— retardation by tidal friction. The preceding formulas, with the 
proper change of data, may be readily modified to show the tidal 
retardation instead of the thermodynamic acceleration. Thus if 
we go back to fig. 1, and suppose the spheroidal layer to be water, 
instead of the earth’s atmosphere, and take 100 cms. as the excess 
of the greatest above the least semi-diameter, wo have what we 
may fairly assume to be a not improbable estimate of the equi- 
valent, over the whole earth’s surface, to the true tidal deformation 
of the water of the oceans. If the obliquity HG8 were the same 
in the two cases, and if the sun were the external attracting body 
in each case, the value of L would be (50/*08 . 13*596 =) 45*9 times 
greater in the second case (fig. 1) than in the first case (fig. 2). 
Suppose now the moon, instead of the sun, to be the influencing 
body in the second case (fig. 1), other things being the same, the 
couple will be 91*8 times as grgat in the second case (fig. 1) as in 
* Sec Appendix B, page 339 above. 
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the first case (fig. 2). (Because tho moon’s mass, divided by the 
cube of her distance from the earth, is about double the sun’s 
mass divided by the cube of his distance from the earth.) Now, 
we must make the couple to be only 10 times as great in tho 
second case (fig. 1) as in the first case (fig. 2) to bring out Adams’ 
result, according to Delaunay’s explanation of it. Hence we must 
suppose, in fig. 1, sin HGM cos 1IGM to be of sin 30° cos 30 '; 
and we may fulfil this condition by taking HCM = 87° 30'. 

Thus with the approximate results of observation used above 
in respect to the earth’s atmosphere, and the assumptions we have 
now made regarding the lunar tide, we have a state of things in 
which our supposed chronometer Ji gains on A 2*5 seconds in the 
course of the ceutury through the thermodynamic acceleration, and 
loses 25 seconds through the tidal retardation; that is, loses in all 
22 '5 seconds, or say 22 seconds, which is Adams’ result. 



Abt. XCVI. Dynamical Problems regarding Elastic 
Spheroidal Shells and Spheroids of Incompressible Liquid. 


1. The theory of clastic solids in equilibrium presents the 
following general problem : — 

A solid of any shape being given, and displacements being 
arbitrarily produced or forces arbitrarily applied over its whole 
bounding surface, it is required to find the displacement of every 
point of its substance. The chief object of the present communi- 
cation is to show the solution of this problem for the case of a 
shell consisting of isotropic elastic material, and bounded by two 
concentric spherioal surfaces, with the natural restriction that the 
whole alteration of figure is very small. 


2. Let the centre of the spherical surfaces be taken as origin, 
and let x, y, z be the rectangular co-ordinates of any particle of the 
solid, in its undisturbed position, and x + a, y + P, z + y the co- 
ordinates of the same particle when the whole is in equilibrium 
under the given superficial disturbing action. Then, by the 
known equations of equilibrium of elastic solids, we have 


n 

n 


(fa (fa (fa\ 
M + dy' + dz*J 

\dJ + df*d*) 
((Fy (Fy <fy\ 
W*djf + &) 


d (da. d/3 dy\ _ n 
+ m dx (rfa; dy dz / ’ 

d (dx d^ dy\ A 
+ m dy\(U + dy + dz)~°’ 
dfdx dp. dy\_ 
m dz \dx dy dz) 


.( 1 ), 


m-$n and n denoting the two coefficients of elasticity, which 
may be called respectively the elasticity of volume, and the 
rigidity. A demonstration of these equations, with definitions 
of the coefficients, will be found in § 71 of an Appendix to the 
present communication. 


so 


3. 


For brevity let 

8 = 


dx dp ^dy 

dx dy dz 


( 2 ). 


that 8 shall donote the cubic dilatation at tho point (x, y, z) of 
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<Z* d* d* 

the solid. Also, for brevity, let the operation ^ ^ be 

denoted by y\ Then the preceding equations become 

dl 


wy*a + m = 0, ! 

*o , n 

«y*/9 + m^ =0, 

8 , d8 . 
ny 7 + m fa — 0 


.(3). 


4. In certain cases, especially the ideal one of an incom- 
pressible clastic solid, the following notation is more convenient: — 
p the mean normal pressure per unit of area on all sides of 
any small portion of the solid, round the point x, y, z. Then 
(below, § 21) 

p— (— W; 


and the equations of equilibrium become 


wya — 


m 


m — In dx 




»v 2 £ - 

ny® 7 — 


m .... d P= o 
m — $ndy ‘ 

m dp = Q 
m — \n dz 


(5). 


5. If the solid were incompressible, we should have m = oo 

, da. d/3 dy 

and -j- + , - + -r- = 0, 

dx dy dz 

which must be taken instead of (4), and, along with (5), would 
constitute the four differential equations required for tho four un- 
known functions a, ft, 7, p*. 


6. To solve the general equations (3) or (5), take djdx of tho 
first, djdy of the second, and djdz of tho third; and add. We have 


thus (n + m) y*8 = 0 (G), 

or, which is in general sufficient, 

V*8 = 0 (7). 


* See Professor Stokes’s paper “On the Friction of Fluids in Motion, and the 
Equilibrium and Motion of Elastic Solids,” Cambridge Philosophical Society's 
Transactions , April, 1845. 
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If, now, an appropriate solution of this equation for 5 is found, the 
three equations (3) may be solved by known methods, the first of 
them for a, the second for /9, and the third for y , — the arbitrary 
part of the solution in each case being merely a solution of the 
equation V‘u = 0; These arbitrary parts, must be determined so 
as to fulfil equation (2) and the prescribed surface conditions. 

The complete particular determination of 8 cannot, however, 
in most cases be effected without regard to a, fi, y ; and the order 
of procedure which has been indicated is only convenient for 
determining the proper forms for general solutions of the equations. 

7. First, then, to solve the equation in 8 generally, wo may 
use a theorom belonging to the foundation of Laplace’s remarkable 
analysis of the attraction of spheroids, which may be enunciated 
as follows. 

If the equation V*8 = O is satisfied for every point between two 
concentric spheres of radii a (greater) and a' (less), the value of 8 
for any point of this space, at distance r from the centre, may be 
expressed by the double series 

V 0 + V x + V a + &c. 

+ Vf* + V\r-° + V\ r- + &c.. 


of which the first part converges at least as rapidly as the geo- 
metrical progression 



and the second at least as rapidly as 



— if Vi, V'i denote homogeneous functions of x, y, z of the order », 
each satisfying, continuously, for all values of x , y, z, the equation 

V J F=0. 

A proof of this proposition is given in Thomson and Tait's Natural 
Philosophy, Vol. I. Fart i. chap. i. Appendix B. It is also there 
shown, what I believe has been hitherto overlooked, that Vi, Vi, 
as above defined, cannot but be rational and integral, if % is 
any positive integer. 

T. III. 


23 
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8. To avoid circumlocution, we shall call any homogeneous 
function of (as, y, z) which satisfies the equation 

V*F=0 

a “spherical harmonic function,” or, more shortly, a “spherical 
harmonic.” Thus F{ and VI , as defined in § 7, are spherical 
harmonics of degree or ordor i ; and V ,-r — 2,— *, heing also a solution 
of V s V = 0, is a spherical harmonic of degree — (i + 1). We shall 
sometimes call the latter a spherical harmonic of inverse order i. 
Thus Ui being any spherical harmonic of integral degree i, and 
therefore necessarily a rational integral function of this degree, 
u i r~ A ~ 1 is a spherical harmonic of degree — (i + 1), or of inverse 
order i. 

If we put — (i + 1) =j, and denote this last function by <f> jt 
then we have 

and thus it appears that the relation between a spherical harmonic 
of positive degree i and of negative degree j is reciprocal. The 
general (well known) proposition on which this depends is that 
if Vi is any homogeneous function of (x, y, z) of degree i, positive 
or negative, integral or fractional, Fir -24-1 is also a solution of the 
equation V*F = 0 (see Thomson and Tait’s Natural Philosophy, 
chap. i. Appendix 13). 

A spherical harmonic of integral, whether positive or negative, 
degree, satisfying the differential equation continuously for all 
values of the variables, will be called an “ entire spherical 
harmonic,” because such functions are suited for the solution of 
acoustical and other physical problems regarding entire spheres 
or entire spherical shells. 

A spherical harmonic function of (x, y, z) will be called a 
“spherical surface-harmonic” when the point (x, y, z) lies any- 
where on a spherical surface having its centre at the origin of 
coordinates. A spherical surface-harmonic is therefore a function 
of two variables, angular coordinates of a point on a spherical 
surface. If Fj denote such a function of order i, positive and 
integral, then Pir* and Pir' -4-1 are what we now call simply spherical 
harmonics ; but sometimes wo shall call them, by way of distinction, 
spherical solid harmonics.” Functions Fj, or spherical surface- 
harmonics of integral orders, have been generally called “ Laplace’s 
coefficients” by English writorS. 
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9. From the theorem enunciated in § 7, we see that the 
general solution of our problem, so far as 8 is concerned, is this : — 

s =$;::( (s>. 

10. Now because tho equation W = 0 is linear, it follows 
that differential coefficients of any solution, with reference to 
x, y, z, or linear functions of such differential coefficients, are also 
solutions. Hence the terms F* and V of 8, give harmonics 

of the degrees i — 1 and — (i + 2), in — , ^ . To solve 

ax ay az 

equations (3) we have therefore only to solve 

V'm = <f> n , 

where <ft n denotes an entire spherical harmonic of any positive or 
negative degree, ». Trying 

u = Ar*<j> n , 

which is obviously the right form, we have 

VW{rV>.+ 4 + 

But, because <f> n is a homogeneous function of x, y, z of degree », 

(*;s + »4 +2 s)** =n *- ; 

and because it is a spherical harmonic, 

V>.= 0. 

We have also 

V* (r*) = 6, 

by differentiation. Hence 

V*m = A . 2 (2n + 3) <p n , 

and therefore the complete solution of the equation 


IS 


where 


““ V+ 2 (271 + 3 )^“’ 
F denotes any solution of the equation 

V*F=0. 


23 — 2 
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11 . 


Hence, by taking for <f> n the terms of 


dS dS dS 
da dy ’ dz 


re- 


ferred to (§ 10) above, and giving n its proper value, i — 1, or 
— (i + 2), for each term as the case may be, we find, for the com- 
plete solution of (3;, the following : — 


• - s K * - iwi > a< r < - • 1 

7 = 2 \wi + vf f** - ®*~ 1 — 


mr* 


-(»). 


n . 2 (2 i + 1) dz 


{Vi- V\r^) 


where u'i, Vi, v'i, Wi, w\ denote six harmonics, each of degree i. 


12. But in order that these formulae may express the solution 
of the original equations (1), the functions u, v, &c. must be related 
to the functions V so as to satisfy equations (2) and (3). Now, 
taking account of the following formula, 



+y |, + ^)^ +r ’ v ’* i 


which becomes simply 2 ifa, 


if <f>i is a spherical harmonic of any degree i (whether positive or 
negative, integral or fractional), wo derive from (9) by. differentia- 
tion, and selection of terms of order i, and of order inverse t (or 
degree —i — 1), 


Tx + X + Tz =t {* ,+ ' ft ' i, ^‘ '“,r(Wi) [! ' Fi+< *’ + *> vv ~’'"l} ■ 


where, for brevity, we put 


ylr. = ^+ l 

dx 


dvj +1 dwj+ 1 

dy dz ’ 


and * f...(10). 

, dPt+r-**) d(wVlr^ <+, ) 

Y% dx T ^ + “S 

Hence, to satisfy (2) and (8), 


V{ — y/^i — 
V'f— yfr'f— 


mi 

n (2 i + 1) 
m ( t + 1) 
w(2i + l) 


Vi 


Vi, 


and 
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y- !L(g*± 1 ) 

1 (2 n + m)i + n Y '’ 

y = n ( 2t + *) 

(2 n + m)i + n+ m ~ 


( 11 ). 


13. Using these in (9), we concludo 

*’ 0 { 4+1 1-1 2 dx \_(2n+m)i+n (2»+»»)»+»+»iJj ’ 

}• 


0=2‘,z; {«, 
7 = s;:.- { 


, / »ir* d 

+v i _ 1 r- 2 ‘+ 1 - -r- 


2 <fy 

. / mr ! rf 

W i+1 +UJ i-i » +1 — -5- 




yfr'.r-* 1 - 1 


|_(2 n+m)i+n (2w+m)i+n+mJ 


2 (/jL(2w+?/^i+n (2w+m)i+n+mJ 

(12) 


for a complete solution of the general equations (1), the equations 
of equilibrium of an isotropic clastic solid. The circumstances for 
which this solution is appropriate will be understood when the 
general proposition of § 7 is duly considered. 


14. It remains to show how the harmonics « f , u'i, 
v\, w'i arc to be determined so as to satisfy the superficial con- 
ditions. Let us first suppose these to be that the displacement 
of every point of the bounding surface is given arbitrarily. Let 
fLAi, %Bi, be the harmonic series-f-, expressing the three com- 
ponents of the displacement at any point of the outer surface of 
the shell, and 2-d'i, S-B 7 ;, X(Ti the corresponding expressions for 
the given condition of the inner surface. Thus the surface- 
equations of condition to be fulfilled are 


(a 

r=a lp = %Bi, 

(v-SCi, 

(a-ZA'i, 


r = a < 


£ = 2 & it 
7 = 2cr<, 


.(13) 


* For the ease i=0, the terms w'<_ lf may be omitted; but their full 

interpretation would be to express a displacement without deformation. Thus 
u'. l9 being of degree - 1, cannot but be A Jr, where A is a constant; and therefore 
tt' 4 _ 1 r“ 5ii+1 becomes A when t=*0. 

t That is, series of terms each of wfiioh is a spherical surface-harmonic of 
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where a and o' denote the radii of the outer and inner surfaces 
respectively, and A it B it G it A'u B' u G\ spherical surface-harmonics 
of the order i. 


15. Now collecting from the scries (12) of § 13, which con- 
stitute the general expressions for a, /9, 7 , those terms which, being 
either solid spherical harmonics of degrees i and — i — 1 , or such 
functions multiplied by r*, give, at the boundary, surface-harmonics 
of the order i, and equating the terms of this order on the two 
sides of equations (13), we have 




Vi+w/r' -2 * -1 - 


2 dx\J2n+m)i+9n+m 

mi * d\ 

2 dy\_(2n+m)i+3n+m 


mi* d T 

Wi+WiT™- 1 — 5 - j-\ , 


yfr ( . 


:+i 


2 dz |_(2n+m)i+3n+m 


"I (—At when r=a, 
(2n+m)i-n J |=rf' t when r-d, 
A|r' i _ir _2i+1 "I (=Bi when r=a, 
( 2 «+m)t— nj \=B'i when r=d, 
A/r'i_ 1 r'~ ai +^n =(7j when r=a, 
(2»-H»)i— nj )=Gi when r=d 


.(15). 


16. These six equations would suffice to determine the six 
harmonics u u v it w it «/, % )j,wj, if ^r i+1 and ^r f _i were known. For, 
since each of those six functions is a homogeneous function of 
x, y, z of order i, each of them divided by r* is a function of angular 
coordinates relative to the centre, and independent of r; and 
therefore if, for instance, we denote «< by r*® and u/ by r*®', we 
have two unknown quantities ® and ®' to bo determined by the 
two equations of condition relative to a for the outer and the inner 
surface. These equations may be written as follows, if we further 

denote by and ty ^-i- iy f because these 

are homogeneous functions of the orders i and — i — 1 respectively : 

wd*»+w'-A4*»+ - r - - ma T- * V 

2 [( 2 n + m) * + 3n + m] 2 [(2n+m)t— «] ' 


®a ,si+ 1 +®'= Ai'a' i+1 + 


ma 


21+8 


ma 


— y 

\ • *i ** • 


2[(2w+m)i + 3n+??i] 2 [(2n+m)i— w] 


Resolving these equations for ® and ®', and returning to the 
original notation instead of ®, ®', y, 


integral order i. That any function, arbitrarily given over an entire 
surface, may be so expressed, is a well-known theorem. A dam nnafration of it is 
given in Thomson and Tait’s Natural Philosophy, Vol. i. Part i. chap. i. A rr „,«, 
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W 4 = • 


(a*»A, - a w Al) i*+ (a«+» - a'***) - (a 8 - a* 8 ) r*+J 


dx 


(aay+'la'A; - a' 1 Ay - (ffla') a,+1 (« s - «'Wm^t ±} - ~ a'* -1 )# 'i-a d (*Vi r ~* fl ) 

dx dx 

“' = ■ aPW-aWW 


where, for brevity, 


m 


^* +a 2 [(2 n + m) i + 3n + m] ’ I 


M^=, 


m 


(16). 


2 [(2» + m) i — w] 
Introducing, also for brevity, the following notation, 
_a i+1 Ai—a! i+1 Ai 

*** tt »+I_ a '2»+l 

&. ( aa ‘) i+ l (^Ai-a^ Aj ) 

i ” --Ul'4-1 ^.'2/4-1 


W 


a 4 




^ 3 

Jim i-2— a ai+,_ tt '2i+I *-3, 


.(17), 


[•(18). 


K *+»)(a 8 -« 8 ) = (aay(a«-'-a'«^) 

i»i+a— a »'+i _ a 'a»+i -“M+a, -3* i-a a ai+i _ a 'at+i JB 1-3 J 

we have the expressions for «* and «/ given below. Dealing with 
the equations of condition relative to /3 and 7, and introducing an 
abbreviated notation 23,, 23/, CD,, ©/, corresponding to (17), we 
find similar expressions for d,, «/, w<, w{, as follows: — 




<%+i _ d(^ , i-ir - 3t ' +1 ) ^ 


t*i = 23ir* + m- +2 


dx 

dfi+i 


dx 


, d(*V i»^ +I ) 


ai+i 


jji+i 


[...(19), 


d^T dy 

, ^ , 4 jg d^-i+x jq, d (•^ / { - 1 r~ 8i+1 ) ^ +1 
Wi =©i f*— i!Si+a J* *-* “ ^ ^ 

17. It only remains to determine the functions yfr and yfr', 
which we can do by combining these last equations with (10) of 


1*4-1 
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§ 12. Thus, changing i into i + 1 in (17) anil into t — 1 in (18), 
applying equations (10) of § 12, and taking advantage of the 
following properties, 

VVi+a = 0, V a ('K r “ 4l_1 ) = °» &c -> 
d (Vr/r-*- 1 ) + d Wr-*- 1 ) g d (fir -*- 1 ) 
dx “ dy dz 

and 


(i+ 1) yjri, 




wo find 


dy 


dz 


(2*'+3)(.'+l)i«V,+ i ', 

These equations, used to determine the two unknown functions 
yfti and ^Jr / , give 

_ e«+(2> + 3 ) (»+ 1) 

Yi 1 - (2 i + 3) (2* -1) (t + 1) im~i+A + i ’ (22) 

(2f-i)iia i+1 ©<+0/_ v h 

Yi i - (2» + 3) (2» - 1) {i+ vm'i+i&i+i 
where, for brevity, 

™ _d(^Li +l r^) . d(W i+l r^) , d(© i+1 r<+‘) 

* ' dx + dy + dz 

® '= , d(0D / t -- 1 7- < )] ^ 

* l die dy dz J 

18. The functions yfr and yfr' being expressed in terms of the 

data of the problem by equations (22) (23), (17), (18), (16), we 
have only to use (19) and (20) in (12) to find the following ex- 
pression of the complete solution : — 

- (JW<V*+»+ jaZ-Af/r’) rf( ^ , ^ r ~ a ~ 3) |, 


( 21 ). 


..(23). 


-(iffl<'r 2i+ ®+ $U- M-t*) ~ 


...( 24 ). 


7=2 j^r* + ®* V-*-» + (Jffl < -Mir-* +3 -Mi r 3 ) 
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19. This solution loads immediately, through an extreme case 
of its application, to the solution of the general problem for a plate 
of elastic substance between two infinite parallel planes : — Given 
the displacement of every point of its surface, required the 
displacement of any interior point. For if we give infinite 
values to a and a', and keep a — o' finite, the spherical shell 
becomes an infinite plane plate. 

20. It is, however, less easy to deduce the result in this way 
from the solution for the spherical shell, than to apply directly the 
general method of § 6 to the case of the infinite plane plate. We 
shall return to this subject (§ 31, below), when the details of the 
investigation will be sufficiently indicated. 

21. A very important part of the general problem proposed 
in § 1 remains to be considered, — that in which not the displace- 
ment, but the arbitrarily applied force, is given all over the surface. 
To express the surface-equations of condition for such data, we 
must use the formula: expressing the stress (or force of elasticity) 
in any part of an elastic solid in terms of the strain (or deforma- 
tion) of the substance. These are 


« = (’“+”) if + < m - n >(* + ID : 

S = <m + ») |* + (*.-») g + 1|) ; 

*-»(£+ so* MM> Mt + ®>J 


^.,.(25) 


where P,Q, R are the normal tractions (which when negative are 
pressures) on the faces of a unit cube respectively perpendicular 
to the lines of reference OX, OY, OZ ; and 8, T, U the tangential 
forces along the faces respectively parallel, and in the directions 
in these planes respectively perpendicular, to OX, OY, OZ (see 
Appendix, § 70). 

22. In terms of these we have the following expressions for 
the components F, 0, H of the force on a unit area perpendicular 
to , any line, whose direction-cosines are f, g, h ; 
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F=Pf+ Ug + ThA 

G=U/+Qg + 8h,\ (26), 

H=Tf+ Sg + Rh) 


[see Art. xcn. Part i. above ; “ Mathematical Theory of Elasticity,” 
Chap. ill. pp. 86—7]. 


23. Using the expressions (25) in (26), we find 



and symmetrical expressions for G and H. 


24. If now wc suppose f g, h to denote the direction-cosines 
of the normal at any point x, y, z of the surface of an clastic solid, 
the surface condition, when force, not displacement, is given, will 
be expressed by equating F, G, H respectively to three functions 
of the coordinates of a point in the surface, quite arbitrary except 
in so far as they must balance one another in order that equi- 
librium in the body may be possible; and therefore they must 
fulfil the following integral equations : — 

JJFdSl = 0, JJGdZl = 0, ffHd(l = 0 (28), 

ff(Hy - Gz)di 1 = 0, fj(Fz - IIx) dn =0, fj(Gx - Fy)dil = 0 . . .(29), 

whore dil denotes an element of the surface at the point (x, y, z), 
and the double integrals include the whole surface of application 
of the forces F, G, H. 

25. For our case of the spherical shell, with origin of co- 
ordinates at its centre, we have 


t- X m-V j, z 

f~ *. > 9 — „ > » — z 


.(30); 


and the last triple term in the expression (27) for F may be 
conveniently written thus : — 


n d (ax + f3y + yz) na. 

r dx t < 31 >; 

Then, for brevity, putting 

ox + /3y + yz = {. 


(32), 
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“ d -t 38 )- 

where prefixed to any function of x, y, z will denote its rate 

of variation per unit of length in the radial direction ; and using 
(2) of § 3, we have, by (30) and the symmetrical equations for 
0 and H, 

Fr = (m — n) 8 . x + n r — 1^ a + ^ 

+ .j(r* : -l) 7 + gj J 

26. It is to be remarked that these equations express such 
functions of (x, y, z ), the coordinates of any point P of the solid, 
that F . to, G .to, II . to are the three components of the force 
transmitted across an infinitely small area to perpendicular to OP, 
while, for any point of either the outer or the inner bounding 
spherical surface, Fto, Gto, Ilto are the three components of the 
force applied to an infinitely small element to of this surface. 

27. To reduce the surface-equations of condition derived from 
these expressions to harmonic equations, let us consider homo- 
geneous terms of degree i of the complete solution, which we shall 
denote by a,, /3 it y it and let 8, -A ? i+1 denote the corresponding 
terms of the other functions. Thus we have 

Fr — 'S, j(m — n) S^x + n(i — 1) a< + n j » 

Gr = S | (m — ri) S^y + n(i — l)0t + n - -(36). 

Hr = 5 |(to — n) 8<_i« + n (i — 1) yt + n J- J 

28. The second of the three terms of order * in these equations, 
when the general solution of § 13 is used, become at the boundary 
each explicitly the sum of two surface harmonics of orders i and 

* When * - 1 is positive* 8 4 _ x will express the same function as P*-* of g 9 above. 
The now introduced have reference solely to the algebraic degree, positive 

or negati ve, of the functions, whether hprmonic or not, to the symbols for which 
they are applied. 
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i — 2 respectively. To bring the other parts of the expressions to 
similar forms, it is convenient that we should first express &+ 1 in 
terms of the general solution (12) of § 13, by selecting the terms 
of algebraic degree i. Thus we have 


__ mr 8 dtyir . ! 

° t ~ u * 2 [(2n + m) t — n — m] dx 


(36), 


and symmetrical expressions for y9 t - and 7,, from which we find 


oax + + 7i* = &+i = u t x + Viy + w i z ~ 


( % — 1 ) 

2 [(2» + wi) * — n — m] ' 


Hence, by the proper formula) [see (42) below] for reduction to 
harmonics, 


1 f (2s-l)[i 

^ l_ 2i+l(2[(2» + 


(2 i — 1) [m (>* — 1) — 2«] 

»t) i — n — vi\ 


+ 


fc+i} ...(37), 


where 


f ' ( *sT>- +< <*->■ 


and (as before assumed in § 12) 

. _ dui dvi dwi 

* 1-1 dx dy dz 


(39). 


Also, by (11) of § 12, or directly from (36) by differentiation, we 
have 


* _ n ( 2 i — 1) , 

” (2n + m)i -n-m'V *- 1 


( 40 ). 


Substituting these expressions for 8 f _j, a f , and f< +1 in (35), we find 




w[2t(t-l) w-(2t-l) n ] a n d<f> i + 1 ) 

(2i+l ) [(m+2n) % — in — r] dx 2t+l dx j 


...(41). 


This is reduced to the required harmonic form by the obviously 
proper formula 

<**>• 


Thus, and dealing similarly with the expressions for Gr and Hr, 
we have, finally, * 
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)u-2(i-2)M^ -E<r* l +' _ 

Gr=n^(i-l)vi-2(i-2)M<r° -E t i* i+1 d - ( t<-£p' ^ > _ 
7/r=n2|(t-l)w{-2(i-2)Jf t r 1! ^^ :i1 —jS , i r*' +I ^ - 


1 d$i+l 

dx 


2i+l 
1 

2i+l 

1 d<f>i+i 

2*+l dz 


?}'l 

d0i+i] 

dyV 

}J 


••( 43 ), 


where [as above, (16) of § 16] 

1 m 


Mi = 


and now further 


2 [m + 2n) i — m — n ' 


Ei = -, 


[m — 2 n) i + 2m + n 


..(44). 


(2 i + 1) [(m + 2 n) i — m — »i] J 


29. To express the surface conditions by harmonic equations, 
let us suppose the superficial values of F, G, H to be given as 
follows : • 


F=tA t ; 

0 =m, 


> when r — a, 


H = XG (> ) 

and f (45), 

J’-SjI/,) 

G = %Bi,> when r = d 

H=m\) 


where A,, Bi, Gi, At, B{, Cl denote surface harmonics of order i. 
Now the terms of algebraic degree i, exhibited in the preceding 
expressions (43) for Fr, Gr, Hr, become, at either of the concentric 
spherical surfaces, sums of surface harmonics of ordors i and i — 2, 
when i is positive, and of orders — i— 1 and — t — 3 when i is 
negative. Hence, selecting all the terms which lead to surface 
harmonics of order i, and equating to the proper terms of the 
data (45), we have 


( (t-l)wj-(t+2)tt^j_i -2iM i+3 r 3 +2(i+l)J/_ <+1 r a ^jj~ 

Fy ^A*i-r*+') E !_/<%« ’ 

~ E ^ da -*- 1 dm 2i+li dx dm)) 




and symmetrical equations relative to y and e. 
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30. These equations might be dealt with exactly as formerly 
with the equations (15) of § 15. But the following order of pro- 
ceeding is more convenient. Commencing with the first of the 

surface equations (46), multiplying it by attending to the 

degree of each term, and taking advantage of the principle that, 
if be any homogeneous function of x, y, z, of degree t, the 
function of angular coordinates, or of the ratios x : y : z, which it 

becomes at the spherical surface r = a, is the same as yfr for 

any value of r, we have 

(.-l)«,-(i+2) d i£- 

+ 2(.+i 

dx dx 

1 r d^i+i _ (r\ sl+1 #^1 I 

2i+l |_ dx \a) dx J J 

=Mr)l •••<«). 

where the second member, and each term of the first member, is 
now a homogeneous function of degree i, of x, y, z (being in fact a 

- d 

solid spherical harmonic of degree and order t). Taking ^ of this, 
d d 

and ^ and ^ of the two symmetrical equations, adding, taking 

into account equations (38) and (39), and taking advantage of the 
equation V s 0 for the solid harmonic functions concerned, we 
have 

£ j[t— l+(2t+l)i2?i] ^-2(1+1) 

-2(i+l)(2i+l)iJlf_ f+1 Q S * + V-i ...(48). 


_ 1 [ djAir *) ) d(G jr i ) 

a^X dx dy dz 


Again, multiplying (47) by crV.-*- 1 , and taking r“‘+ 3 of the 
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result, dealing similarly with the two symmetrical equations, and 
adding, wo have 

1 4>i+r~ [*+ 2— (2i+l ) (*+l) JSL*_J Q " ' 

+ 2i(t+l)(2i+l)Mi +a yfr i+I [. ...(49). 

_ r 2i+s (d(A<r-* r ~ 1 ) d (7? t r _<_1 ) d(G i r r ~ ir ~ 1 ) 
a t+2 | cfoc dy dz 

Changing i into %- 2 in this equation, we have 

1 12 (i— 2)a -2 <£i_ 1 — E_ i+i ] ] 

+2(i-2)(i-l)(2i-S)M i fa^ l [ } ...(50). 

[ d(A i _ a r~ i+1 ) d( Bj_ 2 r~ i+ ') d(C ir *r^+>) 

i t i ( dhv dy dz 

Precisely similar equations, derived from the inner surface con- 
dition of the shell, arc obtained by changing a. A, B, G into 
a', A', B", C. Wo thus have (48), (50), and the two corresponding 
equations for the inner surface, in all four equations, to determine 
the four unknown functions ,, fa-i, fa _, , in terms of the 
data which appear in the second members. The equations being 
simple algebraic equations, wo may regard these four functions as 
explicitly determined. In other words, we may suppose fa and 
fai known for every positive or negative integral value of i. Then 
equation (47), the two equations symmetrical with it, and the 
others got by changing A, a, &c. into A', a’, &c., give Vi, Wi ex- 
plicitly in terms of known functions, and the expressions (36) for 
ati, /3i, yt complete the solution of the problem. 

31. The solution for the infinite plane plate is of course in- 
cluded in the general solution for the spherical shell, as remarked 
above for the case in which surface displacements, not surface 
forces, were given ; but, as in that case, it will be simpler and 
practically easier to work out the problem oh initio, taking ad- 
vantage of tho appropriate Fourier forms. The relative ease of 
the independent investigation is indeed still greater in the case in 
which the surface forces are given than in the other case, since 
the general expressions for the surface forces assume simple forms 
when the surface is plane, and require no such transformation as 
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that which we have found necessary, and which has constituted 
the special difficulty of the problem, when the surface was 
spherical. The problem of the plane plate presents many ques- 
tions of remarkable interest and practical importance ; and al- 
though the object and limits of the present paper preclude any 
detailed investigation of special cases, we may make a short 
digression to work out the general solution. 


32. Let the origin of coordinates be taken in one side of the 
plate and the axis OX perpendicular to it. Then, according to tho 
general expressions (26) of § 21, the three components of the force 
per unit of area, in or parallel to cither side of the plate, are 
respectively 


parallel to OX, n> (^ + £). 

parallel to OY, U=n(^ + ^j , 
parallel to OZ, r-«(£ + £) 


...(51). 


The surface condition to be fulfilled is that each of these functions 
shall have an arbitrarily given value at every point of each infinite 
plane side of the plate. 


33. From the indications of § 6 above, it is easily seen that 
the following assumptions arc correct for a general solution of the 
equations of internal equilibrium, and convenient for the applica- 
tion at present proposed. 


a 

fi 

7 


, dtf, 
-“+*&- 

=v+x ^- 


where u, v, w, and <f> denote functions of (a?, y, z) which each fulfil 
tho equation V J 7=0.- From these, by differentiation, and by 
taking Vty = 0 into account, we have 


da 


dy _du , dv , dw 


d<f> 
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or 

if 


s “*+2 


. _ du dv dyo 
* ~ dx -1 " dy dz 


\ 


(62), 


and S be used with the same signification as above (§ 2). Also, by 
differentiation and application of the equations 

V*w = 0, V 8 ^ = 0, 

dx 

we find 


Vo-2^, V/S-4 


dxdy ’ 


V'y = 2 


dxdz ' 


Hence, to satisfy the general equations of internal equilibrium (3) 
of § 3, wc must have 

d t: VL-.yK 

dx m + 2n r 


Hence the general solution becomes 


mx , 

““*-» + si 


S=Z - - — 

” V m+ 2n 


y =W 


dfyjrdx . 

~dT’r 

dfyjrdx 

m + 2« dz 


mx 


(53), 


where u, v, w arc any functions whatever which satisfy the general 
equation V*V=0, and yjr is given by (52) ; and where, further, it 
must be understood that fyfrdx must be so assigned as to satisfy 
the equation V*F’= 0, which yfr itself satisfies by virtue of (52). 


34. The general form of the solution of V s V = 0, convenient 
for the present application, is clearly 

where p, 8, t are three constants subject to the equation 

jp* = s* + i*. 

If now we suppose, as a particular case, the surface condition 
to be that 
T. ill. 


24 
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P — A sin (si/) sin (tz),' 

U = B cos (sy) sin (tz), * when x — 0, 

T = C sin (sy) cos (tz),, 

ami -(64!), 

P = A' sin (sy) sin (tz),' 

U=B > cos (sy) sin (tz), > when x = a 
T = C 1 sin (sy) cos (tz),, 

where A, B, C, A', B’, C are six given constants, we must clearly 
have 


« = (/e - *" + fe**) sin (sy) sin (tz), 
v = (ge~P x + geV x ) cos (sy) sin (tz), - 
w = (he~ px + h’e px ) sin (sy) cos (tz) , 


✓56), 


where f, g, h, f, g', K are six constants to be determined by six 
linear equations obtained directly from (54), (51), (53), (52), (55). 
But, by proper interchanges of sines and cosines, we have in (54) 
a representation of the general terms of the series or of the definite 
integrals, representing, according to Fourier’s principles, the six 
arbitrary functions, whether periodic or non-peroidic, by which 
P, U, T arc given over each of the two infinite plane sides. Hence 
the solution thus indicated is complete. 


36. To complete the theory of the equilibrium of an elastic 
spheroidal shell, we must now suppose every point of the solid 
substance to bo urged by a given force. The problem thus pre- 
sented will bo reduced to that already solved, by the following 
simple investigation. 

36. Let X, Y, Z be the components of the force per unit of 
volume on the substance at any point x, y, z. (That is to say, 
let qX, qY, qZ be the three components of the actual force on a 
volume q, infinitely small in all its dimensions, enclosing the point 
x, y, z). Not to unnecessarily limit the problem, we must 
suppose X, Y, Z to be each an absolutely arbitrary function of 
as, y, z. 

37. When wo remember that x, y, z are the coordinates of 
the undisturbed position of any point of the substance, differ 
by the infinitely small quantities a, /3, 7 from the actual co- 
ordinates of the same point of the substance in the body disturbed 
by the applied forces, we perceive that Xdx + Ydy + Zdz need 
not be the differential of a function of three independent variables. 
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It actually will not be a complete differential if the case be that 
of the interior kinetic equilibrium of a rigid body starting from rest 
under the influence of given constant forces applied to its surface, 
and having for their resultant a couple in a plane perpendicular to 
a principal axis. Nor will Xdx + Ydy + Zdz be a complete dif- 
ferential in the interior of a steel bar-magnet held at rest under 
the influence of an electric current directed through one half of 
its length, as we perceive when wc consider Faraday’s beautiful 
experiment showing rotation to supervene in this case when the 
magnet is freed from all mechanical constraint. 


38. The equations of elastic equilibrium are of course now 


nV a a+m~=-X, 

nV*l3 4- m df* = — Y, 
dy 

dS „ 
wV 7 + in ^ = — Z 


.(56). 


Let ny, p, a- denote some three particular solutions of the equations 

VV= - A r ,'j 

V'p = -Y,\ (57). 

VV = - ^ J 

These, w, p, a, we may regard as known functions, being derivable 
from X, Y, Z by known methods (Thomson and Tait’s Natural 
Philosophy, Part II., chap. vi.). Then, if we assume 

US' 


*-£-*'• 


7- 


<T 

n 


= 7, 


J 


and 

the equations (56) 


dx dy dz ' 

of interior equilibrium become 

dS, m d% 

nV a, + m — = 


dx 


n dx ’ 


_»a dS m d£ I 

— . d8 t m m di f 


•(58), 

(59), 


.( 60 ), 


34 — 2 
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where f is a known function given by the equation 

b drs dp da 

C ~ 

* dx dy dz 


..(61). 


Now, as we verity in a moment by differentiation, equations (59) 
and (60) are satisfied by 

— in d& 


a. = 




n (in + n) dx ’ 
— in d& 


.(62), 


n (in + to ) dy ’ 

— m dd r 

n ( m + n) dz 

if ^ is some particular solution of 

= £ (63). 

Hence (58), (57), (62), (63), (61) express a particular solution 
of (56). 

39. Wc conclude that the general solution of (56) may be 
expressed thus : — 


.(64), 


where 

« = v-**, 

P = v-r, 

a = V~*Z, .(65), 

according to an abbreviated notation, which explains itself suffi- 
ciently ; and 'a, '/9, '7 denote a general solution of the equations 

j.«, d (djtd'fr _ d'y\ n 



1 

/ 

[ nr * 

m 

|+' a 1 

u — 

TO 


111 + to dx) 


/3 = 

1 

f 

in dSt\ 


n 

[p- 

in + 11 dy) 

t+'/9, 


1 , 


m d&\ 

. I 

7 = 

TO 1 

[a- 

in + n dz) 

1 + 7 J 
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40. This solution is applicable of course to an elastic body of 
any shape. It enables us to determine the displacement of every 
point of it when any given force is applied to every point of its 
interior, and either displacements or forces are given over the 
whole surface, if wo can solve the general problem for the same 
shape of body with arbitrary superficial data, but no force on the 
interior parts. For 'a, '/S, 'y are determined by the solution of 
this problem, to be worked out with the given arbitraiy super- 
ficial functions modified by the subtraction from them of terms 
due to the parts of a, /3, y which are explicitly shown in terms of 
data by equations (64) and (65). 

41. Hence the problem of § 35 is completely solved, — whether 
we have displacements given over each of the two concentric 
spherical bounding surfaces, when the solution of §§ 14 — 18 
determines 'a, '/3, 'y ; or forces given over the boundary, when the 
solution of §§ 26 — 30 is available. In the former case the super- 
ficial values of the functions 

1 / _ m d£r\ 

n V. m + « dx) ’ 

1 / m 

»V m + ndy) ' 

1 / m d$’ 

n \ m + n d. 

known from equations (65), must be subtracted from the arbitrary 
functions given as the superficial values of a, (3, y, and the residues, 
expressed in surface-harmonic scries by the known method, will be 
the harmonic expressions for the superficial values of 'a, '/3, 'y. 
In the latter case, we must first substitute those known functions 

~ ( CT ~ m+~i > ^ c,j instead of a, /8, y respectively in (34), and 

the values of Fr, Gr, Hr thus found must be subtracted from the 
given arbitrary functions representing the true superficial values of 
Fr, Or, Hr. The remainders, which we may denote by 'Fr, 'Gr,'Hr, 
must then be reduced to harmonic series, as in (45), and used 
according to the investigation of § 30, to determine 'a, '/3, 'y. 

42. The general solution (64) and the expression just indicated 
for the terms to be subtracted from the data so as to find 
'Fr, 'Or, 'Hr becomes much simplified when, as in some of the 
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most important practical applications, Xdx + Ydy + Zdz is a com- 
plete differential. Thus let 


v _ dW _ v _ dW _ 7 _dW 
dx ' dy ’ dz 


(67), 


W denoting any function of x, y, z. Then, assuming, as we may 
do according to (65), 

p= dyV~* W ’ 

we have by differentiating, &c., 

dvr . d P . d(r _ W 
dr.dydz~ ’ 

and therefore 

*=v-nr. 

Hence the solution (64) becomes 

1 /* , i 

in + n dx U ’ 


£ = 


db 


+ 'A 


m + n dy 

1 . , 

y — — : — j — h 7 
m + n dz 1 


.( 68 ). 


..(69). 


From this wo find 


and (§ 25) 

if 

and 

Hence, by (34), 


8 = , TF+'S, 

m + n 




d* 


_ r . 'v I 
m + n rfr + *’ ^ 

•s == d aL , d 'P , d 'y 
dx dy dz ’ 

f = 'aa: + '/3y + '72 J 


•(70). 


^ {<“ - •> w - + ' * [(-*. - 1 ) s + s r s] »} + 
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But 


r dr ~ 0 r dr + *) dx • 


d d 

. - - <y» 

dx 


Thus for Fr, and the symmetrical expressions, we have 
Fr = “ M) w * + 2nr 3r^} + ' Fr - 1 
” iTT» |< m - n > w » + 2 ” r *. + ,ft- ' 

Hr =— — |(m-w) TFar + 2nr '-£{■ + 'tfr 
m + m ( ar 


.(71). 


43. These expressions become further simplified if W is a 
homogeneous function of any positive or negative integral or 
fractional order i + 1, in which case wo shall denote it by TPi+i- 

For Sy will be a homogeneous function of order i + 3, and ^ 

dx 

of order i + 2. Hence 


r 


d d 

dr dx 


* = (i + 2) 


d% 

dx ‘ 


Hence the preceding become 

Fr - m +-^ {<«* - n > w <« *■ + 2n (* ■ + 2 > S } + ' Fr ‘ 
{<“ - "> Wi « * + *»<•' + 2) f } + ,ffr - 

Hr= | (m - n) W i+l z + 2n (i + 2) ^ j + 'Hr 


...(72). 


44. These expressions are the more readily reduced to the 
harmonic forms proper for working out the solution, if the interior 
force potential, Wi +1 , is itself a harmonic functidn. We then have 
(§ 10) 


*“2(21+5) 
and W i+1 x ■■ 


^ S 


. + l r ,dTF i+1 

t+1 ^ ~ ' 


2i + 3 { 


.dW, 


i+l 


dx 


vJti+6 



...(73); 


which give 

„ 1_ f^+ii±l)» ^ _ m(2t+5 )-n ^ +# djW i+1 r^-*) ) 

r m+n\ 2 i + 3 dx (2t+3)(2i+5) dx J 

+'Fr (74), 
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and symmetrical expressions for Gr and Hr. Here the terms to 
be subtracted from the arbitrary functions given to represent the 
superficial values of Fr, Gr, and Hr arc each explicitly expressed 
in sums of two surface harmonics of orders i or — i — 1, and i + 2 
or — i — 3 respectively, viz., in each case, that one of the two 
numbers which is not negative. 


46. When the shell is in equilibrium under the influence of 
the forces acting on it through its interior, without anv application 
of force to its surface, we must have 

Fr = 0,\ 

Gr = 0, > when r = a and when r = a (75). 

Hr = 0 J 

Hence, for the case in which W is a spherical harmonic, the 
preceding equations give the proper harmonic expressions for 
'Fr, 'Gr, 'Hr at the outer and inner bounding surfaces, for de- 
termining 'a, '/9, 'y by the method of §§ 28 — 30. Thus, using all 
the Same notations, with the exception of 'a, '{3, 'y, 'F, 'G, 'H, 
instead of a, y9, y, F, G, H, and, for the present, supposing * + 1 
to be positive*, we have the complete harmonic expressions of 
'F, 'G, 'H, each in two terms, of orders i and i + 2 respectively. 
Hence the A, A', &c. of (45) are given by the following equa- 
tions : — 

Ai = A(_ =z _ m + (i_+ l)n_ _.dW i+l 
a i +i a 'i + 1 (2i + 3)(m+n) r dx ’ 

Bi = B- m + (i + 1)» . dW t 

2 i + 3) \m + «) **"" dy 

Gi = G- m + (i+J.) n . dW i+1 

a i+i a -»+i •(2t + 3)"(» + n ) r dz~ 

Aj+a _ A'i +a _ _ (2i+5)jn — n t d(W i+l r* i - a ) 
a i+x a >i + 1 (2t +3) (2t+5) (m+n) r ' dx * 

Bi+i = B' i+S (2t+5) m - n_ d( W i+X r~^ a ) 

0,1+1 °' i+1 (2* +3) (2i+ 5) (m+n) r ~ dy ~ ’ 

Gi+t_Gi + a (2i + 5) m — n ... d ( W{+ 1 r ~ ti ~ : *' 

° <+1 °' i+l (2t+3) (2i+5) (m+n) r * dz : 


* As we shall not in tho present paper consider particularly any case of a shell 

a “ *•““» a. Jhit,. 

a potential W m oi negative degree, we .need not write any of the expressions in 
forms convenient for making i + 1 negative. 
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46. The functions derived from A{, Bi, Gi, &c., which are 
required for formulae (48) and (49), are therefore as follows : — 


d{Air i ) 

dx 

d(A#' 


d (Bo d ) d(Cir *) _ 

dy + dz 

i ~ 1 ) , djBjr-^r- 1 ) d (G{r^~ l ) 


dx dy dz 

= (* + !)(« 4 !) [« + (* j l)w] a <+1 
(2 i + 3) (ra + n) r sf+s 

d ( ^ <+3 r f+a ) + d (B i +i r i+3 ) d (<7 t+a r i+2 ) 
da? dy dz 

_ (* + 2 ) C(2* + 5; m - n] 

“ '■(&• + 8) (« + »)"' f+1 

d (^li +2 r- f - 3 ) d (-Bi +2 r -< ~ 3 ) d (C^r^- 3 ) _ 
dx + " dy + dz ~ ~ v 


Wi 


4+1 


...(77), 


with the corresponding expressions relative to A/, B{, G( t &c., 
obtained simply by changing a into a. 


Hence by (48) and (50), and the two corresponding equations 
for the inner surface, wo infer that each of the four functions 
0t— : 1> f r — i> 04 — ij vanishes. By the same equations, with i 

changed into i + 2, we obtain expressions, all of one harmonic 
form, direct or reciprocal, as follows, for the four functions of 
order i + 1 : — 

+i+l = Ki+l I'Pi+l I 

+_ i _ 2 = K' i+1 r-*-»W i+u 

$i + 1 = T J i+l l^t+1 > 

$ — i — *j = L'i + 1 r~ si ~ a Wi+, 


•(78), 


^T i+1 , JST'i+i, X t+J , L’i+ U which need not be here explicitly expressed, 
being four constants obtained from the solutions of four simple 
algebraic equations. Lastly, by the four equations with (» + 4) 
instead of i, we find that +»+ 3 « +— i— »> $»+ s» f— 4 Rll vanish. Using 
these results for + and <f> in (47), we see that each of the 


functions u must 


be a harmonic congruent with either 


dW 

dx 


or 


. Hence, by using (78) in (38) and (39) we find 
dx 
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-Z i4 dWi, 

' 1 (2t + l)(t + l> dx ’ 

w — —K j+i ^i+e ^ at ~ 

^ +a (2i+5) (i + 2) rf® 

u —K'i+i 

*"* (2i + l)(i + l) ’ 

__ - i i+ 1 d(TT i+1 r^») 

~ i+! ’ (2t + 5)(« + 2)' d® 


.(79); 


and symmetrical expressions for v and w. Finally, using these 
expressions, (79) and (78), in (30), and the result in (69) with (73), 
we arrive at an explicit solution of the problem in the following 
remarkably simple form : — 


a = (St 


dW i+ , . d(W i+l r~«-* 

7 r 'CP t+i j~~ 


0-<Su, + ®'< + , —*2f* •(»«). 

_ 02 d W{+1 ,/m> d( 

^ + &U -J- 

where 

— ^4’ "h ^ *+i J 21 1 , 

i+1 (* + 1) (2i + 1) (2 (2-t + 3) (to + n ) 

1. m Ki +\ , . 

’ (TO + 2«) i + TO + Sn.l ’ 

W K i+1 i* i +* + TS i+1 -r 2£+c > 

W <+1 (t + 2) (2 i + 6) + |(2i + 3) (2 i + 5) (to + n ) 

JSj+i 

2 (to + 2w) « + 2 to + 3n 

47. In conclusion, let us consider the case of a solid sphere. 
For this we have 


“ty-i-a = 0, and = 0, 

as we see at once from the character of the problem, or as we find 
by putting a = 0 in the four equations by which in § 46 we have 
seen that iTf +1> !T i+1 , Lt+ U L\ +1 are to be determined. Then, by 
(48), with » changed into % + 2, and by (49), we find 
, _ (*+2)[(TO+2«)i+TO+3«][TO(2i+5)— »] 

Y<+1 (2i+3)» {to [ 2 (i+ 2) 9 + 1] - n (2i+3)j (to + n) W{+1 * 

. (* + 1)* (2i 4- 1) [to (i + 3) - to] _ 

9i+1 2 n {to [2 (» + 2) 9 + 1 ] - n (2 » + 3 )} <+1 
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The coefficients of W i+1 in these expressions are the values which 
we must take for K i+X and Z l+1 respectively in (81) ; and therefore, 
after reductions which show (m + to) as a factor of the numerator 
of each fraction in which it appears at first as a factor of the 
denominator, we have 


0% (i + 1) [m(i + 3) — to] a* 

i+ ' 2 to (m [2 (i + 2? + 1]' - »(2i + 3)} 

_ [(* + 2) (2i + 5) m - (2i + 3) n] r 9 
+ 2to(2i + 3) {m[2(i + 2) a + 1] - »(2i + 3)} 

(t+1 )»TOr si+ * 

W , ' +1 n(2i + 3) {m [2 (i + 2)* 4- 1] - n (2i + 3)} 


i 


(83). 


These, substituted in (80), give expressions for a, y which con- 
stitute a complete and explicit solution of the problem. 

It is easy to verify this result, by testing that (56) (with 

— X = -?J r,+1 , &c.) is satisfied for every point of the solid, and that 
ax 

equations (34) give F=0, G — 0, if = 0 at the bounding surface, 

r — a. 


48. The case of i = 1- is, as we shall immediately see, of high 
importance. For it the preceding expressions, (83) and (80), be- 
come 


<&, = 
<&: = 


— 10 (4m -- to) a * + (21 m — 5 ») r - 
10to (19m — 5 to) 

4 mr 7 

lOn (19m — 5 ») ’ 


*w, Q.dijrr*) 

+ ^‘ J dx ’ 


,(84). 


/3 = ($ 2 ^ + © 3 ' 

7 — 


rf(TF a r-°) 

dy 

(d W a r~*) 
dz 


J 


49. As an example of the application of §§ 45 — 48, let us 
suppose a spherical shell or solid sphere to be equilibrated under 
the influence of masses collected in two fixed external points*, 
and each attracting according to the inverse square of its distance. 


* If our limi ts permitted, a highly interesting example might be made of the 
ease of a shell under the influence of a single attracting point in the hollow space 
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Let the two masses M, M' be in the axis OX ; and, P being the 
point whose coordinates are x, y, z, let PM — D, PM' = D'. Let 



also OM=c, OM'— c\ Then, if m, m' denote the two masses, for 
equilibrium we must have 

m _ m 

7 ~ c* * 

The potential at P, due to the two masses, will he ™ ^ , or, 

according to the notation of § 42, with, besides; w taken to denote 
the mass of unit volume of the clastic solid, 

The known forms in the elementary theory of spherical harmonics 
give immediately the development of this in a converging infinite 
series of solid harmonic terms. We have only then to apply the 
solution of §§ 45, 46 to each term, to obtain a series expressing the 
required solution. 

50. We may work out this result explicitly for the case in 
which both masses are very distant; and for simplicity wo shall 
suppose one of them infinitely more distant than the other ; that 
is to say, we shall suppose it to exercise merely a constant balanc- 
ing force on the substance of the shell. We shall then have 
precisely the same bodily disturbing force as that which the 
earth experiences from the moon alone, or from the sun alone. 

51. Referring to the diagram and notation of § 49, we have 

D“ct 1 + c + c* 


within it. The effect will clearly be to keep the whole shell sensibly in equilibrium 
even if the attracting point is excentria; and under stress even if the attracting 
point is in the centre. 
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if we neglect higher powers of xjc, yjc, zjc than the square ; and 


1 . 

jy 



neglecting all higher powers of x/c, yjc, zjc. Hence, taking account 
of the relation m/c* = m'/c' 9 required for equilibrium, we have, for 
the disturbance potential, 

- W = ^ (* 9 - - l z*) w. 


an irrelevant constant being omitted from the expression which 
§ 49 would give. This being a harmonic of the second degree, we 
may use it for Wi+i , putting i — 1 in the formulas of §47, and thus 
solve the problem of finding the deformation of a homogeneous 
spherical shell under the influence of a distant attracting mass 
and a uniform balancing force. 1 hope, in a future communication 
to the Royal Society, to show the application of this result to 
the case of the lunar and solar influence on a body such as the 
earth is assumed to be by many geologists — that is to say, a solid 
crust, constituting a spheroidal shell, of some thickness less than 
100 miles, with its interior filled with liquid. The untenability 
of this hypothesis is, however, sufficiently demonstrated by the 
considerations adduced in a previous communication [Art. xcv. 
above “On the Rigidity of the Earth,”] read May 8, 1862, in 
which the following explicit solution of the problem for a homo- 
geneous solid sphere only is used. 


.52. Using the expression of § 51 for W a , we have 
dW. 0 m 

~j- 3 = — 2 — 3 x w, 

dx c 3 

dW a rn 


dy 




yw, 


dW m 

df = + ? ZW ’ 


d(W a r ~ s ) = , o m Qc 1 - j z*) x ... 
dx~ * 


d(W 3 r->) m - h£)y 

dy c* r 1 ' 

d(W.r~*) _ o ™ (2®* - h y* ~ iO * ,,, 


(»*). 
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These formulae being substituted for the differential coefficients 
which appear in (84), we have algebraic expressions for the dis- 
placement of any point of the solid. 

The condition of the body being symmetrical about the axis 
of x, we may conveniently assume 

y = y cos <f>, z — y sin <f>, 

/S* + 7* = ^‘; 

so that we shall have (as wc see by the preceding expressions) 

fi = fl cos <f>, 

7 — ft, sin <f>, 

and fj. will denote the component displacement perpendicular to 
OX. If, further, we assume • 

x = r cos 6, 


y = r sin 6, 

the expressions (84) for the component displacements, with (85) 
used in them, give 


m j 

a =*v{- 

m f 


2r©„ + |®*(5cos 9 0 


- 3)j cos 6, 
rd& 2 + g (5 cos 9 # — l)j sin 6 \ 


.( 86 ). 


The values given in (84) for and (2B a ' are to be used for any 
internal point, at a distance r from the centre, in these equations 
(86), and thus we have the simplest possible expression for the 
required displacement of any point of the solid. 


53. If we resolve the displacement along and perpendicular 
to the radius, and consider only the radial component, we see 
that the series of concentric spherical surfaces of the undisturbed 
globe become spheroids of revolution in the distorted body. The 
elongation of the axial radius, obtained by putting 0 = 0 and 
taking the value of a, is double the shortening of the equatorial 
radius, obtained by putting 0 =£tt and taking the value of //,; 
which we might have inferred frgm the fact, shown by the general 
equations (80) above, that there can be no alteration of volume 
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on the whole within any one of these surfaces. The expression 
for the excess of the axial above the equatorial radius is 



which, if we substitute for and their values by (84), becomes 

in 2 (4m — n) a* — (3m — n) r a 
* W c a 2 n (19m — 5a) r * 

If in this we take r = a, and m = oc , it becomes 3w ^ ^ . r*, 

which is the result used in § 34 of the paper “ On the Rigidity of 
the Earth,” preceding the present [Art. xcv. above]. 


54. In the case of a = 0, the result of § 18 takes the ex- 
tremely simple form 


-JWi] 

/3 = SW'-) 



where 


m ( a * — r*) 

+ 2a* [» (2i — 1) + m (i — 1)] 
m (a* — r s ) 

2a* [w (2 i — 1) + m(i — i)] 
m (a* — » JI ) 

+ 2a* [n (2i - 1) + m (i — J )] 


(IliV 


dOc-,1 

dy 



fMl _d (A i»;0 cl (Bir 1 ) d( 6'<r0 

1+1 dx dy dz 


• m 


(87). 


This expresses the displacement, at any point within a solid sphere 
of radius a, when its surface is displaced in a given manner (2Aj, 
XGi). And merely by making t negative we have, in the 
same formula, the solution of the same problem for an infinite 
solid with a hollow spherical space every point of the surface- of 
which is displaced to a given distance in a given direction. These 
solutions are obtained directly, with great ease, by the method of 
§§ 6 — 15, or are easily proved by direct verification, without any 
of the intricacy of analysis inevitable when, as in the general 
investigations with which we commenced, a shell bounded by two 
concentric spherical surfaces is the subject. 



$84 OSCILLATIONS OF A LIQUID SPHERE. [XCVI. 

[Added since the reading of the Paper.] 

§§ 55 to 58. Oscillations of a Liquid Sphere. 

55. Let Fbe the gravitation potential at any point P (x, y, z), 
and h the height of the surface (or radial component of its dis- 
placement) from the mean spherical surface at a point E in the 
radius through P. Then, if 

h = S t + S a + (88) 

be the expression for h in terms of spherical surface harmonic 
functions of the position of E, and if p, be the attraction on the 
unit of mass exercised by a particle equal in mass to the unit 
bulk of the liquid, we have, by the known methods for finding 
the attractions of bodies infinitely nearly spherical (Thomson and 
Tait’s Natural Philosophy, Part II., chap. VI.), 

V-wjio-^+sQ'gA.} when r<a,' 

V — 4nrap 

and 

V = 4map + S 2i ~ jj „ r = a j 

In these 4nrpa = 3 g (90), 

if g denote the force of gravity at the surface, due to the mean 
sphere of radius a. 

56. Now for infinitely small motions the ordinary kinetic 
equations give 

_dp_ (da _ dV \ . _dp_ (do dP\ _dp _ (dw dV\ 
das p \dt dx)’ dy p \dt dy) ] dz~ p \dt~dz) 

(91)5 

where p is the mass per unit of volume ; u, v, w the component 
velocities through the fixed point P at time t; and p the fluid 
pressure. Hence, possible non-periodic motions being omitted, 
vdx + vdy + wdz is a complete differential; and, denoting it by 
cUfs, we have 



( 92 ). 
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57. To find the surface conditions, — first, since the pressure 
has a constant value? II, at the free surface, 


p = gph + II when r = a 


( 93 ), 


the variations of gravity depending on the variations of figure 
being of course neglected in the infinitely small torm gph. And, 

since ^ is the radial component of the velocity at E, we have, 


when r = a, 


x d(f> y d(f> ^ z d<f> _ dh 
r doc " r r dy " r r dz ~ dt 


(94). 


Now since, the fluid being incompressible, vV = 0> $ may be 
expanded in a scries of solid harmonic functions ; let 



where 4>,, <b 2 ,... are surface harmonics. Hence, as tlio successive 
terms are homogeneous functions of the coordinates ( x , y, z), of 
degrees 1, 2, &c., 


xdj> + yd^ = zd<f> = l (r\* 
r dx r dy r dz r * \aj 


(96), 


and therefore, by (88) and (94), 


dSi 

dt 



(97). 


58. Eliminating p between (92) with r = a and (93), substi- 
tuting for V by (89) and (90), differentiating, substituting for 
by (97), and comparing harmonic terms of order i, we have 


d?<bi 

dt* 


*i( 1- 
a V 


3 

2i + l 



0 


.(98); 


of which the integral is 

<">• 

Here A is a surface spherical harmonic function of the coordinates 
of E expressing the maximum value of <&<, and E is the epoch 
(Thomson and Tait’s Natural Philosophy, Part I. § 53) of the 

T. III. 25 
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simple harmonic function of tho time which we find to represent 
$(. Using this solution in (97) and (88), we see that if the surface 
be normally displaced according to a spherical harmonic of order 
i, and left to itself, the resulting motion gives rise to a simple 
harmonic variation of the normal displacement, having for period 


a /« « + l 
2,r V n nu - 1 


g 2i(i — 1) ’ 

that is, the period of a common pendulum of length ^iU-^l) ' 

It is worthy of remark that the period of vibration thus calculated 
is the same for the same density of liquid, whatever be the 
dimensions of the globe. 


For the case of i = 2, or an ellipsoidal deformation, tho length 
of the isochronous pendulum becomes fa, or' one and a quarter 
times the earth’s radius, for a homogeneous liquid globe of the 
same mass and diameter as the earth ; and therefore for this case, 
or for any homogeneous liquid globe of about 5£ times the density 
of water, the half-period is 47 U1 12 s , which is the result stated in 
§ 3 of the paper “ On the Rigidity of the Earth ”, preceding the 
present (Art. xcv. above). 


Appendix, §§ 59 — 71 . — General Theory of the Equilibrium of an 

Elastic Solid. 

59. Let a solid composed of matter fulfilling no condition of 
isotropy in any part, and not homogeneous from part to part, be 
given of any shape, unstrained, and let every point of its surface 
be altered in position to a given distance in a given direction. It 
is required to find the displacement of every point of its substance 
in equilibrium. Let x, y, z be the coordinates of any particle, P, 
of the substance in its undisturbed position, and x + a, y + ft, z + y 
its coordinates when displaced in the manner specified; that is 
to say, let a, fi, y be tho components of the required displacement. 
Then, if for brevity we put 
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( 100 ); 


these six quantities A, B, G, a, b, c, as. is known*, thoroughly 
determine the strain experienced by the substance infinitely near 
the particle P (irrespectively of any rotation it may experience) 
in the following manner : — 


60. Let £, i}, £ be the undisturbed coordinates of a particle 
infinitely near P, relatively to axes through P parallel to those 
of x, y, z respectively ; and let 17,, £, be the coordinates, relative 
still to axes through P, when the solid is in its strained condition. 
Then 

V + V . a +C = A? + B V *+C?+ 2a v £+ 2 b& + 2c£n . . .(101); 

and therefore all particles which in the strained state lie on a 
spherical surface 

V + V?+tf-r,\ 

are, in the unstrained state, on the ellipsoidal surface, 

A? + B v * + C? + 2ay£ + 2 bg + 2 c&n - r/. 

This, as is well known *f*, completely defines the homogeneous 
strain of the matter in the neighbourhood of P. 

61. Hence the thermo-dynamic principles by which, in a 
paper “On the Thermo-elastic Properties of Matter” in the first- 
Number of the Quarterly Mathematical Journal (April 1855), 
[Art. xlviii., Part vii. above ; Vol. I. p. 291], Green’s dynamical 
theory of elastic solids was demonstrated as part of the modern 

* Thomson and Tait’s Natural Philosophy , Part i. g 190 (e) and g 181 (5). 
t Thomson and Tait’s Natural Philosophy , Part i. gg 165 — 105. See Art. xon. 
above. 


25—2 
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dynamical theory of heat, show that if w.dxdydz denote the 
work required to alter an infinitely small Undisturbed volume, 
dxdydz, of the solid, into its disturbed condition, when its tem- 
perature is kept constant, we must have 

w =f(A, B, C, a, b, c) (102), 

where f denotes a positive function of the six elements, which 
vanishes when A — 1, B — 1, G — 1, a, b, c each vanish. And if W 
denote the whole work required to produce the change actually 
experienced by the whole solid, wc have 

W = Mwdxdydz (103), 

where the triple integral is extended through the space occupied 
hy the undisturbed solid. 

62. The position assumed by every particle in the interior of 
the solid will be such as to make this a minimum, subject to the 
condition that every particle of the surface takes the position 
given to it, this being the elementary condition of stable equi- 
librium. Hence, by tho method of variation, 

SIT = jjj 8 wdxdydz = 0 (104). 

But, exhibiting only terms depending on 82 , we have 

* _ dw (da 1 \ dw da dw da) d 8 a 

W { dA \dx / db dz dc dy\ dx 

'dwda dwda dwfda \) d 8 x 

dB dy da dz dc / J dy 

,_dwda dwda dw/da -\ldSa 

I dC dz da dy db / j dz 

+ &c. 

Hence, integrating by parts, and observing that 8 a, 8/3, 8 y vanish 
at the limiting surface, we have 

*F— + ^ + + ... (105), 

where for brevity P, Q, R denote the factors of d 8 i/dx, dSu/dy, 
d 8 u/dz respectively, in the preceding expression. In order that 
may vanish, the factors of Si, S/9, 8 y in the expression now 
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found for it must each vanish ; and hence we have, as the equa- 
tions of equilibrium; 

d j_ dw /da _ \ dw da dw da ) l 
dx { dA \cZa? db dz + dc dy) 

d f 9 dw da dto da dw ( da _ 
dy { dB dy + da dz + dc \dx "** 
d Lrfiorfz (lw ( da _ 

+ dz t dCdz + fady + ~db\dx + 

&c., &c. 

of which the second and third, not exhibited, may be written 
down merely by attending to the symmetry. 

63. From the property of w that it is necessarily positive 
when there is any strain, it follows that there must be some 
distribution of strain through the interior which shall make 
Jff wdocdydz the least possible , subject to the prescribed surface 
condition, and therefore that the solution of equations (106), sub- 
ject to this condition, is possible. If, whatever be the nature of 
the solid as to difference of elasticity in different directions in 
any part, and as to heterogeneousness from part to part, and 
whatever be the extent of the change of form and dimensions 
to which it is subjected, there cannot be any internal configuration 
of unstable equilibrium, or consequently any but one of stable 
equilibrium, with the prescribed surface displacement and no dis- 
turbing force on the interior, then, besides being always positive, 
w must be such a function of A, B, &c. that there can be only one 
solution of the equations. This is obviously the case when the 
unstrained solid is homogeneous. 

64. It is easy to include, in a general investigation similar to 
the - preceding, the effects of any force on the interior substance, 
such as we have considered particularly for a spherical shell, of 
homogeneous isotropic matter, in §§ 35 — 46 above. It is also easy 
to adapt the general investigation to superficial data of force, 
instead of displacement. 

65. Whatever be the general form of the function f for any 
part of the substance, since it is always positive it cannot change 
in sign when A — 1, B — 1, C— 1, a, b, c have their signs changed ; 
and therefore for infinitely small’ values of these quantities it 




\ ...(106), 
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must be a homogeneous quadratic function of them with constant 
coefficients. (And it may be useful to observe that for all values 
of the variables A , B, &c., it must therefore be expressible in the 
same form, with varying coefficients, each of which is always 
finite, for all values of the variables.) Thus, for infinitely small 
strains, we have Green’s theory of elastic solids, founded on a 
homogeneous quadratic function of the components of strain, ex- 
pressing the work required to ‘produce it. Putting 

A — l = 2e, G-l = 2g (107), 

and denoting by \(e, e), i (/,/),... (e, /),... (e, a), ... the co- 
efficients, we have 


i {(e, e) e* + (/, /)/* + (g, g) g* + (a, a) a* + (b, b) b* + (c, c) c 2 } ] 

+ ( e > f) e f + ( e - g) e 9 + ( e > «) ea + (e, b) eb + (e, c) ec 
+ (/» 9)f9 + (/, «)/<* + (/, b)/b + (/, c)/c 
+ (9, a)ga + (g,b)gb + (g, c)gc 
+ (a, b) ah + (a, c) ac 
+ (6, c) be i 

The one essential condition among the coefficients is that w is 
necessarily positive, i.e. reducible to six squares with each a positive 
or zero coefficient. The twenty-one coefficients in this expression 
constitute the twenty-one coefficients of elasticity, which Green 
first showed to be proper and essential for a complete theory of 
the dynamics of an elastic solid subjected to infinitely small strains. 


66. When the strains are infinitely small, the products 

dw do dw do. . 
dAdx ’ dbdi' &C ‘ 


are each infinitely small, of the second order. We therefore omit 
them ; and then, attending to (107), we reduce (106) to 


d dw d dw 


dx de + dy dc 


d dw 
dz ~db 


d_dw d dw d dw _ 
dx do dy df dzda~’ 


d dw + d^ dw d dw 
dx db dy da de dg 


( 109 ), 
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which are the equations of interior equilibrium. Attending to (108) 
we see that dw/de ... dw/da... are linear functions of e,f, g, a, b, c 
the components of strain. Writing out one of them as an example, 
we have 

^ = (e, e) e + (e,f)f+ (e, g) g + (e, a) a + (e, b)b + (e, c ) c. . .(1 10). 


And a, (3, y denoting, as before, the component displacements of 
any interior particle, P, from its undisturbed position (x, y, z), we 
have, by (107) and (100), 


_da 

e ~Tx' J ~dy' °~dz' 

_ dj3 t dr/ efry | da. _ rfa , (Z/9 

~ dz + dy’ dx dz’ C dy **" dx ‘ - 


.( 111 ). 


It is to be observed that the coefficients ( e , e) (e, f), &c. will be in 
general functions of (x, y, z), but will be each constant when the 
unstrained solid is homogeneous. 


67. It is now easy to prove directly, for the case of infinitely 
small strains, that the solution of the equations of interior equili- 
brium, whether for a heterogeneous or a homogeneous solid, subject 
to the prescribed surface condition, is unique. For let a, /3, y be 
components of displacement fulfilling the equations, and let 
ft, y denote any other functions of ( x , y, z) having the same 
surface values as a, /9, y, and let e\ f, ... , w denote functions 
depending on them in the same way as e, f ..., w depend on 
a, fi, y. Thus, by Taylor’s theorem, 

~ de (e e) + if V + ^ ~ 9) 

, dw . , . dw n , j. dw . , . „ 

+ da {a ~ a) + db {b ~ b)+ do (C _c) + if ’ 
where H denotes the same homogeneous quadratic function of 
e—e, &c. that w is of e, &c. If for e'—e, &c. we substitute their 
values by (111), this becomes 

, dwdCx'—o) . dwd(aL—a) , dwdCa'—a) . _ 

V + s '* + * V^ &c - +Jr 

Multiplying by dxdydz, integrating by parts, observing that a'— a, 
ft— ft, y'—y vanish at the bounding surface, and taking account 
of (109), we find simply 

Jff («/'— w) dxdydz = fff Hdxdydz 


( 112 ). 
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But H is essentially positive. Therefore every other interior con- 
dition than that specified by (at, /S, 7), provided only it has the 
same bounding surface, requires a greater amount of work than 
w to produce it : and the excess is equal to the work that would 
be required to produce, from a state of no displacement, such a 
displacement as superimposed on (a, /3, 7) would produce the other. 
And inasmuch as (a, y8, 7) fulfil only the conditions of satisfying 
(110) and having the given surface values, it follows that no other 
than one solution can fulfil these conditions. 

68. But (as has been remarked by Professor Stokes to the 
author) when the surface data are of force, not of displacement, 
or when force acts from without, on the interior substance of the 
body, the solution is not in general unique, and there may be 
configurations of unstable equilibrium, even with infinitely small 
displacement. For instance, let part of the body be composed of 
a steel bar magnet ; and let a magnet be held outside in the same 
line, and with a pole of the same name in its end nearest to one 
end of the inner magnet. The equilibrium will bo unstable, and 
there will be positions of stable equilibrium with the inner bar 
slightly inclined to the line of the outer bar, unless the rigidity of 
the rest of the body exceed a certain limit. 

69. Recurring to the general problem, in which the strains 
are not supposed infinitely small, we see that, if the solid is 
isotropic in every part, the function of A, B, C, a, b, c which 
expresses w must be merely a function of the roots of the equation* 

{A - ?)(B - ?)(C- n - a\A -D- b\B -?)- c\G- ?) 

+ 2a6c = 0 ... (113) 

which (that is the positive values of f) are the ratios of elongation 
along tho principal axes of the strain-ellipsoid. It is unnecessary 
here to enter on tho analytical expression of this condition. For 
the case ot A — 1, 71—1, (7-1, a, b, c, each infinitely small, it 
obviously requires that 

M=(f,f) = (g,g); (f,ff)=(</,e)=(e,f); (a,«)=(M)=(c,c);' 

(e, a) = (/, b) = (g, c) = 0; (b,c) = (c, a) =(a,b) = 0; 
and j- (H4). 

(e, b) = (e, c) = (/, c) = (/ a) = (g, a) = (g, b) = 0 J 

* Thomson and Tait’s Natural Philnxqphy, Part i. § 181 (11). See Art. xcn. np. 
95, &c. above. 
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Thus the twenty-one coefficients are reduced to three — 

(e, e ), which we may denote by the single letter 8, 

„ i5 

®)j j> » » » a. 

It is clear that this is necessary and sufficient for ensuring cubic 
isotropy — that is to say, perfect equality of clastic properties with 
reference to the three rectangular directions OX, OY, OZ. But 
for spherical isotropy, or complete isotropy with reference to all 
directions through the substance, it is further necessary that 

&-23 = 2 n (115), 

as is easily proved analytically by turning two of the axes of co- 
ordinates in their own plane through 45°; or geometrically by 
examining the nature of the strain represented by any one of the 
elements a, b, c (a “ simple shear ”) and comparing it with the 
resultant of c, and f= — e (which is also a simple shear). It is 
convenient now to put 

8 + 33 = 2 in ; so that 8 = w* + », 33 = m — n ‘(1 H>) ; 

and thus the expression for the potential energy per unit of volume 
becomes 

2w = (m+ri)(e*+f a +g*)+2(m—n)(fg+gh+ef)+n(a'+b*+c*) 

(117). 

Using this in (108), and substituting for e, f, g, a, b, c their values 
by (111), we find immediately, for the equations of internal equi- 
librium, equations the same as (1) of § 2. 


70. To find the mutual force exerted across any surface within 
the solid, as expressed by (26) of § 22, wo have clearly, by con- 
sidering the work done respectively by P, Q, JR, 8, T, U (§21) on 
any infinitely small change of figure or dimensions in the solid, 
dw n dw dw o, dw dw rr dw 


p= 3i- Q= W 4 9 ' 


a dw 
8 ~&’ 


db 


Hence, for an isotropic solid, (117) gives the expression (25) of 
§ 21, which we have used above. 


71. To interpret the coefficients m and n in connexion with 
elementary ideas as to the elasticity of the solid ; first let 
a = b = c=0, and e=f=g = £8; 

in other words, let the substance experience a uniform dilatation, 
in all directions, producing an expansion of volume from 1 to 
1 + & In this case (117) becomes 
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and we have 


J (m — $n)8 a ; 


dw 

dS 




Hence (m — frn)8 is the normal force per unit area of its surface 
required to keep any portion . of the solid expanded to the amount 
specified by 8. Thus (in — ^n) measures the elastic force called 
out by, or the elastic resistance against, change of volume: and 
viewed as a coefficient of elasticity, it may be called the elasticity 
of volume. What is commonly called the “ compressibility ” is 
measured by lj(m — ^n). 

And let next e=f— g = b — c = 0; which gives 
w = Jna s ; and, by (118), S = na . 

This shows that the tangential force per unit area required to 
produce an infinitely small shear*, amounting to a, is na. Hence 
n measures the innate power with which the body resists change 
of shape, and returns to its original shape when force has been 
applied to change it; that is to say, it measures the rigidity of 
the substance. 


[Note added, December 1863.] 

Since this paper was communicated to the Royal Society, the 
author has found that the solution of the most difficult of the 
problems dealt with in it, which is the determination of the effect 
produced on a spherical shell by a prescribed application of force 
to its outer and inner surfaces, had previously been given by 
Lamd in a paper published in Liouville's Journal for 1834, under 
the title “Mdmoire sur l’Equilibre l’dlasticitd des envcloppes 
sphdriques.” In the same paper Lamd shows how to take into 
account the effect of internal force, but does not solve the problem 
thus presented except for the simple cases of uniform gravity and 
of centrifugal force. The form in which analysis has been applied 
in the present paper is very different from that chosen by T.a.m<S 
(who uses throughout polar coordinates); but tbe principles are 
essentially the same, being merely those of spherical harmonic 
analysis, applied to problems presenting peculiar and novel diffi- 
culties. 

* Thomson and Tait’s Sutural Philosophy, Part i. § 171 [Art. xon. § 44 above]. 



Art. XCVII. Molecular Constitution of Matter. 

{Proceeding of the Royal Society of Edinburgh. Read July 1 and 15, 1889.) 

§ 1. The scientific world is practically unanimous in believing 
that all tangible or palpable matter, molar matter as we may 
call it, consists of groups of mutually interacting atoms or mole- 
cules. This molecular constitution of matter is essentially a 
deviation from homogeneousness of substance, and apparent homo- 
gencousness of molar matter can only be homogeneousness in the 
aggregate. “ A body is called homogeneous when any two equal 
and similar parts of it, with corresponding lines parallel and turned 
towards the same parts, are undistinguishablc from one another 
by any difference in quality*.” I now add that unless the “ part ” 
of the body referred to consists of an enormously great number of 
molecules, this statement is essentially the definition of crystalline 
structure. It is, indeed, very difficult to imagine equilibrium, 
static or kinetic, in an irregular random crowd of molecules. 
Such a crowd might be a liquid, — I can scarcely see how it could 
be a solid. It seems, therefore, that a homogeneous isotropic 
solid is but an isotropically macled crystal ; that is to say, a solid 
composed of crystalline portions having their crystalline axes or 
lines of symmetry distributed with random equality in all direc- 
tions. The proved highly perfect optical isotropy of the glass of 
object-glasses of great refracting telescopes, and of good glass 
prisms, seems to demonstrate that the ultimate molecular structure 
is fine-grained enough to let there be homogeneous crystalline 
portions, which contain very large numbers of molecules while 
their extent throughout space is very small in comparison with 
the wave-longth of light. 

§ 2. An ideal skeleton or framework for a homogeneous as- 
semblage of bodies, or of material systems of any kind, or of 
qualities or properties of any kind, distributed periodically 
throughout space, is defined and explained in §45 (a) to (j) 

* T homson and Tait’s Treatise on Natural Philosophy, new edition, Vol. i. 
Part n. §§ 675—678; or Elements of Natural Philosophy , §3 646 — 649 [Art. xoii. 

§ 88 above]. 
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below, substantially taken from Bravais’ doctrine of homogene- 
ous assemblages, which we may look upon as the grammar of 
molecular construction. 

Space-Periodic Partitioning (§§ 3 — 13). 

§ 3. Given a homogeneous assemblage of points : let it be 
required to partition all space accordingly. The thing to be done is 
concisely defined in the second sentence of § 6 below. 

§ 4. The problem is clearly indeterminate. Here is a solution 
which has obvious relation to Brewster’s kaleidoscope and the 
corresponding doctrine of electric images, and which may bo im- 
portant in respect to Vortex Theory for a crystal or ether. From 
P, a point of the given assemblage, draw a line, PN, of any length 
in any direction, provided only that N is not a point of the as- 
semblage of P’s. Do the same relatively to every other of the 
P-asscmblagc. Wc thus have a homogeneous assemblage of 
double points, PN. Let Q be any point in space, and let % de- 
note summation for all the PN 's. Let {])) bo a function which 
decreases as D increases from 0 to oo . The equation 

2W>(QP)-«MQV)] = 0, 

expresses a locus for Q which partitions space periodically, and 
divides each periodic portion into two cells containing respectively 
an N and a P. Eveiy cell containing an N is a parallel pervert 
(footnote on § 45 a below) of every cell containing a P. That this' 
is true we see by drawing any straight line to equal distances in 
opposite directions through the point midway between N and P. 
Its ends are similarly related, one of them to all the N’s ; the other 
to all the P’s. 

§ 5. Here is a perfectly general solution. Around any one 
of the points P describe a closed surface S, of which the greatest 
distance from P is less than that of P’s nearest neighbour. De- 
scribe an equal, homochirally similar, and same-ways oriented 
surface around every other point P. None of these surfaces cuts 
or touches any other. Expand all of them simultaneously, equally, 
and without altering shape or orientation, till one of them touches 
another. All corresponding pairs of the surfaces touch simul- 
taneously at corresponding points. Continue the expansion, 
annulling in each case the miftually enclosed portions of the 
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expanding surfaces, and substituting the portion of fixed surface 
traced, or left behind, by the expanding line of mutual intersec- 
tion. This portion of surface we shall call (after my brother, 
Professor James Thomson) an interface. Follow the same rule 
when another, another, and another contact takes places. When 
the borders of two of the growing interfaces thus traced meet 
and begin to intersect, annul their projecting portions, so that 
the intersection and what is left of the expansion of its previous 
border now constitute the boundary of the interface. Continue 
the process until fresh growing intersections of interfaces are 
formed, and the ends of these growing intersections meet, and at 
last nothing is left of the expanded original surfaces, and therefore 
nothing of space is left unenclosed by the cells — polyhedrons of 
interfaces — thus constructed. 

§ G. The interfaces formed in § 5 arc generally curved, but 
as we shall see (§ 7), may be plane, and are so in particular cases 
of special interest. In every case each cell contains one, and 
only one, of the P’s ; there is no interstitial space between 
them ; they are all equal, homocliirally similar, and con-orien- 
tational. 

§ 7. If the initiating surface, S, of § 5 is a polyhedron of plane 
facets, the periodic partition to which it leads is in polyhedrons of 
plane facets. So it is also if the initiating surface is any ellipsoid 
with P for centre. 

§ 8. Let/8 be a sphere. The partitional polyhedron, to which 
it leads, is the dodekahedron obtained by drawing planes through 
the middle points of the lines between P and its twelve next- 
neighbours, perpendicular to these lines. 

§ 9. If 8 is an ellipsoid similar to and con-orientational with 
that determined in § 47 below, the partitional polyhedron to which 
it leads is the rhomboidal dodekahedron to which the rhombic 
dodekahedron of § 21 below is converted by the homogeneous 
strain of §46. In this case the whole number of contacts of the 
expanding surfaces (§ 5) is twelve, and they all take place simul- 
taneously. 

§ 10. If the assemblage becomes equilateral, the partitional 
dodekahedrons of §§ 8, 9 become, each of them, the rhombic dode- 
kahedron of § 21. 
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*11. If 8 is an ellipsoid, having conjugate diameters along 
lines from P to other three points of the assemblage, and of mag- 
nitudes proportional to the distances from P to the nearest points 
in these lines, the partitional polyhedron to which it leads is a 
parallelepiped. 

§ 12. If the three points chosen are nearest neighbours of P 
(§ 45% below), we are led to the best conditioned (or lesist oblique) 
of all the infinity of parallelcpipedal partitions possible. This is 
the most obvious and the best known of the periodic partitions of 
space. 

§ 13. Taking the parallelepipedal partitioning of § 11, let P 
be the farthest corner from P, so that PP' is the longest diagonal 
of the parallelepiped. Let PA, PB, PC be conterminous edges 
and A'P ', PP', CP’ their opposites conterminous in P'. Draw 
the planes ABC, A'B’C'. We thus divide the parallelepiped 
into three parts — an octohedron ABCA'B'C ' ; and two tetra- 
hedrons, PABC, P'A'B'C', which are parallel mutual perverts 
(footnote on § 45 a below). This grouping of eight points of a 
homogeneous assemblage is, as we shall see later, important in 
the dynamics of molecular structure, or at all events in Boscovich’s 
theory.* 

On Boscovicii’s Theory (§§ 14 — 44 and §§ 62 — 71). 

§ 14. Without accepting Boscovich’s fundamental doctrine 
that the ultimate atoms of matter are points endowed each with 
inertia and with mutual attractions or repulsions dependent on 
mutual distances, and that all the properties of matter are due 
to equilibrium of these forces, and to motions, or changes of 
motion, produced by them when they are not balanced ; we can 
learn something towards an understanding of the real molecular 
structure of matter, and of some of its thermodynamic properties, 
by consideration of the static and kinetic problems which it 
suggests. Hooke’s exhibition of the forms of crystals by piles 


• Theoria Philosophic Naturalis redacts ad unicam legem virium in natura 
existentium, anctore P. Rogerio Josepho Boscovieh, Societatis Jesu, nunc ab ipso 
perpoUta, et aueta, ac a plurimis prccendentium editionum mendis expurgata. 
Editio Veneta prima ipso anctore pricsente, et corrigente. Venetiis, udccmuii. 
Ex Typographic Remondiniana super i or um permissu, ac privilegio. 
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of globes 1 , Navier’a and Poisson’s theory of the elasticity of solids, 
Maxwell’s and Clausius’ work in the kinetic theory of gases, and 
Tait’s more recent work on the same subject — all developments of 
Boscovich’s theory pure and simple — amplyjustify this statement. 

§ 15. Boscovich made it an essential in his theory that at the 
smallest distances there is repulsion, and at greater distances 
attraction ; ending with infinite repulsion at infinitely small dis- 
tance, and with attraction according to Newtonian law for all 
distances for which this law has been proved. He suggested 
numerous transitions from attraction to repulsion, which he 
illustrated graphically by a curve, — the celebrated Boscovich 
curve, — to explain cohesion, mutual pressure between bodies in 
contact, chemical affinity, and all possible properties of matter — 
except heat, which he regarded as a sulphureous essence or virtue. 
It seems now wonderful that, after so clearly stating his funda- 
mental postulate which included inertia, he did not see inter- 
molecular motion as a necessary consequence of it, and so discover 
the kinetic theory of heat for solids, liquids, and gases ; and that 
he only used his inertia of the atoms to explain the known pheno- 
mena of the inertia of palpable masses, or assemblages of very 
large numbers of atoms. 

§ 16. It is also wonderful how much towards explaining the 
crystallography and elasticity of solids, and the thermo-elastic 
properties of solids, liquids, and gases, we find without assuming 
more than one transition from attraction to repulsion. Suppose, 
for instance, the mutual force between two atoms to be zero for all 
distances exceeding a certain distance, /, which we shall call the 
radius of the sphere of influence ; to be repulsive when the distance 
between them is < zero when it is = .and attractive when it 
is > f : and consider the equilibrium of groups of atoms under 
these conditions. 

A group of two would be in equilibrium at distance f ; and 
only at this distance. This equilibrium is stable. 

A group of three would be in stable equilibrium at the corners 
of an equilateral triangle of sides £; and only in this configuration. 
There is no other configuration of equilibrium except with the 
three in one line. There is one, and there may be more than one, 
configuration of unstable equilibrium, of the three atoms in one 
line. 
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§17. The only configuration of stable equilibrium of four 
atoms is at the corners of an equilateral tetrahedron of edges f. 
There is one, and there may be more than one, configuration of 
unstable equilibrium of each of the following descriptions: — 

(1) Three atoms at the corners of an equilateral triangle, and 
one at its centre. 

(2) The four atoms at the corners of a square. 

(3) The four atoms in one line. 

There is no other configuration of equilibrium of four atoms, 
subject to the conditions stated above as to mutual force. 

Important questions as to the equilibrium of groups of five, six, 
or greater finite numbers, of atoms occur, but must bo deferred. 
The Boscovichian foundation for the elasticity of solids with no 
inter-molecular vibrations is the subject of §§ 62 — 71 below. A 
few preliminary remarks hero may be useful. 

§ 18. Every infinite homogeneous assemblage* of Boscovich 
atoms is in equilibrium. So, therefore, is every finite homogeneous 
assemblage, provided that extraneous forces be applied to all with- 
in influential distance of the frontier, equal to the forces which a 
homogeneous continuation of the assemblage through influential 
distance beyond the frontier, would exert on them. The in- 
vestigation of these extraneous forces for any given homogeneous 
assemblage of single atoms — or of groups of atoms as explained 
below— constitutes the Boscovich equilibrium-theory of elastic 
solids. 

§ 19. To investigate the equilibrium of a homogeneous as- 
semblage of two or more atoms, imagine, in a homogeneous 
assemblage of groups of « atoms, all the atoms except one held 
fixed. This one experiences zero resultant force from all the 
points corresponding to itself in the whole assemblage, since it 
and they constitute a homogeneous assemblage of single points. 
Hence it must experience zero resultant force also from all the 
other i — 1 assemblages of single points. This condition, fulfilled 
for each one of the atoms of the compound molecule, clearly 


* “ Homogencom assemblage of points, or of groups of points, or of bodies, or of 
systems of bodies ,” is an expression which needs no definition, because it speaks for 
itself unambiguously. The geometrical subject of homogeneous assemblages is 
treated with perfect simplicity and generality by Bravais, in the Journal de VEcole 
Polytechnique, tome xix., cahier xxxiii. pp. 1-128 (Paris, 1860). 
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suffices for the equilibrium of the assemblage, whether the 
constituent atoms of the compound molecule are similar or dis- 
similar. 

§ 20. When all the atoms arc similar — that is to say, when 
the mutual force is the same for the same distance between 
every pair — it might be supposed that a homogeneous assem- 
blage, to be in equilibrium, must be of single points ; but this is 
not true, as we see synthetically, without reference to the 
question of stability, by the following examples of homogeneous 
assemblages of symmetrical groups of points, with the condition 
of equilibrium for each when the mutual forces act. 

§ 21. Preliminary. — Consider an equilateral* homogeneous 
assemblage of single points, O, O', &c. Bisect every line between 
nearest neighbours by a plane perpendicular to it. These planes 
divide space into rhombic dodekahedrons. Let A t OA t , A a OA n , 
A a 0A 7 , A a OA h , be the diagonals through the eight trihedral 
angles of the dodekahedron inclosing O, and let 2a bo the length 
of each. Place atoms Q t , Q 6 , Q a , Q e , Q 3 , Q 7 , Q t , Q s , on these lines, 
at equal distances, r, from 0; and do likewise for every other 
point, O', O", &c., of the infinite homogeneous assemblage. Wo 
thus have, around each point A, four atoms, Q, Q', Q", Q"’, con- 
tributed by the four dodekahedrons of which trihedral angles are 
contiguous in A, and fill the space around A. The distance of 
each of these atoms from A is a — r. 

§ 22. Suppose, now, r to be very small. Mutual repulsions 
of the atoms of the groups of eight around the points O will 
preponderate. But suppose a — r to be very small ; mutual repul- 
sions of the atoms of the groups of four around the points A will 
preponderate. Hence for some value of r between zero and a, 
there will be equilibrium. There may, according to the law of 
force, bo more than one value of r between zero and a giving 
equilibrium ; but whatever be the law of force, there is one value 
of r giving stable equilibrium, supposing the atoms to be con- 
strained to the lines OA, and the distances r to be constrainedly 
equal. It is clear from the symmetries around 0 and around A, that 

* This means such an assemblage as that of the centres of equal globes piled 
homogeneously, as in the ordinary triangular- based, or square-based, or oblong, 
rectangle-based, pyramids of round shot, or of billiard-balls. 

T. III. 


26 
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neither of these constraints is necessary for mere equilibrium ; 
but without them the equilibrium might bo unstable. Thus we 
have found a homogeneous equilateral distribution of 8-atom groups 
in equilibrium. Similarly, by placing atoms on the three diagonals, 
BftB 4 , B a OB t , B a OB a , through the six tetrahedral angles of the 
dodekaliedron around 0, we find a homogeneous equilateral distri- 
bution of 6-atom groups in equilibrium. 

§ 23. Place, now, an atom at each point 0. The equilibrium 
will be disturbed in each case, but there will be equilibrium with 
a different value of r (still between zero and a). Thus we have 
9-atom groups and 7-atom groups. 

§ 24. Thus, in all, we have found homogeneous distributions 
of 6-atom, of 7-atom, of 8-atom, and of 9-atom groups, each in 
equilibrium. Without stopping to look for more complex groups, 
or for 5-atom or 4-atom groups, we find a homogeneous distribu- 
tion of 3-atom* groups in equilibrium by placing an atom at 
every point O, and at each of the eight points A t , A s , A a , A a , A a , 
A Jf A 4 , A 8 . There are four obvious ways of seeing this, found by 
choosing one or other of the four diagonals through trihedral 
angles referred to in § 21. Take, for example, A t OA a , and its 
congeners for all the dodekahedrons. These triplets include all 
the il’s. (Compare § 25 below.) 

§ 25. Lastly, choosing A a , A a , A t , so that the angles A t 0A e , 
AftA a , AftA 4 , are each obtuse t, wo make a homogeneous assem- 
blage of 2- atom j groups in equilibrium by placing atoms at O, 
A t , A a , A a , A 4 . There are four obvious ways (compare § 24 above) 
of seeing this as an assemblage of di-atomic groups, one of which 
is as follows : — Choose A t and 0 as one pair. Through A a , A a , A v 
draw lines same-wards parallel to Aft and each equal to Aft. 
Their ends lie at the centres of neighbouring dodekahedrons, which 
pair with A a , A a , A t rospoctively. 

§ 26. For the Boscovich theory of the elasticity of solids, the 
consideration of this homogeneous assemblage of double atoms is 

* This is tho assemblage described in the footnote on g 69 below. 

t This also makes A a OA . ,, A a OA 4 , and A a OA 4 each obtuse. Each of these six 
obtuse angles is equal to 180° - cos -1 (1/3). 

t This i« the assemblage described in g 69 below, and nsed in gg 67, 68, 70. 
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very important. Remark that every 0 is at the centre of an equi- 
lateral tetrahedron four A’s; and every A is at the centre of an 
equal and similar, but contrary-ways oriented, tetrahedron of O’s. 
The corners of each of these tetrahedrons arc respectively A, and 
three of its twelve nearest .4 -neighbours; and 0 and three of its 
twelve nearest O-neighbours. By aid of an illustrative model 
showing four of the one sot of tetrahedrons with their corner 
atoms painted blue, and one tetrahedron of atoms in their centres 
painted red, the mathematical theory which had been communi- 
cated to the Royal Society of Edinburgh, was illustrated to Section 
A of the British Association at its recent meeting in Newcastle. 

§ 27. In this theory* it is shown that in an elastic solid 
constituted by a single homogeneous assemblage of Boscovich 
atoms, there are in general two different rigidities, n, ft,, and one 
bulk-modulus, k ; between which there is essentially the relation 

Sk = 3n + 2ft,, 

whatever be the law of force. Here n, denotes what arc called 
the diagonal rigidities, and n the facial rigidities relative to the 
primitive cube of § 53 below. By facial and diagonal rigidities 
relative to any given cube I mean rigidities defined in the usual 
manncr*f% one of them according to shearing parallel to any face 
of the cube, the other according to shearing in planes parallel to 
any plane-diagonal of the cube. 

§ 28. A remarkable result of my mathematical investigation 
is, that the facial rigidity, relatively to the primitive cube of § 52, 
is double the diagonal rigidity in the case in which each atom 
experiences force only from its twelve nearest neighbours. The 
law of force may be so adjusted as to make n, = ft ; and in this 
case we have Sk = 5ft, which is Poisson’s relation. But no such 
relation is obligatory when the elastic solid consists of a homo- 
geneous assemblage of double, or triple, or multiple Boscovich 
atoms. On the contrary, any arbitrarily chosen values may bo 
given to the bulk-modulus and to the rigidity, by proper adjust- 
ment of the law of force, even though we take nothing more 
complex than the homogeneous assemblage of double Boscovich 
atoms above described. 

* See §§ 62 — 71 below. 

t Thomson and Tait’B Natural Philosophy, 2nd ed., Vol. i. Part ii. g 680 ; also 
reprint of Mathematical and Physical Papers, Vol. nr. Art. xcn. Part i. 

26—2 
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Boscovichian Kinetic Theory of Crystals, Liquids, and Gases. 

§ 29. The most interesting and important part of the subject, 
the kinetic, must, for want of time, bo but slightly touched in the 
present communication. I hope to enter on it more fully in a 
future communication to the Royal Society of Edinburgh. 

§ 30. To avoid circumlocutions, I shall call any velocity mode- 
rate, which is comparable with the maximum velocity acquired by 
two atoms attracting one another from rest, at distance I. It is 
the velocity that in the circumstances each would have when their 
distance becomes diminished to f. When I speak of atoms or 

groups moving “rapidly, I mean that the velocities are moderate 
as thus defined. 


§ 31. Let us consider what would follow if we bad given at 
any time, scattered randomly but equably all through space, simplo 
Boscovich atoms moving with velocities randomly equal in all 
directions. As we are supposing the masses of all the atoms 
equal, wo may call the mass of each unity: thus for all the 
atoms in any part of space at any time, is the total of their kinetic 
energy. Both the number of atoms and their total energy we 
shall suppose to be equal in all very largo equal volumes. 

§ 32. The result of a collision between two atoms is essentially 
the same as that of the collision of two equal balls supposed simply 
repellent at contact, as in the elementary kinetic theory of gases 
as worked out by Maxwell and Tait*; but the size of the balls 
that would give the same result depends, for each collision very 
complexly on the law of force, and on the velocities and lines of 
motion of the atoms before the collision. As long as there is no 
case of collision between more than two atoms, the average energy 
of the free atoms at any time, and the law of the distribution of 
energy among the multitude in their free paths between collisions 
is not affected by this complication, and is the same as if the 
atoms were equal hard globes merely repellent at contact. It is 
only when the results of unequal distributions of density of 
energy, or of components of momentum, are to be traced, and the 

Maxwell, Philosophical Magazine . 1860 and Vhii* i • . m 
IAG7 and 1878; Tait, “On tho Foundation!’ of fte En2 t? Tramaction *' 
Trans . /toy. Soc. Kdin . Vol xxyiit nr 1 / *? netl ° Theory of Gases,” 

January 7, 1887. " ‘ May 14 and 6, 1886, and 
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laws of the relation of pressure to density, or of thermal con- 
duction, or of viscosity are to bo investigated, that we can take 
into account the law of forco, and can find differences from what 
the results would be if we had merely the hard equal balls to deal 
with. 

§ 33. But now suppose, while two atoms arc in collision, a 
third to come within their influential distance, so that three shall 
be in collision at the same time. All three may go clear, or two 
of them may remain in collision, or in other words, fall into 
combination, and one go free. It is scarcely possible that all three 
can remain in collision — that is to say, can combine. It will cer- 
tainly be a very rare incident that they remain for any considerable 
time in collision ; but I cannot prove that the case may not occur 
in which none will go free, and the three will remain in combi- 
nation. 

§ 34. If the initially -given velocities are very great, the general 
result, even of triple collisions, will be to leave the individual 
atoms free. The comparatively rare double atoms resulting from 
triple collisions, and the still rarer triplets, will be liable to be 
separated again into single atoms by all fresh collisions. This is 
the case of a perfect monatomic gas, at a temperature much higher 
than the Andrews’ critical point. 

§ 35. But if the originally-given velocity be exceedingly small, 
the result of exceedingly nearly every triple collision will be to 
form a combination of at least two of the three colliding atoms. 
Immediately after the collision by which it was formed, each 
doublet will generally have considerable relative motion of its two 
atoms; that is to say, the two will describe orbits round their 
common centre of inertia : or, in the extreme case of no moment 
of momentum round this point, they will oscillate relatively to 
their centre of inertia to and fro in a straight line ; the centre of 
inertia itself generally having a considerable velocity. Still sup- 
posing the average velocities of the free atoms to be very small, 
and their number to be very great in comparison with that of the 
double. atoms, we now see that the general effect of the collisions 
between double and single atoms must be to diminish the energies 
of the relative and absolute motions of the constituents of the 
doublets, and so reduce the doublets more and more nearly to 
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the condition of pairs of atoms in relative equilibrium (§ 16 above), 
at distance £ asunder, with centre of inertia of each pair moving 
very slowly through space. 

§ 36. But now consider the effect of a collision between two 
doublets each with little or no intestine commotion before the 
collision, and with its centre of inertia moving very slowly through 
space The case in which the same description would be appli- 
cable to the four atoms after the collision, whether in the same 
pairs or in interchanged pairs, would be exceedingly rare. So also 
would be the case of the four atoms remaining combined. The 
result in exceedingly nearly every case would be a triplet with con- 
siderable intestine commotion, and its centre of inertia moving 
rapidly through space, and a single atom moving rapidly through 
space. The general tendency of subsequent collisions between these 
rapidly-moving triplets and single atoms, with the multitude of 
slowly-moving single atoms throughout space, would be to diminish 
the energy of the intestine commotions of the triplets, and of the 
motions of the centres of inertia, both of the triplets and of the 
single atoms, reducing each triplet to very nearly the condition of 
equilibrium (§16 above) at the corners of an equilateral triangle 
of side £ with a slow translatory motion through space. 

§ 37. By similar dynamical considerations we see that the 
general tendency of collisions between doublets and triplets, or 
between triplets and triplets, must be to form quartets, quintots, 
and sextets of atoms ; and that when such groups, carrying away 
large kinetic energies from the generative collisions, subsequently 
collide with slowly-moving single atoms, the general tendency 
must be to diminish their kinetic energies, and reduce them 
more and more nearly to groups in one or other configuration of 
equilibrium, with slow motion of their centres of inertia through 
space. 

§ 38. But now consider a collision between a slowly-moving 
triplet or quartet or more-multiple group, and a slowly-mov ing 
single atom. Evon with the triplet the case will not be rare in 
which the single atom will remain in combination, and the result 
yielded be a quartet having considerable intestine commotion, and 
moving slowly through space. In collisions between a q uar tet 
and a single atom, the case will be relatively less rare, and with a 
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quintet and single atom, still loss rare for a single atom to remain 
in combination, and form a quintet or a sextet. 

§ 39. If groups of large numbers of atoms in equilibrium, or 
slowly vibrating, have been thus formed, or aro given ready 
formed, with singlo atoms slowly moving in the space all around 
them, each single atom colliding with a group will voiy frequently 
remain in the group ; and in virtue of the exhaustion of potential 
energy thus effected the vibrational energy of the group will be 
slightly augmented. But in not rare cases either the single atom 
which collided, or one of the atoms of the group in the neighbour- 
hood of the collision, will be driven off, and generally with much 
greater velocity than the colliding atom had before the collision. 
Thus the average kinetic energy of vibration per atom of the 
group may be kept constant, while the group is gaining by the 
accession to it of more and more single atoms from without. But 
the exhaustion of potential energy due to the greater number 
falling into, than being thrown out from, the group would cause 
an augmentation of kinetic energy in the surrounding atmosphere 
of free atoms. To obviate this, let the atmosphere around the 
group be contained in a finite closed vessel, which, when left to 
itself, repels each atom that comes near enough to it, and sends it 
back inwards with unchanged energy. Now let portions of this 
bounding surface be movable, and let them be so moved by proper 
external appliances, that work shall be done upon them by the 
impinging atoms to just such a degree as to keep the average 
kinetic energy of the free atoms constant. Wo have thus a 
Boscovichian realization of a crystal of ice (hoar-frost) or other 
substanco growing by condensation of a surrounding atmosphere 
of the same substance. The process in nature requires the ab- 
straction of what is called the latent heat of the vapour to allow 
it to condense. This in our Boscovichian system is performed by 
the arr ang ement for letting work be done outwards by the moving 
parts of the boundary. 

§ 40. Even if there wore no surrounding atmosphere of single 
moving atoms, our group, unless quite free from intestine com- 
motion, would occasionally throw off an atom in virtue of the 
chance concurrence of different sets of component vibrations at 
some of the outlying atoms. Now let there be just enough of 
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atoms moving about in the space around tho group to cause as 
many falliugs-in as throw ings-out of atoms, and with just enough 
of kinetic energy to neither gain nor lose energy in the sur- 
rounding atmosphere through these changes. Tins will also 
cause the average kinetic energy of tho group to remain constant. 
Thus we have a crystal surrounded by an atmosphere of vapour 
at its own temperature, and at the proper temperature to 
cause neither condensation of the vapour nor evaporation of the 
solid. 

§ 41. Now by somehow applying force to the atoms of the 
group increase their vibrational energy. We must, by introducing 
atoms from the boundary, increase tho density of the atmosphere 
around it to cause as many atoms to enter the group as are 
thrown off from it. Continue this process until the inter-atomic 
oscillations in the group become so great that tho atoms begin 
to pass from one configuration of equilibrium to another, and 
back ; as, for instance, the two configurations of § 40 (footnote) 
below. The group may still retain its form as a solid, and some- 
thing of its rigidity as a solid. 

§ 42. Now reverse the operations at the boundary so as to 
diminish the inter-atomic oscillatory energy of the group. The 
atoms may fall back into their previous positions of equilibrium. 
But they may not ; and instead they may fall into another con- 
figuration more readily taken in a settlement from internal 
agitation than the previous configuration which was arrived at 
by growth from the boundary. This (with true molecules of 
matter instead of the ideal Boscovich atoms) seems to me, with- 
out doubt, the explanation of Madan’s * beautiful discovery re- 
garding chlorate of potash, and the change of crystalline 
structure by which Lord Rayleigh f has shown that the optical 
phenomena presented in it are to be explained. Virtually the 
same view to explain other changes of crystalline structure by 
differences of temperature or applications of pressuro seems to 
have been given by M. Mallard}, who is quoted by Madan in 
the article above referred to. In a future communication to the 

* “On the Effect of Heat in Changing the Strueture of Cryutala of PotauBium 
Chlorate,” Nature , May 20, 1886. 

t Philosophical Magazine f 1888. , 

t Bulletin de la Societe Mineralogiquc, 1882, and December 1886. 
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Royal Socioty I hope to include considerations regarding the 
effect of inter-atomic forces and motions in guiding to one or 
other of the two configurations described in § 54 and footnote on 
§ 46 below. 

§ 43. Once more communicate and continue communicating 
energy to the group by forces applied directly to its constituent 
atoms, and, at the same time, keep introducing fresh atoms from 
the outer boundary into the atmosphere surrounding the group 
to prevent the number of atoms in the group from diminishing. 
The intestine commotion will become so great that all configu- 
rations of equilibrium are utterly departed from, but still the 
atom is surrounded by neighbours well within the region of its 
attractive influence (a shell bounded by two concentric surfaces 
of radius I and f respectively) and constantly crossing and re- 
crossing the spherical surface of radius f, or into and out of the 
sphere of repulsive force. If the region of attractive force be 
sufficiently thick, and the augmentation of the repulsive force 
from zero towards infinity be sufficiently rapid, it is clear that 
our original group which was a crystal and is now fluid will re- 
main more dense than the surrounding atmosphere of free atoms 
until we have imparted to the group far more of energy than 
was required to dislodge its constituent atoms from configurations 
of equilibrium. There then is a mass of liquid surrounded by 
an atmosphere of its vapour, and in thermal equilibrium with 
the vapour if we cease the action on its atoms by which we im- 
parted energy to it. A little farther consideration would no 
doubt give us the virtual surface-tension of the liquid exactly 
according to .Laplace’s theory of capillary attraction ; but we must 
not pause over this at present. 

§ 44. Recommence applying forces to the atoms of the group, 
now liquid, and introducing fresh atoms into the surrounding 
atmosphere. The density of the atmosphere becomes greater, 
while that of the group becomes less. Go on till the two 
densities become equal : thus we reach the Caignard de la Tour 
and Andrews’ critical point. If we continue now imparting 
energy to our original group, or to any of the atoms of the 
assemblage, we simply have a homogeneous assemblage in a 
state of homogeneous intestine commotion all through ; the 
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Boscovish realisation of a fluid raised higher and higher above 
its critical temperature. 


On Molecular Tactics ov Crystals and of the Artificial 
Twinning of Iceland Spar (§§ 45 — GO). 

§ 45. (a) (j ). Summary of Bravais’ Doctrine of a Homo- 

geneous Assemblage of Bodies. 

(a) The bodies must bo equal, similar, and homochiral*. 

( b ) They must be all similarly oriented. 

(c) They must be so distanced mutually that any point in 
one of them, and the corresponding points in all the others form 
a homogeneous assemblage of points. If this condition is ful- 
filled for any one chosen point of one body, (a) ami (b) imply 
it for any other ; and vice versa if this condition is fulfilled for 
three points of one body chosen arbitrarily but not in one line, 
(b) is a necessary consequence. 

(d) A homogeneous assemblage of points means, and cannot 
mean other than, an assemblage which presents the same aspect 
and the same absolute orientation when viewed from different 
points of the assemblage. Some confusion of ideas has been 
introduced by leaving the generalised simplicity of Bravais, and 
considering an assemblage of double points, or triple points, or 

* This will be more easily and not less thoroughly understood from illustra- 
tions than from a definition in general terms. Of an externally symmetrical 
man, the two hands are allochirally similar. Either is the pervert of the 
other; or they are mutual perverts. Two men of exactly equal and similar 
external figures would be allochirally similar if one holds out his right hand 
and the otlur his left; homochirally similar if each holds out his right hand, 
or each his left. (We ignore at present the monoohiral anti-symmetry of one 
heart on one side; of interior structure of intestinal canal not in tho plane 
bisecting the exterior symmetric figure, Ac. Ac.) Looking to g (t) below, we 
see two tetrahedrons, OPQR, OP'Q'R', which are equal, and allochirally similar, 
being parallel perverts, either of the other, or parallel mutual perverts. From 
every point P of a body or group of points, draw a line through any one point 
O, and produce to P', making OP'-PO. The group of points (i") is a parallel 
pervert of the group (P). The groups (P) and (l y ) are parallel mutual pervertB. 
Turn (P') 180° round any line OK. In the position thuB reached, it is the 
image of (P) in a piano mirror through O, porpendicular to OK. In their 
present positions they are mutual perverts inverted relatively to the line OK. 
Mutual pervertB are allochirally similar. 
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quadruple points, without noticing its being resolvable into two, or 
three, or four similar homogeneous assemblages of single points. 

(e) Rows of Points in a Homogeneous Assemblage. — Through 
any two points of the assemblage draw a straight line, and pro- 
duce it indefinitely in both directions. All points on this line 
at intervals successively equal to the distance between the two 
chosen points, are points of the assemblage. The interval be- 
tween each point and the next to it on either side in the line is 
called by Bravais the parameter of the row. 

(/) Planes of Points (“rdseaux”) in a Homogeneous Assem- 
blage. — Take at random any three points of the group. The case 
of there being other points of the assemblage on the sides or 
within the area of the triangle of the chosen points may be ex- 
cluded. Along the line of each side of the triangle produced 
in both directions, mark off in succession lengths equal to the 
side, and through each division draw parallels to the other two 
sides. The plane of the triangle extended indefinitely in all 
directions is thus divided into equal and bomochirally similar 
triangles turned alternately in opposite directions. At every 
angle of each of these triangles a point of the assemblage is 



412 MOLECULAR CONSTITUTION OF MATTER. [XCVII. 

found. No point of the assemblage is to be fouud elsewhere in 
the same plane. Fig. 1 shows a homogeneous distribution of 
points in a plane. In the diagram they are joined by lines, de- 
tenninatcly chosen according to § (i), so that all the angles of 
triangles formed by them are acute. Closely related to this 
triangular arrangement arc three others. One of those is ob- 
tained by omitting PQ and its parallels anti taking instead the 
other diagonal OD of the parallelogram QOPD and drawing 
parallels to it through all the points. The two others are ob- 
tained similarly by omitting OQ and taking instead the other 
diagonal PE of the parallelogram QPOE ; and by omitting 
OP and taking instead the other diagonal QF of the parallelo- 
gram PQOF. 

(g) All the points of the assemblage lie in equidistant planes 
parallel to the plane of § (f) ; similarly placed* at the augles of 
triangles equal, similar, and similarly oriented to the triangles 
of §(/). The distance between each of these planes, and the 
next plane to it, is easily proved to be equal to the reciprocal 
of the product of twice the area of the triangle into the number 
of points per unit volume. In fig. 2 the points PQOP'Q' and 
their congeners represent a homogeneous distribution in one 
plane. The orthogonal projection on this plane of the points in 
the two nearest parallel planes are represented respectively by 
It and its congeners, black dots ( • ), and by It' and its congeners, 
white dots ( ° ). Thus explained, the diagram (fig. 2) is a 
complete specification of the whole homogeneous assemblage 
throughout space. 

(/t) Tetraliedronal Grouping. — Chooso any one of the triangles 
OPQ, and any point 8 in the nearest plane of points on either 
side of it; and imagine a tetrahedron of which these 0PQ8 
are the four corner points. By similarly dealing with all the 
triangles of all the planes, con-orientational with the first chosen 
triangle, and the points corresponding to the first chosen point 
in the neighbouring plane, we form a homogeneous assemblage of 
equal homochirally similar, samely oriented, tetrahedrons. Thus, 
for example, take the triangle FG1I which is con-orientational with 
QOP. The tetrahedron on the base FG1I corresponding to 8Q0P 
is liFGH. 
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Each point of the distribution is the common corner point of 
eight of those tetrahedrons; of which the twelve edges meeting 



Fig. 2. 


in it lie in the lines of six rows of points which intersect in 
that point. 

(i) Best conditioned Tetrahedronal Grouping. No Obtuse 
Angles. — Instead of choosing our first two points and our first tri- 
angle at random, take any point 0 and its nearest neighbour on 
either side, P; and its next- nearest neighbour Q on the side making 
the angle QOP acute. The two other angles of this triangle are 
obviously, as Bravais remarks, acute. The only other way of thus 
finding best conditioned triangles is by taking O’ s other nearest 
neighbour, P', and its other next-nearest, Q'. The triangles QOP ' 
and QOP are equal, homochirally similar, and oppositely oriented; 
and thus we find the only other possible best conditioned triangular 
grouping. Every other triangle of the points in the samo plane, 
having, none of the points within its area, has, as Bravais remarks, 
an obtuse angle. Consider now the nearest parallel plane of 
points on one side of the plane of QOP. Let R and its con- 
geners ( • black dots) be the qrtliogonal projections of its points 
on the plane of QOP. Let R' and its congenero ( ° white dots) 
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be the projections of the points of the nearest parallel plane on 
the other side of QOP. Theso projections will he situated rela- 
tively to the triangle P'OQ' and its congeners as are the former 
projections ( • black dots) relatively to the triangle QOP. 

R being, of the projections on the plane of POQ of all the 
points of the two parallel planes, the one which lies within the 
area of the triangle QOP, we have in OPQR a best conditioned 
tetrahedronal grouping. OP'Q'R' is another and the only other 
best conditioned tetrahedronal grouping. It is a parallel pervert 
of OPQR [ see footnote on § 45 (a) above]. Hence a homogeneous 
assemblage of single points* is essentially free from monochiral 
anti-symmetry ; or it is dichirally symmetrical. 

(j) The tetrahedron found by taking, with 0, P, Q, any other 
point than R in the plane through it parallel to QOP, has an 
obtuse angle along one, or obtuse angles along, two, of its three 
edges, OP, PQ, QO : and so with 0, P', Q, and any other point 
than R' in the other parallel plane. 


Closest Packing of one Homogeneous* Assemblage of Equal and 
Similar Globes or Ellipsoids. 

§ 46. Take our tetrahedron OPQR, and by homogeneous dis- 
tortions! strain convert it into an equilateral tetrahedron ABCD, 


* There is another closest packing of globes or ellipsoids which has the same 
density as, and might without careful attention be mistaken for, the closest 
homogeneous packing. For simplicity think only of globes, and take a plane 
covered with globes touching one another in equilateral triangular order. 
Look at the accompanying diagram, fig. 6 of § (55) below, and see that there are 
two ways of placing a second layer on the first to continue the formation of an 
assemblage. The globes of the second layer may be placed, all of them over 
the black dots ( • ) or all of them over the white dots ( o ). But having once 
chosen the position of the second layer there is no more freedom to choose in 
adding on layer after layer if we are to make a single homogeneous assemblage. 
Of the two positions which might be chosen for the third layer we must choose 
the one in which the globes are not over the globes of the first layer. The 
position of the fourth layer must be the one of which the globes are not over 
the globes of the second layer, but are over those of tho first layer, and so on. 

If on the contrary we place the globes of the third layer over the globes of 
the first, the globes of the fourth layer over those of the second and so on, we 
have a peculiar and symmetrical grouping which was first, .so far as I know, 
described by Mr William Barlow (Nature, December 20 and 27, 1888). This 
grouping is not one homogeneous assemblage. It consists of two homogeneous 
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of equal volume. Take four globes, of diameters equal to the 
edges of this tetrahedron and place them with their centres at its 
corner points A, B, G, D. Alter this assemblage of globes by 
homogeneous strain till their centres, A BCD, become again the 
corner points of the original tetrahedron, OPQR. The globes 
have now become ellipsoids. Dealing thus with the whole original 
homogeneous assemblage of points, we find a closest packed homo- 
geneous distribution of equal and similar ellipsoids through space. 

§ 47. To find every possible closest packed homogeneous 
assemblage of given equal and similar ellipsoids, take a tetra- 
hedron of four equal globes. Choose any three mutually perpen- 
dicular directions, and, by elongations and shrinkages of the group 
parallel to these directions, convert each glohe into an ellipsoid 
equal and similar to the given ellipsoid. Every possible con- 
figuration of closest homogeneous packing of the given ellipsoids 
is clearly to be thus found ; and is specified in terms of three 
independent variables, — the three orientational coordinates, rela- 
tive to the equilateral tetrahedron of the system of rectangular 
lines. 

§ 48. In §§ 46, 47 we have a solution of the problem given 
four jmnts, 0, P, Q, R, not in one plane, to place con-orientationally 
four equal and similar ellipsoids with their centres at the four 
points, and the surface of every one touching the surface of each of 
the three others. From it we have the following perfectly simple 
construction for the answer. Bisect OP, OQ, OR, in F, G, H, and 
QR, RP, PQ, in F', G', H', and join FF', GG', IIH\ These threo 
lines meet in one point 8. The planes G8H, HSF, F8G are 
parallel to conjugate diametral planes of the required ellipsoids. 
These ellipsoids touch one another in the points F, F', G, G', 
H, IP. To construct them, first make four parallelepipeds, having 
a common corner at S, and their half-edges which meet in 8, and 
their centres, as follows : — 


assemblages, one of them constituted by the first, third, fifth, seventh, Ac., 
layers; the other the second, fourth, sixth, eighth, Ac., layers. The consideration 
of thia peculiar mode of grouping may be of great interest in the dynamical in- 
vestigations connected with the subject of the present co m mu n ication, and, aa 
Barlow has pointed out, may be of great importance in the theory of natural 
crystalline structure. I must however leave it for the present. 
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Half-edges. Centres. Half-edges. Centres. 


8F 1 


8 IF 1 

8G 

0 

8F' 

SA 


8G 

SG' } 


SF' ) 

sir 

P 

80' 

8F J 


SII 


Inscribe within the twelve edges of each parallelepiped an ellip- 
soid, touching them at their middle points. This construction is 
interesting as showing, in the middle points of the twelve edges 
of the parallelepiped, the twelve points of contact of the ellipsoid 
with its twelve next neighbours. 

The ellipsoid touching the twelve edges is, it need scarcely be 
remarked, similar to the inscribed ellipsoid touching the surfaces, 
but of \/2 times the linear dimensions. 

• 

§ 49. To understand the configuration of a closely packed 
homogeneous assemblage of ellipsoids, it is convenient to consider 
the assemblage of globes to which it is reduced by strain (geo- 
metrical distortion), in § 40. The .assemblage of ellipsoids has 
all characteristic features the same, except the inequalities of 
lines and angles involved in the distortional transition from one 
configuration to the other. 

§ 50. In the close homogeneous assemblage of globes, we 
may first remark, that each globe is touched by its neighbours, 
at twelve points, being the points in which its surface is cut by 
diameters parallel to the six edges of the tetrahedron. If we 
place a number of small globes (boys’ marbles, or billiard balls), on 
a table in close triangular order, and three as close as they can 
be together above them, we see nine of the twelve points of 
contact on the ball below the middle of the triangle of these 
three; six points on the circle in which it is cut by a horizontal 
plane through its centre, and three symmetrically ranged on a 
small circle above it. The other ends of the diameters* through 

* In the compound assemblage of two homogeneous assemblages described 
in the preceding footnote, there are twelve points of contact on each globe, of 
which nine are placed as those described in the text for the homogeneous single 
assemblage, and the remaining three are not “at the other ends of the dia- 
meters” as described in the text, but .are at the opposite points of the small 
circle on which lie the ends of the diameters referred to. 
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these three are the remaining three of the twelve. Or if we join 
the upper three by great circles, making a spherical triangle of 



Fig. a. 

60° side, and complete these circles, they make another spherical 
triangle of 60° side, whose angular points are the lower three of 
the twelve contact points. The three great circles thus drawn cut 
the horizontal great circle in the first six points. Thus we see 
that the twelve points are the intersections of four great circles, 
which divide the spherical surface into eight equilateral triangles, 
and six squares; all with arcs of 60° for boundaries. Fig. 3 shows 
an orthogonal projection of these circles on the plane of one of 
them; each an ellipse whose minor axis is of its major axis. 
The eight equilateral spherical triangles are abc, ahg', bfli, eg/', 
a'b'c', a'h’g , b'fh, c'g'f The six squares are begh', cahf, ab/g', 
b'c'g'h, c'a'hf, a’b'fg. 

§ 51. Draw planes through the centre of the sphere, parallel 
to the pairs of planes of the angular points of the eight spherical 
triangles; these are four planes, the four planes in which the 
assemblage is found in close triangular order. They are parallel 
to the sides of the tetrahedron ABGD. 

§ 52. Draw planes through the centre of the sphere, parallel 
to the pairs of planes of the angular points of the six spherical 
squares ; these are three planes, the three planes, in which the 
assemblage is found in square order. They are parallel to the 
T. in. 27 
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pairs (AB,GD), ( AG,BD ), ( AD,BG ) of the edges f the tetra- 
hedron ; and are mutually orthogonal. 

§ 53. Take a cube of the assemblage, having its sides parallel 
to the planes of § 51. It will present on every side, arrangement 
of the globes in square order, with rows along and parallel to the 
diagonals of the square sides of the cube. This I call the primitive 



Fig. 4. Fig. R. 


cube of a homogeneous assemblage of closely packed globes. It 
is seen in fig. 4 taken from a paper published in Nature (Dec. 20, 
1883), by Mr Barlow who, so far as I know, was the first to show 
explicitly, a cubic part of the close-packed homogeneous assemblage 
of equal globes. 

§ 54. Bevel the corners of the primitive cube perpendicularly 
to its four line-diagonals as shown for one only of the corners 
bevelled in fig. 5, which also is taken from Mr Barlow’s paper. 
We thus get eight equilateral triangular facets, each showing close 
triangular grouping of the globes appearing in it. The four pairs 
of planes of these facets are, of course, parallel to the four faces of 
the tetrahedron, A BCD. If we make the bevelling of each corner 
deep enough, nothing is left of the cube but a regular octohedron, 
whose eight faces are parallel to the four faces of the tetrahedron. 

§ 55. If in building a triangular pyramid we commence with 
globes in close triangular order on a horizontal plane, and place 
the second layer above it over the white dots ( ° ) of the diagram 
(fig. 6), the third layer over the inner triangle of black dots ( • ), 
and the fourth a single globe over the centre of the diagram, we 
build up precisely the portion bevelled off the primitive cube in 
^ Thus we have a triangular pyramid whose three sides are 
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isosceles right-angled triangles meeting at right angles along the 
three slant edges. The globes in these three faces are in square 



Fig. 6. 


order. The lines of globes in contact in these faces are parallel 
and perpendicular to the bounding edges of the base. In the 
pyramid corresponding to the actual diagram, or any other with 
an odd number of globes in each edge of the base, there are three 
lines of globes in contact along the lines bisecting the three vertical 
angles of the sides of the pyramid and ending in a single crowning 
globe. 

§ 56. If instead of building the second layer as in § 55, we 
place a second layer over all the black dots ( • ), a third layer 
over all the white dots ( o ), a fourth layer over centres of 
globes of the first layer, a fifth over black dots ( • ) again ; a 
sixth over white dots ( ° and the last a single globe as in 
§ 55, we make an ordinary triangular pyramid having three 
equilateral triangles for its slant sides and a fourth for base; 
and having the globes arranged in equilateral triangular order 
not only in the base as in § 55, but also in each of the three slant, 
sides. 


27—2 
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§ 57. The ordinary square pyramid of globes has for its base 
the same square order structure as the slant sides of the tri- 
angular pyramid of § 55, while its four slant sides have the same 
equilateral triangular structure ns each of the three slant sides 
and the base of the pyramid of § 50. If we divide the ordinary 
square pyramid into four parts by two diagonal vertical planes 
through its centre, ami turn one of these parts over till it rests 
on its triangular slant side it becomes the triangular pyramid 
of § 55. 

§ 58. In considering Baumlmuer's splendid discovery of the 
artificial twinning of Iceland spar, by means of a knife, published 
about 22 years ago, soon after Rcusch’s fundamental discovery 
(1807) of the artificial twinning of Iceland spar by pressure, I 
endeavoured to picture to myself the molecular tactics called into 
play in the wonderful change of shape thus ‘produced. It was 
necessary first to suppose known the molecular arrangement in 
the natural crystal. Two distinct hypotheses presented them- 
selves, each perfectly definite; and it seems certain that the 
structure is one or other of these two. 

Hypothesis (1). Imagine an equilateral tetrahedron of a close 
packed homogeneous assemblage of globes. To avoid circum- 
locution let one of its faces rest on a horizontal plane. Let the 
whole system be shrunk homogeneously in lines perpendicular 
to this plane till the originally acute trihedral angle of the 
triangular pyramid of globes becomes the obtuse trihedral angle 
of the rhomb of Iceland spar. The shrinkage ratio required to 
do this would be exactly \/8 to 1 if the inclination of each slant 
face to the base were exactly 45° * in the triangular pyramid 
obtained by truncating the obtuse trihedral angle of Iceland spar 
perpendicularly to the “axis” (or line equally inclined to the 
three edges meeting in the trihedral angle). 

Hence if, instead of globes to begin with we take oblate 
ellipsoids of revolution, each having its equatorial diameter 
^8 ( = 2 83) times its polar axis, and make a pyramid of them 

* At ordinary temperatures the angle is 44° 3C'-6 (Phillips, Brooke, and 
Miller’s Mineralogy, § 407); and at temperature 800° it is almost exactly 45°. 
Huyghens must have taken it as exactly 45°, as he gave ^8 for the ratio of 
the equatorial to the polar diameter in the statement of his hypothesis. 
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by laying a number of them flat on a horizontal plane and putting 
them together and building others up on them according to the 
rule of § 56, we have an obviously conceivable structure for Ice- 
land spar. This is Hypothesis (1). 

This Hypothesis I now find was given 200 years ago by 
Huygliens in his Traiti de la Lumihre (Leyden, 1690), and in- 
dependently by Wollaston in the Bakerian Lecture for 1812, 
Philosophical Transactions Royal Society for the year 1813, 
Part I., but with priority attributed to Huyghens. 1 had thought 
of it independently, but did not feel altogether satisfied with 
it, in the first place because of the great internal commotion 
which it would imply in the tactics of Baumhauer’s twinning. 
Then it occurred to me to think of the subject thus. It seems 
as if the seolotropic quality of Iceland spar, according to which 
there are differences of quality for directional actions along and 
perpendicular to the shortest line -diagonal of the rhomb, may 
be naturally supposed to depend on the rhomb not being a 
cube; and that the change from a cube to the Iceland spar 
rhomb should be looked to as the cause of the soolotropy. If 
this is so we must begin with a cube which is isotropic in 
respect to its four line-diagonals. This is the case with the 
cube described in § 53, but it is not the case with the cube 
which we find if in the shrinkage* of Hypothesis (l)wc pause 
at the stage in which the acute trihedral angle of the equila- 
teral tetrahedron is rectangular on its way to becoming obtuse; 
on the contrary, in this configuration each globe is an oblate 
with equatorial diameter twice as long as the polar axis. 
Hence I have been led to think it probable that the molecular 
structure of Iceland spar is not that of Hypothesis (1), but is 
as follows. 


§ 59. Hypothesis (2). — Take a primitive cube § 53 of the 
assemblage and distort it by shrinkage along any one of its 
four line-diagonals, with (for simplicity) no change of length in 


* The shrinkages to pass from the equilateral triangular pyramid to the 
pyramid with rectangular vertex and to the triangular pyramid for Iceland spar, 
will be understood in a moment by remarking that the tangents of inclinations 
of slant sides to base in the three oases are respectively ^8, *J2, and 1; and 
therefore the distances of vertex from base are as these numbers, the base being 
unchanged in the simple shrinkage specified in the text. 
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directions perpendicular to it. This reduces each globe to an 
oblate ellipsoid of revolution, and the cube to a rhomb, which 
is the rhomb of Iceland spar if the shrinkage-ratio is V2 to I. 

§G0. Let FG (tig. 7) be cue edge and G one of the two 
obtuse trihedral angles of a rhomb of Iceland spar; and F\ G' 



Ki«. 7. 


the corners opposite to F, G (so that G'G is the optic axis). Let 
HKK'H' be a diagonal plane parallel to FG and FG'; HK, H'K' 
being parallel to FG, F'G'. Now consider rows. of oblates parallel 
to KK' and HH' . The oblates are in contact at the ends of 
equatorial diameters in the lines of these rows. Turn the ob- 
lates of each row round the line of the row, in the half of the 
assemblage above HKK'H' (supposing this plane horizontal and 
G to the right) all through equal angles against the motion 
of the hands of a watch till their equators become horizontal. 
The assemblage of centres shears to the right (with rotation in 
the direction of the hands of a watch), FG moving rightwards, 
till the angle between FG and the end face through F becomes 
a right angle. Simultaneously with this shearing motion there 
is a shrinkage of the assemblage in the direction perpendicular 
to the plane HKK'H', entailed by the fact of the equatorial 
planes of the oblates turning from their primary inclined positions, 
with equatorial planes perpendicular to the optic axis, to their 
present horizontal positions. This is most readily seen by con- 
fining attention to the single row of oblates which initially had 
their centres and points of mutual contact in the short diagonal 
GF' of the right-hand end face. The shrinkage of the assemblage 
perpendicular to the plane HKK'H' implies elongation in lines 
parallel to FG, because the volume remains constant, and there 
is clearly neither elongation nor shrinkage perpendicular to the 
plane of the diagram. Now to fit the tactics of Baumhauer’s 
twinning by the knife, we must have no change of dimensions 
ot the assemblage in the plane HKK'H'. Hence while the 
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turning and shearing motions described above are taking place, 
there must be a continual elongation of the substance of each 
oblate perpendicular to this plane, and shrinkage parallel to 
FG *, to just such an extent as to prevent the centre of each 
oblate from coming nearer to the plane HKK'H', but instead to 
cause all the centres to move in lines parallel to FG. The oblates 
are now no longer figures of revolution but are ellipsoids with 
three unequal axes : the shortest, vertical ; the longest, perpen- 
dicular to the plane of the diagram ; and the mean axis parallel 
to FG. To complete the process, proceed as follows : — 

§ 61. Turn the oblates farther on in the same direction 
(opposite to the motion of the hands of a watch, as that in which 
they were turned in § 60), and through the same angle ; and 
while, in consequence, the assemblage of centres shears to the 
right, give to the substance of each oblate a gradual shrinkage 
perpendicular to the plane HKK'H' and elongation parallel to 
the line FG, so as to cause the rightward shearing motion of the 
assemblage of centres to be still exactly parallel to the initial 
position of the line FG. The whole movement of Which the 
first half has been described in § 60, and the second half in 
§ 61, constitutes exactly what is done in Baumhauer’s artificial 
twiuuing of an end portion of a prism of Iceland spar, by a knife 
applied at F, with its edge perpendicular to the plane of the 
diagram, and pressed against the edge FG of the obtuse angle 
between the two upper faces of the prism before and behind the 
plane of the diagram. 


On the Equilibrium of a Homogeneous Assemblage of 

MUTUALLY ATTRACTING POINTS (§§ 62 — 71). 

§ 62. The chief object of this communication is to find the 
simplest possible way of realising, by means of an assemblage of 

* Perhaps the simplest way of looking at the affair is found by considering 
th at {he elliptic section of each ellipsoid in the plane HKK'H’ must remain 
constant; and so also must the horizontal and vertical axes of the elliptic 
section in the plane of the diagram. Hence, while the principal axes of the 
elliptio section tnra in the manner described in §§ 60, 61, the ellipse itself must 
remain inscribed in a constant rectangle of vertical and horizontal sides in the 
plane of the diagram, while the third axis of the ellipsoid, which is perpendionlar 
to the plane of the diagram, remains constant. 
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points acting upon one another with forces in the lines joining 
them, and depending merely on the lengths of the joining lines, 
an elastic solid which shall not be subject to Poisson’s restriction 
of the bulk-modulus to be exactly $ of the rigidity-modulus ; 
hut which may on the contrary have, with given rigidity, any 
magnitude of bulk-modulus through the whole range from — ^ 
of the rigidity to + oo , shown to be imaginable by Green. 
That the thing can be done I showed in my Baltimore Lectures 
(1884), and I gave an easily conceived although a somewhat 
complex way of doing it. 1 now find that the next-to-the- 
simplcst-possible mode of arranging an assemblage of points to 
produce an elastic solid realises Green’s ideal; while the very 
simplest possible is restricted by Poisson’s limitation. 

§ 63. The simplest possible arrangement of points to make a 
homogeneous clastic solid, is a single homogeneous assemblage as 
defined in § 45 a — d above. In the first place* for simplicity we 
shall suppose it to be elastically isotropic ,»or as nearly isotropic as 
we can make it. 

§ 64. * To make the solid as nearly as may be isotropic, the 
unstrained equilibrium distribution must be the equilateral homo- 
geneous assemblage of § 21 above. Consider now a finite assem- 
blage containing a very great number of points thus distributed. 
To take the very simplest possible case, let there be no force 
exerted between others than nearest neighbours. For the case 
of equilibrium, no force acts from without on any of the points, 
whether on the boundary or in the interior ; and therefore clearly 
there is no mutual action between any of the points according 
to our present supposition of forces between nearest neighbours 
only. Suppose now the assemblage to be in equilibrium under 
the influence of forces acting on points in the boundary, giving 
rise to infinitesimal deviations from the equilateral homogeneous 
grouping. Instead of zero force in each shortest distance, there 
will now be a force which, for stability of equilibrium, must be 
pull or thrust, according as the distance is greater or less than 
that which we had in the zero-equilibrium. Thus if, to help 
ideas, we look to a Boscovich curve, the distance between nearest 
neighbours for zero-equilibrium, which for brevity we shall call £, 
must be a point in which the curve cuts the line of abscissas 
with slope corresponding to repulsions for less distances and 
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attractions for greater, and shows zero-force for all distances not 
less than £V2. 

§ 65. To investigate moduluses of elasticity, we must suppose 
the forces applied from without to the points on the boundary 
to be such as to produce homogeneous strain throughout the 
assemblage. The working out of this statical problem to be 
given in a future communication, shows that the solid so con- 
stituted is not elastically isotropic ; but that, on the contrary, 
it has essentially two different rigidities. It is in fact a cubical 
isotropic body with its two rigidities (article “Elasticity,” En- 
cyclopedia Britannica, ninth edition, or Article xcii., Part I., above) 
not equal. An extension of the investigation to include the 
supposition of forces not only between nearest neighbours, but 
between nearest and next-nearest neighbours and none farther, 
gives of course the two rigidities generally not equal; but it 
allows them to be equalised by a certain definite relation be- 
tween forces and variations of forces at the two distances £ and 
£ n/2. Imposing this condition, we have elastic isotropy ; and I 
find the compressibility to be essentially § of the rigidity. The 
solid thus constituted is therefore subject to Poisson’s restriction ; 
and it will no doubt be found that this restriction is valid for any 
single equilibrated homogeneous distribution of points, with 
mutual forces according to Boscovich, and sphere of influence 
not limited to nearest and next-nearest neighbours, but extending 
to any large, not infinite, number of times the distance between 
nearest neigh bours. 

§ 66. Having thus failed to produce a solid free from 
Poisson’s restriction, go back to the very simplest case, and try 
for another way of leaving its simplicity by which we may succeed. 
Try first to realise an incompressible elastic solid. When this is 
done we shall see, by an inevitably obvious modification, how to 
give any degree of compressibility we please without changing 
the rigidity, and so to realise an elastic solid with any given 
positive rigidity, and any given positive or negative bulk-modulus 
(stable without any surface constraint, only when the bulk-modulus 
is positive). 

§ 67. To aid conception, make a tetrahedronal model of six 
equal straight rods, jointed at the angular points in which three 
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moot, each having longitudinal elasticity with perfect anti-flexural 
rigidity. These constitute merely an ideal materialisation of the 
connection assumed in the Bosoovich attractions and repulsions. 
A very telling realisation of the system thus imagined is made by 
taking six equal and similar bent bows and jointing their ends 
together by threes. The jointing might be done accurately by a 
ball and double socket mechanism of an obvious kind, but it 
would not be worth the doing. A rough arrangement of six bows 
of bent steel wire, mcroly linked together by hooking an end of 
one into rings on the ends of two others, may be made in a few 
minutes ; and even its defects are not unhelpful towards a vivid 
understanding of our subject. We have now an element of elastic 
solid which clearly has an essentially definite ratio of compressi- 
bility to reciprocal of either of the rigidities (§ 27 above), each 
being inversely proportional to the stiffness of the bows. Now 
we can obviously make this solid incompressible if we take a 
boss jointed to four equal tie-struts, and joint their free ends to 
the four corners of the tetrahedron ; and we do not alter either 
of the rigidities if the length of each tie-strut is equal to distance 
from centre to corners of the unstressed tetrahedron. If the tie- 
struts are shorter than this, their effect is clearly to augment 
the rigidities; if longer, to diminish the rigidities. The mathe- 
matical investigation proves that it diminishes the greater of the 
rigidities more than it diminishes the less, and that before it annuls 
the less it equalises the greater to it. 

§ 08. If for the present we confine our attention to the case 
of the tie-struts longer than the uu-strained distance from centre 
to corners, simple struts will serve; springs, such as bent bows, 
capable of giving thrust as well as pull along the sides of the 
tetrahedron, are not needed ; mere india-rubber elastic filaments 
will serve instead, or ordinary spiral springs, and all the end- 
jointings become much simplified. A realised model accompanies 
this communication. 

§ 69. The model being completed, wo have two simple homo- 
geneous Bravais assemblages of points; reds and blues, as we 
shall call them for brevity; so placed that each blue is in the 
centre of a tetrahedron of reds, and each red in the centre of a 
tettahedron of blues. The other tetrahedronal groupings (Mole- 
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cular Tactics, §§ 45, 60) being considered, each tetrahedron of 
reds is vacant of blue, and each tetrahedron of blues is vacant 
of reds*. 

§ 70. Imagine the springs removed and the struts left ; but 
now all properly jointed by fours of ends with perfect frictionless 
ball-and-socket triple-joints. Wc have a perfectly non-rigid 
three-dimensional skeleton frame-work, analogous to idealised 
plane netting consisting of stiff straight sides of hexagons perfectly 
jointed in threes of ends. [Compare Art. 0., § 2, below.] 

§ 71. Leaving mechanism now, return to the purely ideal 
mutually attracting points of Boscovich ; and, as a simple example 
suppose mutual forces to be zero at all distances exceeding some- 
thing between £ and £ ^2. 

Let the group be placed at rest in simple equilateral homo- 
geneous distribution : — shortest distance £. It will be in stable 
equilibrium, constituting a solid with the compressibility, and the 
two rigidities referred to in § 27 above. Condense it to a certain 
degree to be found by measurements made on the Boscovich 
curve, and it may become unstable. Let there be some means of 
consuming energy, or carrying away energy ; and it will fall into 
a stable allotropie condition. The Boscovich curve may be such 
that this condition is the configuration of absolute minimum 
energy ; aud may be such that this configuration is the double 
homogeneous assemblage of reds and blues described above. 
Though marked red and blue, to avoid circumlocutions, these 
points are equal and similar in all qualities. 

The mathematical investigation must be deferred for a future 
communication, when I hope to give it with some further develop- 
ments. 

* An interesting structure is suggested by adding another homogeneous 
assemblage, marked green ; giving a green in the centre of each hitherto 
vacant tetrahedron of reds. It is the same assemblage of triplets as that 
described in § 24 above. It does not (as long as we have mere jointed struts 
of constant length between the greens and reds) modify our rigidity-modulus, 
nor otherwise help us at present, so, having inevitably noticed it, we leave it. 
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Art. XCVIII. [January 13, 1888]. Five Applications of 
Fourier’s Law of Diffusion, illustrated by a Dia- 
gram of Curves with absolute Numerical Values. 

[Report of British Association Bath Meeting, September 1888.] 

I. Motion of a viscous fluid. 

II. Closed electric currents within a homogeneous 
conductor *. 

III. Heat, 

IV. Substances in solution. 

V. Electric potential in the conductor of a submarine 
cable when electromagnetic inertia can be neg- 
lected *f\ 

L. Fourier’s now well-known analysis of .what lie calls the 
“ Linear motion of heat ” is applicable to every case of diffusion in 
which tlic substance concerned is in the same condition at all 
points of any one plane parallel to a given plane, The differential 
equation of diffusion for the case of constant diffusivity k, is 

dv _ d a v 
dt -“doT 

where v denotes the “ quality ” at time t and at distance x from a 
fixed plane of reference. This equation stated in words is as 
follows : — rate of augmentation of the “ quality” per unit of time, 
is equal to the diffusivity multiplied into the rate of augmentation 

* This subject is essentially the “electromagnetic induction’* of Faraday. 
It is essentially different from the conduction of electricity through a solid in- 
vestigated by Ohm in his celebrated paper “Die Galvanische Kette mathe- 
inatisch bearbeitet,” Berlin, 1827 : translated in Taylor's Scientific Memoirs , Vol. n. 
Tart viii.; “The Galvanic Circuit investigated Mathematically” by Dr G. S. 
Ohm. In Ohm’s work electromagnetic induction is not taken into account, 
nor does any idea of an electric analogue to inertia appear. The electromotive 
force considered is simply that due to the difference of electrostatic potential in 
different parts of the circuit, unsatisfactorily, and even not accurately, explained 
by what, speaking in his pre-Greenian time he called “the electroscopic force of 
the body,” and defined or explained as “the force with which the electroscope is 
repelled or attracted by the body”; the electroscope being “a second movable body 
of invariable electric condition.” 

t This subject belongs to the Ohmian electric diffusion pure and simple, worked 
out by aid of Green’s theory of the capacity of a Leyden jar (see Ait. lxxiii. 
Vol. ii. above). # 

t See Mathematical and Physical Papers , Vol. ii. Art. lxxii. 
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per unit of space of tho rate of augmentation per unit of space 
of the “ quality .” 

The moaning of the word “ quality ” here depends on the subject 
of the diffusion which may be any one of the five cases referred to 
in the title above. 

2. If the subject is motion of a viscous fluid the “ quality ” 
is any one of three components of the velocity, relative to rect- 
angular rectilineal coordinates. But in order that Fourier’s 
diffusional law may be applicable we must either have the 
motion very slow, according to the special definition of slowness 
in Article xeix. § 11 below : or the motion must be such that 
the velocity is the same for all points in the same stream-line, 
and would continue to be steadily so if viscosity were annulled 
at any instant. This condition is satisfied in laminar flow, and 
more generally in every case in which the stream-lines are parallel 
straight lines. It is also satisfied in the still more general case of 
stream-lines coaxal circles, with velocity the same at all points 
at the same distance from the axis. Our present illustration 
however is confined to the case of laminar flow, to which Fourier's 
diffusional laws for what he calls “Linear Motion” (as explained in 
§ 1 above) are obviously applicable without any limitation to the 
greatness of the velocity in any part of the fluid considered 
(though with conceivably a reservation in respect to the question 
of stability*). In this case the “ quality ” is simply fluid velocity. 

3. If the subject is electric current, with stream-lines parallel 
straight lines, the “ quality ” is simply current-density, that is to 
say strength of current per unit of area traversed by the current. 
The perfect mathematical -f* analogy betwcon the electric motion 
thus defined, and the corresponding motion of a viscous fluid 
defined in § 2 above was accentuated by Mr Oliver Heaviside, 
in the Electrician, July 12, 1884; and in the following words 
in the Philosophical Magazine for 1886 second half-year p. 135 : 
“ Water in a round pipe is started from rest and set into a state 
of steady motion by the sudden and continued application of 

* See “ Stability of Fluid motion,” § 28: Philosophical Magazine t August, 1887. 

t It is essentially a mathematical analogy only; in the same sense as the 
zelation between the “Uniform motion of heat” and the mathematical theory of 
electricity, which I gave in the Cambridge Mathematical Journal 46 years ago, and 
which now constitutes the first article of my “Collocted Papers on Electrostatics 
and Magnetism,” is a merely mathematical analogy. 
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a steady longitudinal dragging or shearing-force applied to its 
boundary. This analogue is useful because every one is familiar 
with the setting of water in motion by friction on its boundary, 
transmitted inward by viscosity.” Mr Heaviside well calls this 
analogue “ useful.” It is indeed a very valuable analogy not 
merely in respect to philosophical considerations of electricity, 
ether, and ponderable matter, but as facilitating many important 
estimates, particularly some relating to telephonic conductors and 
conductors for electric lighting on the alternate-current system. 
In a non-magnetic metal, the diffusivity for electric current is 
the electric resistivity divided by 4rr: in a magnetic metal it is 
the electric resistivity divided by 4ir times the magnetic permea- 
bility. The diffusivity of fluid for viscous motion is its viscosity 
divided by its density. (See Art. xeix. § 11 below.) 

4. If the subject is heat, as in Fourier’s original development 
of the theory of diffusion the “quality” is temperature. The 
thermal diffusivity of a substance is its thermal conductivity 
divided by its thermal capacity per unit bulk. 

5. If the subject is diffusion of matter, the “ quality ” is density 
of the matter diffused or deviation of density from some mean 
or standard density considered. It is to Fick, 33 years ago 
Demonstrator of Anatomy and now Professor of Physiology, in 
the University of Zurich, that we owe this application of Fourier’s 
divisional theory, so vitally important in physiological chemistry 
and physics and so valuable in natural philosophy generally. 
When the substance through which the diffusion takes place is 
fluid a very complicated but practically important subject is 
presented if the fluid be stirred. The exceedingly rapid progress 
of the diffusion produced by vigorous up-and-down stirring, causing 
to be done in half a minute the divisional work which would 
require years or centuries if the fluid were quiescent, is easily 
explained; and the explanation is illustrated by the diagram of 
curves § 7 below with the time- values given for sugar and 
common salt. Look at curve No. 1 and think of the corresponding 
curve with vertical ordinates diminished in the ratio of 1 to 40. 
The corresponding diffusion would take place for sugar in 11 
seconds and for salt in 3’4 seconds. The case so represented would 
cot respond to a streaky distribution of brine and water or of 
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syrup and water, in which portions of greatest and least salinity 
or saccharinity are within half a millimetre of one another. 
This is just the condition which we see, in virtue of the difference 
of optic refractivity produced by difference of salinity or of 
saccharinity when we stir a tumbler of water with a quantity 
of undissolved sugar or salt on its bottom. If water be poured 
very gently on a quantity of sugar or salt in the bottom of a 
tumbler with violent stirring up guarded against by a spoon, 
the now almost extinct Scottish species called “ toddy ladle ” 
being the best form, or better still a little wooden disc which 
will float up with the water; and if the tumbler be left to 
itself undisturbed for two or three weeks, the condition at the 
end of 17 x 10® seconds (20 days) for the case of sugar, or 5*4 x 10® 
seconds (6 days) for salt, will be that represented by No. 10 curve 
in the diagram. 

6. If the subject be electricity in a submarine cable, the 
“ quality ” is electric potential at any point of the insulated con- 
ductor. It is only if the cable were a straight line that te 
would be (as defined above) distance from a fixed plane : but 
the cable need not be laid along a straight line ; and the proper 
definition of x for the application of Fourier’s formula to a sub- 
marine cable is the distance along the cable from any point of 
reference (one end of the cable for example) to any point of 
the cable. For this case the diffusivity is equal to the conduct- 
ance* of unit of length of its conductor, reckoned in electrostatic 
units, divided by the electrostatic capacity of the conductor per 
unit length insulated as it is in gutta percha with its outer surface 
wet with sea-water, which, in the circumstances, is to be regarded 
as a perfect conductor. For demonstration of this proposition see 
Art. LXXIIJ., Yol. II. above ; and for various examples see Table 
XIII. of Art. XCIL, Part II., Vol. III. page 227, above. 

* “Conductance,” a valuable word introduced by Mr Oliver Heaviside, means 
the reciprocal of “resistance,” in respect to electric currents. It is also available 
in respect to thermal conduction. It is what I, not so well, called conducting 
power. Whether for heat or electricity, the conductance of unit length of a rod or 
wire is equal to the conductivity of its substance multiplied by the area of its cross- 
section. The electric conductance of any length of wire, or fine thread, reckoned 
in electrostatic measure, is a velocity: and its electric resistance, reckoned in 
electromagnetic measure, is a velocity. Explanations of these reckonings are given 
in my Popular Lecture #, Vol. i. pp. 123 — lSih and 4.% — 448. 
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Diagram showing Progress of Laminar Diffusion. 



0A T =.r, 
NP^j, 
20 r ljr,i 

.y=10-7_ 

Vtr.' u 


7. Explanation of Diagram showing Progress of Laminar 

Diffusion. 

In each curve 

where x denotes the number of centimetres in ON, and 
i(=4>/#rf) the “curve-number.” The curves are drawn directly 
from the values of the integral given in Table III. appended 
to De Morgan’s article “ On the Theory of Probabilities,” Encyclo- 
paedia Metropolitana, Vol. II. pp. 483 — 484, and reproduced in full 
at the end of the present article. No. 2 curve is simply a graphic 
representation of the Table. The horizontal ordinates are reckoned 
in an arbitrary unit: the vertical ordinates are the absolute dis- 
tances referred to in the following statement, and are numbered 
in centimetres. Each vertical ordinate of No. i curve is * times 
that of No. 1 for the same horizontal ordinate. The time till the 
condition represented by No. i curve is attained is t* times the 
time till No. 1. 
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The constant “ quality” at initiational surface being called 10, 
NP denotes tbo 

' at distance = ON from initiational surface, 

“ Quality”... J an< ^ at t} me equal in seconds to [“curve-number”]* 
■ divided by sixteen times the diffusivity in 
square centimetres per second. 


Subject of Diffusion. 

Motion of a viscous fluid. 

Closed electric currents within 
a homogeneous conductor. 

Heat. 

Substance in solution. 

Electricity in the conductor of 
a submarine cable. 


“ Quality ” represented by NP. 

Velocity. 

Current-density. 

Temperature. 

Quantity of substance per unit 
of volume. 

Electric potential. 


Examples. 


“ Curve- 
number." 

Time in 
seconds. 

Case of Diffusion. 

i 

27100 

Zinc sulphate through water. 

i 

25700 

Copper sulphate through water. 

i 

17100 

Sugar through water. ! 

i 

5390 

Common salt through water. j 

5 

1200 

Heat through wood. 

5 

118 

Laminar motion of water at 10° Cent. 

5 

29*5 

Laminar motion of air. 

5 

6*94 

Heat through iron. 

5 

•60 

Electric current through iron of 



magnetic permeability 300, and 
electric resistivity 9800. 

5 

1-324 

Heat through copper. 

Electric current within a homoge- 



neous non-magnetic conductor... 

10 

•0488 

Copper, 

10 

•00403 

» » Lead, 

10 

•00378 

„ „ German silver. 

10 

•00231 

„ „ Platinoid. 

200,000,000 

•086 

Electric potential in the Direct U. S. 


Atlantic Cable. 


t. in. 


28 




APPENDIX. 


[Being extract (Table III.) from Do Morgan’s article, “ Theory of Proba- 
bilities,” in Enci/rfopmlia Metropolitan a, Vol. n. (1845), pp. 483, 484.] 

2 r? 

Values of ._/ e ' t'dq — f(q) for intervals of q , each = '01, 
Vir-'o 

from q = 0 to q = 2. 


4 

f ( 9 ) 

A 

A a 

7 

./■(<?) 

A 

A 9 

0-00 

0-00000 00 

1128 33 

22 

0-45 

0*47548 18 

917 37 

8 40 

0-01 

0-01128 33 

1128 11 

45 

0*46 

0-48465 55 

908 97 

8 51 

002 

0*02256 41 

1127 66 

67 

0-47 

0-49374 52 

900 46 

8 61 

0-03 

003384 10 

1126 99 

90 

0-48 

0-50274 98 

891 85 

8 69 

0-04 

0-04511 09 

1126 09 

1 12 

0*49 

0-51166 83 

883 16 

8 78 

0-05 

0-05637 18 

1124 97 

1 35 

0-50 

0 * 5*2049 99 

874 38 

8 88 

006 

0*06762 15 

1123 62 

1 58 

0-51 

0-52924 37 

865 50 

8 96 

0-07 

0*07885 77 

1122 04 

1 79 

0-52 

0*53789 87 

856 54 

9 03 

0*08 

0*09007 81 

1120 25 

a oi 

0-53 

0 - 54646.41 

847 51 

9 10 

0-09 

0*10128 06 

1118 24 

2 24 

0-54 

0-55493 92 

838 41 

9 17 

0-10 

0*11246 30 

1116 00 

2 46 

0-55 

0*56332 33 

829 24 

9 23 

0-11 

0*12362 30 

1113 54 

2 67 

0*56 

0-57161 57 

820 01 

9 30 

0-12 

0*13475 84 

1110 87 

2 88 

0*57 

0-57981 58 

810 71 

9 35 

0-13 

0-14586 71 

1107 99 

3 10 

0-58 

0-58792 29 

801 36 

9 40 

0-14 

0*15694 70 

1104 89 

3 31 

0*59 

0*59593 65 

791 96 

9 45 

0-15 

0*16799 59 

1101 58 

3 52 

0*60 

0*60385 61 

782 51 

9 49 

0-16 

0-17901 17 

1098 06 

3 72 

0-61 

0*61168 12 

773 02 

9 63 

0-17 

0*18999 23 

1094 34 

3 93 

0-62 

0*61941 14 

763 49 

9 55 

0-18 

0-20093 57 

1090 41 

4 14 

0*63 

0*62704 63 

753 94 

9 59 

0-19 

0*21183 98 

1086 27 

4 34 

0-64 

0*63458 57 

744 35 

9 62 

0-20 

0*22270 25 

1081 93 

4 53 

0-65 

0*64202 92 

734 73 

9 63 

0-21 

0*23352 18 

1077 40 

4 73 

0 - 6 G 

0*64937 65 

725 10 

9 65 

0-22 

0*24429 58 

1072 67 

4 92 

0-67 

0*65662 75 

715 45 

9 66 

0-23 

0*25502 25 

1067 75 

5 12 

0-68 

0*66378 20 

705 79 

9 68 

0-24 

0*26570 00 

1062 63 

5 29 

0-69 

0*67083 99 

696 11 

9 67 

0-25 

0*27632 63 

1057 34 

5 49 

0-70 

0*67780 10 

686 44 

9 68 

0-26 

0*28689 97 

1051 85 

5 67 

0-71 

0*68466 54 

676 76 

9 68 

0-27 

0*29741 82 

1046 18 

5 84 

0-72 

0-69143 30 

667 08 

9 66 

0-28 

0*30788 00 

1040 34 

6 01 

0-73 

0*69810 38 

657 42 

9 66 

0-29 

0*31828 34 

1034 33 

6 19 

0-74 

0*70467 80 

647 76 

9 65 

0-30 

0*82862 67 

1028 14 

6 36 

0-75 

0*71115 56 

638 11 

9 62 

0-31 

0*33890 81 

1021 78 

6 52 

0-76 

0*71763 67 

628 49 

9 61 

0-32 

0*34912 59 

1015 26 

6 67 

0-77 

0*72382 16 

618 88 

9 57 

0-33 

0*35927 85 

1008 59 

6 84 

0-78 

0*73001 04 

609 31 

9 56 

0-34 

0*36936 44 

1001 75 

6 98 

0-79 

0*73610 35 

599 75 

9 52 

0-35 

0*37938 19 

994 7.7 

7 14 

0-80 

0*74210 10 

590 23 

9 48 

0-36 

0*38932 96 

987 63 

7 29 

0-81 

0*74800 33 

580 75 

9 45 

0-37 

0*39920 59 

980 34 

7 42 

0-82 

0*75381 08 

571 30 

9 41 

0-38 

0*40900 93 

972 92 

7 55 

0-83 

0*75952 38 

561 89 

9 36 

0-39 

0*41873 85 

965 87 

7 69 

0-84 

0*76514 27 

552 53 

9 31 

0-40 

0*42839 22 

957 68 

7 82 

0-85 

0*77006 80 

543 22 

9 26 

0-41 

0*43796 90 

949 86 

7 95 

0-86 

0*77610 02 

533 96 

9 21 

0-42 

0*44746 76 

941 91 

8 07 

0-87 

0*78143 98 

524 75 

9 16 

0-43 

0*45688 67 

933 84 

8 17 
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Art. XCIX. Motion of a Viscous Liquid; equilibrium or 

MOTION OF AN ELASTIC SOLID; EQUILIBRIUM OR MOTION 

OF AN IDEAL SUBSTANCE CALLED FOR BREVITY ETHER ; 

MECHANICAL REPRESENTATION OF MAGNETIC FORCE. 

[Now published for the first time, May, 1890.] 

§§ 1 — 11. Viscous liquid. 

1. Stress required to produce change oj shape. Stokes assumed 
the stress to be in simple proportion to the speed of the change 
of shape, as basis for his mathematical theory. Poiscuillo’s ex- 
periments on the flow of water through capillary tubes amply 
confirm* this assumption, for water, and we have good reason 
for believing that it is very near to the truth for all ordinary 
fluids ; with however possibly some need for correction to take 
into account residual effects of previous conditions, especially in 
the case of extremely viscous fluids such as treacle, or thick oil. But 
for our present purely mathematical analogy we shall, and without 
further question, use simply the law of simple proportionality, 
which implies of course undisturbed superposition of stresses and 
corresponding speeds and modes of change of shape. 

2. {Definitions) A simple shearing infinitesimal distortion, 
or as it is also called a simple distortion, is a distortion in which 
there are equal elongations and shortenings- in two mutually per- 
pendicular lines, and therefore, (the substance being incompres- 
sible) neither elongation nor shortening in the line perpendicular 
to both. The numerical reckoning of a simple distortion *f* is the 
difference from a right angle, reckoned in radian, which the dis- 
tortion produces on the angle between lines bisecting the angles 
between the lines of greatest elongation and greatest shortening. 
This reckoning is easily proved to be*cqual to the greatest elonga- 
tion, or equal to the greatest shortening. The speed of a simple 
distortions! change of shape is the angular velocity at which the 

* Sec Art. xcii. Part i. above, p. 21, g 29, and insert Poiseuille’s name there 
accordingly, • 

t See Art. xcn. Part i. above, p. 83, § 43, and p. 91, example (4). 
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angle between two planes bisecting the angles between the lines 
oi greatest elongation and shortening varies; or it is the rate 
per unit of time, of the greatest lengthening, or of the greatest 
shortening : or it is the relative velocity of cither of those planes 
and a parallel plane at unit distance. This last statement, which 
for many purposes is the most convenient definition of speed of 
change of shape, corresponds to the ordinary idea of “ shearing ” 
motion. 


3. The viscosity* of a liquid (or the numerical reckoning 
or measure of the viscous quality) is defined as the tangential 
force per unit of area, in cither of the mutually perpendicular 
planes of zero-elongation, of a simple distortion, required to 
produce change of shape at unit speed. It is proved below (§ 4) 
to be equal to (and it might be defined as) one third of the normal 
pull per unit area required to produce unit speed of elongation ; 
when, upon pressure equal in all directions, we superimpose normal 
pull in one line or perpendicular to one set of parallel planes. 

4. To prove this proposition, look to pp. 35, 36 abovo (Art. 
xcu. Part. I. Elasticity, §§ 45, 46) and, taking k = *> to enforce 
constancy of volume, (incompressibility,) repeat the investigations 
there given; but with speed of simple distortion, or speed of 
shearing, substituted for “simple distortion,” or “shear.” Then, 
n will be the viscosity according to the definition of § 3 of the 
present article, and by Art. xcii. Part I. § 46 (3) we find P/3n, for 
the rate of elongation in the direction of the pull, (which is 
equivalent to the proposition of § 4 to be proved;) and P/6« 
for the rate of contraction in every direction perpendicular to 
the pull, when a viscous liquid is pulled homogeneously in parallel 
lines with a force amounting to P per unit of area perpendicular 
to the direction of the pull. 

* There is a curiously illogical tendency to introduce the word "coefficient” in 
r.r.n wnntinn with numerical reckoning of properties of matter, which seems to have 
originated in the too-long tolerated expression "coefficient of friction”; and whioh 
has given us "coefficients of elasticity”, the "coefficient of compressibility ’ ’, the 
"coefficient of rigidity”, "coefficient of viscosity”, "coefficient of magnetic per* 
meability”. In each case the designation "coefficient of” is mathematically 
vicious; and to the non-math ematical mind it is a mystery of circumlocution. 
FrUstionality is much shorter than '‘coefficient of friction”, and might, I think, 
advantageously replace it in dynamioal and mechanical language. 
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5. Let now pulls P, Q, R, each reckoned per unit of area, be 
applied in three directions mutually at right angles, and lot e,f, g 
be the resulting rates of elongation in these directions respectively. 
We have 

e=(2P-Q-R)l6>r,f=(2Q-R-P)/6n\g=(2R-P-Q)/6n (1); 


or e = (P + p)/2n ; f=(Q+p)/2n; g=(R + p)/'2n (2), 

where p = — $ (P + Q + R) (3). 


6. Now let u, v, w bo the velocity-components at any point 
(x, y, z ) in a viscous liquid. The rates of elongation in the x, y, z 
directions (denoted as in § C by e, f g') : and the rates of shearing, 
a parallel to y in plane yx, or parallel to z in plane zx, 

b » »> & >» » &y> » »» » » » &}/> 

and c „ „ x „ „ xzy „ , y yz t 

are given by the following equations : — 


da 

, dv 

dw 


e ~dx’ 

f= dy’ 

y=dz' 

dv dw 

, dw du 

du dv 


a = ^+ , y 

dz dy 

b ~ dx + dz' 

C dy+ dx ' 

.(5). 


7. Consider now an infinitesimal parallelepiped SxSySz, of 
the fluid, having its centre at (x, y, z). It experiences normal 
and tangential tractions, on its three pairs of faces, according to 
the following schedule : — 


Tractions parallel to 


Faces 
acted on 


i v 

1 

By Bz 

. o du 

-i' + 2n S 

(dv dii 
n \dx + dy. 

(du dw\ 
11 \dz dx) 

Bz Bx 

(dv . dii 

71 \dx dy 

, a dv 

-p +2,i a 5 

'dw ^ dv 
dy ~ dz. 

Sx By 

(da , dw 
n \dz ~dx 

(dw dv) 
n ~dy dz j 

. a dw 

-p +2n di 


To find the resultant force on the matter within the parallele- 
piped Sx By Bz due to the nine pairs of normal and tangential 
tractions, exerted on its three pairs of faces, by the surrounding 
matter, remark that they differ from (6) by the proper infinitesimal 
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differences due to the circumstance that the coordinates of the 
centres of its six faces are 

a> ± i&r, y ± JSy, z ± $8z. 

Consider first the ^-components. Of these we have a pair, in 
opposite directions and infinitely nearly equal, on the parallel faces 
8y 8z, contributing to the required ^-component their difference, 
which is 




This and the ^-contributions from the pairs of faces 8z8x, 
and 8x 8y, similarly reckoned, give for the whole ^-component 
dp 

— -j- + n 

ax 




2 d du d_ fdv 
dx dx dy \doc 




Now the fluid being incompressible, we have 

du do di o _ 

• dx+ dy + dz ~ 


( 8 ). 


+ <f, “ + 

■ djf + dz 


S)} Ut » e ‘ 


(9), 


Modifying (7) accordingly we find 
dp , fd*u 
dx + U \da? 

for the ^-component of the resultant of fractional forces on the 
matter within the parallelepiped 8x8y8z. Hence if we denote by 
F, G, II, the components of the resultant force per i unit of volume 
due to viscous action, and resistance to condensation (p), in the 
fluid in the neighbourhood of x, y, z we have 

F=riV*u — ^ ; G = nV* u - J ; U - nVut - #\..(10); 


dz 


where V* denotes 


(11). 


dy 

d* <F d* 

dx* + df + 'dz‘ 

8. Let now X, Y, Z denote components of bodily force, if 
any there is, by which is meant force (as, for example, gravity) 
exerted from a distance on the fluid by other matter, and not force 
transmitted through the fluid such as the force due to viscosity or 
the force due to fluid pressure. The components of the whole 
force per unit of volume, acting on the fluid at x, y, z at any 
instant, are accordingly F + A', &c., or, by (10), 

»V»- l+F; »V — * + *...<1% 
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Du 

_du 


da 

dt 

dt 

+ 

dt 

Dv 

dv 


do 

dt 

~dt 

+ 

dt 

Dw 

_ dw 


dw 

dt 

~ dt 

+ 

dt 


and these, each divided by the density of the fluid, must be equal 
to its acceleration at (x, y, z). 

9. Now by the well-known kinematics of elementary hydro- 
kinetics we have 


(i»); 


whore Djdt denotes rate of variation per unit of time of any 
attribute (such as the temperature, or the velocity, or a velocity- 
component) of one and the same portion of fluid in its actual 
motion, if it has any; djdt denotes rate of variation per unit 
of time of an attribute of the portion of the fluid which is at a 
fixed point x, y, z at any instant ; and djdt denotes what the rate 
of variation per unit of time of an attribute would be for one and 
the same particle of fluid, if variation of this attribute at any 
place fixed in space were, at the instant of our reckoning, 
temporarily annulled. In other words djdt denotes the variation 
of an attribute due to the fact of its having different values at 
different points of space, and the fact that the portion of the 
fluid considered is moving from point to point. This definition, 
put into symbols according to the notation of the differential 
calculus, is 


.(14). 


10. Taking now the forco-components (12) and the corre- 
sponding components of acceleration (8), we find for the dynamical 
equations of the motion : — 

— + * >U — + -(x - 

dt + dt + p\ A dx 


du 

du 


du 



du "i 

dt 

dx 

+ V 

dy 

+ 

w 

dz 

dv 

dv 


dv 



dv 

dt 

= u, 
Ctd/ 

+ v 

dy 

+ 

w 

dz 

dw 

dw 


dw 



dw 1 

dt 

~ U dx 

+ V 

dy 

+ 

V) 

dz J 


.( 15 ), 
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where p denotes the density of the fluid, and 

K — ll/p (16). 

11. Going back to (14) and (10) we see that if velocity were 
diminished in the ratio of n to 1, the first terms of the force- 
components F, G, H and the accelerational items du/dt, dv/dt, 
dwjdt would be diminished in the same ratio; while the other 
accelerational items du/dt, dv/dt, diu/dt arc diminished in the ratio 
n* to 1. Hence the motion may be so slow that du/dt, dv/dt, dw/dt 
may be neglected in comparison with du/dt, dv/dt, dw/dt, and in 
comparison with icV a u, kV*v, kV*w; and when it is so the equations 
of motion become reduced to 


** - «vv + 

at p 

do TTi 
= kV*v + 
at . p 

dw 

dt 


dp 

dx 


i(x- 

k y -t) 

= *Vy + l(z- d £) 


(viscous liquid) ...(17). 


§§ 12 — 13. Equilibrium or motion of an elastic solid. 

12. Going back to § 4, replace “ simple distortion,” or “ shear ” 
instead of the speed of the change there considered : and let 
n now denote, as in Art. xcu. Part I., § 46, rigidity-modulus, 
(instead of viscosity, as in § 4 of the present Article) ; and let u, 
v, w, denote components of displacement (instead of velocity-com- 
ponents as in §§ o — 11 of the present Article). §§ 5 — 8 and all 
their formulas are applicable with no other change than elastic 
solids substituted everywhere for “viscous liquid.” §§ 9 — 11 are 
exclusively applicable to fluid motion. Instead of these we have 
only now to remark that each member of (12) must be zero for the 
equilibrium of an elastic solid and must be equal to the rate, per 
unit of time, of augmentation of momentum per unit volume of 
tho solid for varying displacement from the point (x, y, z). Hence 
if p denote the mass of the solid per unit volume wo have 

dfu v«, dp xr 

Pdr = nVa -dx +x 
^ ss nV* v — ^+Y ^ (elastic. solid) . . . (18). 


p d? 

dS o 


u w dp „ 

p- j? =»V'u,--L+z 
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13. Those equations arc not confined to the ease of an in- 
compressible solid, because if we do not take k = x> as in § 4, 
(3) of § 5 gives 

, fdu dv dw\ nm 

^ ' \<fo dy dz) 

by which wo may eliminate p from (18). The definition of k, 
called for brevity the bulk-modulus, is implied in (1) § 45 of 
Article xcii. Part i. above. For the present however we shall 
suppose k= cc , which requires that 

~Z + % +d Z =0 (8) of§ 7 - rcpc “ tod <20) ' 

With this and the three equations (18) we have four equations for 
the four unknown quantities u, v, w, p. 

§§ 14 — 20. Equilibrium or motion of an ideal substance called 
for brevity , Ether. 

14. What I am for the present calling ether, is an ideal sub- 
stance useful for extending the “ Mechanical representation of 
electric, magnetic, and galvanic forces,” which constitutes Art. 
XXVII. Vol. I. of the present Reprint, having first appeared under 
date Nov. 28, 1846, in the 1847 volume of the Cambridge and 
Dublin Mathematical Journal. For the present I suppose it abso- 
lutely incompressible. It has no intrinsic rigidity (clastic resist- 
ance to change of shape); but it has a quasi rigidity depending on 
an inherent quasi elastic resistance to absolute rotation. This 
quasi rigidity may be called simply rigidity for brevity ; but when 
it is to be distinguished from the known natural rigidity of an 
elastic solid it will be called gyrostatic rigidity. 

15. Lot n . 20 denote the amount of torque per unit volume 
required to balance any portion of ether rotated through an in- 
finitesimal angle 0. The components of 0 round three rectan- 
gular axes are, as stated in my old paper of 1846 and as given 
originally by Stokes in 1845 (see Vol. I. p. 112 of his Papers) 

1 fdw _ dv\ 1 fdu _ dw\ 1 / dv du\ 

2 \dy dz)’ 2 \dz~ dx)’ 2\dx~~ dy) 

where u, v, w denote the components of infinitesimal displacement 
at any point a, y, z. These rotational components (21), multiplied 
by 2n express the corresponding components of the torque per 
unit volume. * 
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1C. Honco, if wo denote by S, T, U, tangential forces, each 
reckoned per unit of area, on the three quartets of faces of an in- 
finitesimal parallelepiped 8as8y8z, according to the directions, 

Fig. 1. 

8 



indicated for S by the annexed diagram * (fig. 1), and the sym- 
metrically corresponding directions for T and U, we have, 

*•-»!-*) ■<** 

Tr (dv ■ du 
~ n \dx dy. 

Besides the tangential forces we may have equal pressures to 
any amount p on each of the twelve faces, and thus now instead 
of (6) above we have the following table of tractions on the faces 
of an infinitesimal parallcpiped of ether. 


Faces acted on 


Traotions parallel to 


8y8z 

8z8as 

8x8y 



fdv du\ 

(dw du 

-p 

n \dx dy) 

n \dx ~ dz 

fdu dv 


fdu) dv 

\dy das 

~P 

n \dy ~dz 

fdu dw' 

'dv dw' 


\dz das, 

n \<Iz dy 

~P 


* Compare with diagram on p. 33 above. 


...( 23 ). 
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Uoncc just as in §§ 7 aud 12 above, wo find exac tly the same 
equations of motion (18) and (20) above, as we there found for an 
incompressible elastic solid. 

17. What then is the difference between our ether, and 
jelly as for brevity and according to common usage we shall 
call the incompressible clastic solid ? No difference whatever 
in respect to the equilibrium-displacement, or the motion, 
throughout any portion of homogeneous substance of cither kind, 
if the position and motion of every point in the bounding surface 
of the portion considered arc the same for the two. But in 
respect to the traction on the bounding surface of a detached 
portion, and therefore also in respect of the interfacial relation 
between portions of the substance having different rigidities, 
there is an essential difference between the two, of vital im- 
portance for the inclusion of magnetic induction, in our mechanical 
representation. 

18. At an interface between jellies of different rigidities, 
the equality of tangential tractions requires that the direction 
of the tangential component of shearing distortion be the same 
on the two sides of the interface, and that the product of its 
magnitude into the rigidity be equal on the two sides. 

The equality of normal tractions requires that —p plus twice 
the rigidity into the normal component of extension be equal 
on the two sides of the interface. These conditions we see im- 
mediately from the table of tractions (6) of § 7 above. 

19. Similarly we find from table (23) above, the following 
interfacial conditions for the ether. — The equality of tangential 
components requires that the tangential components of rotation 
on the two sides of the interface have their axes coincident, 
and that the product of the rotation into the rigidity have 
always the same value on the two sides. 

20. When the rigidity is equal on the two sides of on 
interface while there is discontinuity due to a difference of 
bodily force (§ 8 above), or of density and therefore of reaction 
against acceleration, on the two sides, all the intcrfacial conditions 
are the same for jelly and ether and may be mathematically 
expressed in the simplest manner by saying that p, and all the 
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nine differential coefficients of u, v, tv, must have equal values on 
the two sides of the interface, as we sec by the following con- 
siderations. 

For simplicity lot OX be perpendicular to the interface. 
The interfacial conditions are from (6) of § 7 above, for jelly, 


. a du 

-1> + Sn d X 


n 


•(£+£)} <**>' 


continuous across the interface 


and from (23) of § 10 above, for other. 


fdv du\ (dw 
P J n dy) 5 n I'd.* dz)\ 

continuous across the interface J 


(25). 


The continuity of u, v, tv, requires that of the nine differential 
coefficients of u, y, tv, the six with reference to y and z are equal 
on the two sides of the interface. Hence, and because 

% + % + ~£ = ° (20) ’ ° f § 13 rc P eated ( 26 >’ 

dujdx also has equal values on the two sides of the interface. 
Thus of the nine differential coefficients there only remain dv/dx 
and dw/dx which can bo different on the two sides of the interface, 
and these also are necessarily equal when n is equal on the two 
sides, as we see for jelly by (24) and for ether by (25). Finally 
looking to the normal traction we see that the equality of dujdx 
secures for jelly by (24) above the equality of p when n is equal 
on the two sides of tho interface; while by (25) for ether the 
condition is that p must be equal, whether the rigidity be equal 
on the two sides or not. 


§§ 21 — 28. Energy of stressed jelly or of stressed ether. 

21. Let bodily force bo applied to tho substance within any 
volume V, and surface tractions be applied to its surface, so as 
to produce, and to maintain in equilibrium any prescribed dis- 
placement, u, v, tv, at any point x, y, s, of the substance : it is 
required to find the whole amount of. work which must have 
been done by these forces. The total amount of work done by 
the supposed actual forces, is the same as that which would be 
done, if the body were ideally divided into an infinite number of 
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infinitely small parts, and surface tractions applied to each of 
these parts, so as to give it the distortion, in the case of the 
jelly, or the rotation in the case of the ether, which it actually has 
in the prescribed circumstances. 

22. Taking the latter as the simpler case, first, wo see at 
once that the work done on an infinitesimal portion is equal 
to the torque, due to half the actual rotation, which is the 
mean working couple ; multiplied into the amount of rotation, this 
being the angle through which tho torque works. Hence if & 
denote twice the rotation and n the rigidity, as in § 10, we have 

work per unit of volume = (27), 

or in terms of rectangular coordinates, 

(dw dv\* (du dw V dv 

Ur -J + U'Sj + d*-3i)\ < 28 >- 

23. To find corresponding expression for work done on the 
jelly, let 0 be the centre of an infinitesimal parallelepiped and 
consider, of its three pairs of faces, the displacements parallel 
respectively to ac, y, z. These we find to be as shown in the 
following table. 



Displacements parallel to 

Faces 


y 


8yhz 

!*»*■£ 

**** 

, IS dw 
±iSx dx 

8z8x 

1 


t ^ dw •••(29). 

8x8y 

1 


. I. dw 
±iSz dz 

The amounts of work done on these displacements are to be 


calculated by multiplying by half the tractional forces shown in 
table (6) of § 7 above, remembering that these forces are in 
opposite directions on each pair of parallel faces. We thus find, 
for example, work done on pair of faces 8y 8z, by traction parallel 
to a;, 
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work done on same faces by traction parallel to y, 


— 8x8y8z*^ 


1 fdv du\ 
X 2 Vote "** dy) ’ 


and similarly other soven items of the total work. Sli mmin g 
these, remembering that dujdx + dvjdy + dwjdz = 0, because of 
incompressibility, which annuls the sum of terms with p as factor, 
and dividing by 8x8y8z 'to reduce to work down per unit of 
volume, we find 


4 (£ + £ + £)} 


This formula agrees with (7) of § 69.5 of Thomson and Tait’s 
Natural Philosophy, for the case of k = oo and k (e +f+ g)* = 0. 
Its first line expresses the work done in virtue of distortion 
consisting of stretchings and shortenings parallel to x, y, z. The 
second line expresses the work done in virtue of three shearings 
in planes respectively perpendicular to x, y, z. 


24. Considering the fact that the equations of internal equi- 
librium or motion [(18) of § 12 above] are identical for jelly and 
ether, we see that if the boundary of our volume V (§ 21) of 
either substahcc, be held fixed, the work required to produce 
any specified internal displacement, must be the same for the 
two. Hence the volume integral of (30) for the whole of V, must 
be equal to the volume integral of (28), provided we have at 
boundary 

w = 0, i> = 0, w= 0 (31). 

That it is so, we verify as follows : — 

From the first line of (30) subtract 

i“ x2 (s + l + i£ ! )' (which "“»)■ 

Thus instead of the first lino of (30), we have 
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Now by a well-known process of integration by parts, performed 
twice on each term, with (31) satisfied at the boundary, we find 



• Taking now the volume integral of (30) with its first line 
changed to (32), using (33), and taking the two lines together, 
we find for the total work required to produce the supposed 
displacement of the jelly , 



which is the same as that given directly for ether by (28) 
above. 

• 

25. As an illustration, consider a case in which the given 
displacement is everywhere tangential to circles on coaxial 
cylindric circular surfaces, and equal at equal distances from the 
axis. Taking x, y in a plane perpendicular to the axis, we have 


u 


VJ 
r ’ 



w = 0, 


(35), 


where r denotes (&•* + y % ) and q the displacement at x, y, z, which 
is a function of r. We find, 


du _ xy d fq\ 
dx r dr \r ) ’ 

dm _a? d fq\ q 
dx r dr \r/ r * 


du d L ((j\_q du 

dy r dr[rj r’ dz 


dv _xy d / q\ 
dy r dr \rj 


, and 


dv 

dz 



....(30). 


<-m 

and tb~dy =r M l) + 2 t <38)- 

The component of shearing parallel to x and y, is expressed by 
(37). Taking y= 0 we find, for the shearing perpendicular to r 
in any part of the solid, 

r t(r) (39). 
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Contrast this with the formula (38) which expresses twice the 
value of the rotation. Using (36) and (37) in (30) we find, 


1 A- 

2 x 4 


<*»• 


Of this the first term expresses the contribution duo to stretch- 
ings and shortenings in the directions x and y\ and the second 
term the contribution due to shearing parallel to x and y. Taking 
the two terms together and modifying algebraically we find for the 
total amount. 




( 41 ), 


which of course might have been derived direct from (39). 


26. To find now, the total energy of displacement, in any 
cylindric portion of the substance of radius b, coaxal with the line 
of displacement, wo must, for the jelly, multiply (41) by 2 t rrdr and 
integrate; and for the ether we must multiply the square of (38) 
by \n x 2 irrdr ami integrate ; taking each integration between the 
limits r = 0 and r = b. Modifying the formula in the second case, 
by performing the integration in a part of it, we find, for the 
substance within a cylindric surface of radius a, 


energy of jelly = i im rdr £r Jr ^~j (42), 

energy of ether = 7mj j" rdr ^ r Jr j J + 2 q,f j . . . (43), 


where q„ denotes the value of q for r = 6. In the case of zero dis- 
placement over the bounding surface, q„ = 0, and the energy of the 
jelly is equal to the energy of the ether, verifying our result of 
§ 24 above. 


27. As a sub-example let (in accordance with the notation of 
§ 22 above) 


q = for r<a (44), 

q = JS- for r > a (45). 


By (39) and (38) we find, 

0 = shearing perpendicular to r ; 
9r = 2x rotation ; 


for r<a (46). 


T. Hi. 


29 
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*p = Owning perpendicular to r ; I for r>({ (47) 

0 = rotation ; j 

In this case (42) and (43) give, for the cylindric portion of radius a, 
energy of jelly = 0 ; energy of ether = JwnS’n* ... (48). 

Similarly by volume-integration, through space to infinity around 
the cylinder, we find, 

energy of jelly = rnW ; energy of ether = 0 . . .(49) ; 
and thus we see that the total energy is the same in the two cases, 
although its seats are different, being the external space for the 
jelly, and the internal space for the ether. This case, whether we 
take jelly or ether as the substance, represents perfectly the circum- 
stances of the electro-magnetic action on the space inside and out- 
side of an infinitely thin circular cylindric solenoid of electric 
current, according to the principle given in my old paper referred 
to in § 14 above. 

28. A more elaborate illustration, easily worked out, to repre- 
sent the case of a solenoid of finite length, and to show for the 
case of vciy great length, the continuity from uniform rotation in 
the interior at great distance from the ends, to irrotational circular 
displacement in the external space around the central parts of the 
solenoid, was part of the development which in Nov. 1846 I re- 
served “ for a future paper.” The whole doctrine of lines of mag- 
netic force, and electro-magnetic solenoids, is now so well known, 
that I need scarcely now reserve these details for a future paper, 
and may safely leave them to be worked out by students of electro- 
magnetism as exercises on the subject 

§§ 29 — 45. Mechanical representation of the magnetic frree of 
an electro-magnet. 

29. Imagine a piece of endless cord, in the shape of a 
circle, or of any other closed curve or polygon, to be imbedded 
in jelly, and a tangential force to be applied to this cord uni- 
formly all round its circuit. To render our representation quite 
exact, let the substance of the cord be of exactly the samo quality 
as the jelly in which it is imbedded ; or simply imagine a portion 
of homogeneous continuous jelly, to take the place of the cord 
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which we imagined first to fix the ideas : and let the supposed 
uniform tangential force be applied directly to this circuital* 
portion of the ether uniformly all round its circuit. For the 
present we suppose the greatest transverse diameter of cross- 
section of the circuital volume to be small in comparison to the 
radius of curvature of the circuital line : in other words we 
suppose it to be the space occupied by a thin wire (which need 
not be of circular section nor of uniform section, nor of uniform 
gauge, throughout its length), bent into any shape with its 
two ends united, subject only to the condition that the radius of 
curvature of the bend must be eveiywhere great in comparison 
with the greatest diameter of the wire in any part. 

30. The forces thus applied tangentially all round an endless 
line of the jelly produces a tangential drag on the jolly all around, 
and causes displacement and distortion less and less at greater 
and greater distances, becoming nil only at infinitely great 
distances. The rotatory displacement, or as we shortly call it 
the rotation, at any point of the jelly, caused by the supposed 
circuital force, is equal to half the magnetic force at the corre- 
sponding point in the neighbourhood of a conducting wire, taking 
the place of our tangentially applied force and having an electric 
current steadily maintained through it. 

This is the “mechanical representation” of electro-magnetic 
force due to a closed circuit, deduced from the expression (hi.) 
given for the magnetic force due to an infinitesimal element of 
a circuit in Art. xxvil., Vol. l., already referred to. It is in- 

* After much consideration I have adopted this word, though it is not found in 
the dictionaries. Instead of it I should hare said annular, were it not that this 
would unduly limit the idea to bo conveyed. Annular would describe perfectly a 
“ toroidal ” or “ anchor-ring ” shape, even though considerably deviating from the 
cirealar forms of aperture and cross-section, but it could scarcely convey to the' 
mind the idea of an ordinary helix of wire, with its two ends united, whether 
outside or inside the helix : and still less could it convey the idea of a single endless 
cord in the form of some complex knot, or of an ordinary piece of knitting with the 
ends of the thread united : all which configurations are included in the general 
ilfignitinn of a circuital portion of Bpaoe or a circuital piece of matter. In con- 
nection with Biemann’s geometrical dootrine of multiple continuity, the “aucuital” 
portion of space here considered, of however complicated configuration, has duplex 
continuity. A piece of matter of any shape with a single hole bored through it, 
presents the sim p l es t case of a circuital piece of matter and is continuous in species 
with an ordinary ring of any proportions. 


99 — 2 
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teresting to know that it is applicable not merely to all cases 
of coils of wiro in electro-magnetic instruments, but to the most 
complex piece of knitting, or knotting or weaving, referred to 
in the footnote above, with one thread only or any number of 
threads, provided only that no thread has an end. 

31. To learn to understand it perfectly however, think first 
of the very simplest case, — a thin circular ring with an electric 
current somehow maintained through it, an arrangement called 
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a “ring electro-magnet” (Brit. Association, Belfast, 1852, Elec- 
trostatics and Magnetism, Art. 35). Its lines of magnetic force 
are represented in the accompanying diagram, which was first 
given in my paper on “Vortex Motion” (Trans. R. 8. E., I860), 
to represent the lines of motion of a liquid circulating irrota- 
tionally through a circular ring. The line OZ is perpendicular 
to the plane of the ring, through its centre, and the diagram 
shows the lines of fluid motion, in one plane through this axis. 
Imagine now the smallest oval (approximately a circle) seen with 
its centre in OX, to be a cross-section of a solid circular ring, 
imbedded in the jelly, and let an infinitesimal rotation be given 
to this ring round its axis, OZ. The jelly dragged round with it 
will bo infinitesimally rotated, in every part. Every part of OZ is 
clearly an axis of the rotation of the jelly around it, and at every 
part of this line the rotation is in the same direction as that 
given to the solid ring. Looking at any one of the completed 
oval curves in the diagram, for instance the largest complete 
one, (marked ’3), we can readily understand that at the part of 
the line nearest to the point O, the rotation of the jelly is in 
the same direction as that of the ring. Following this line out 
to the farthest point, we see how the axis of molecular rotation 
gradually turns through an angle of 180 J , until we come to the 
most remote part of the oval from 0 where the rotation is round 
an axis parallel to the axis of the ring, but in a direction opposite 
to that of the rotation of the ring. Now instead of a thin ring, 
imagine a thin open circular cylinder of rigid material, of any 
length very small or very great, imbedded in the jelly and an 
infinitesimal rotation given to it: we thus have, when the cylinder 
is very long and the distances of its ends very great from the 
part of the jelly considered whether outside or inside the cylinder, 
the case which was fully investigated in § 26 above. We can 
now readily understand, whether with reference to lines of 
electro-magnetic force, or with reference to lines of rotational 
axes in jelly, the continuity of species between the ring electro- 
magnet and the bar electro- magnet. But. the bar electro-magnet 
of which the mechanical representation is given by a thin rigid 
cylinder imbedded in jelly and infinitesimally rotated, is as we 
shall sco presently, one in which the surface-density of the 
current round the cylinder diminishes towards each end according 
to law discoverable only by transcendental analysis. 
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32. Whether we consider the thin ring or tho cylinder, let 
us now suppose its material to be jelly of the same rigidity as, 
and continuous with, the jelly which wo arc supposing to occupy 
all space: and let us suppose a force perpendicular to the axis 
of the cylinder or ring, to he uniformly applied at every point of 
this portion of the jelly. 

The displacement at every point of the substance, whether in 
the infinite portion not acted on by force, or in the finite portion 
acted on by foree, is calculated synthetically from (ill.) of Art. 
xxvii., Vol. i. above, without any mathematical amili/sis. This 
is true not only for a ring of circular section, but for one of any 
sectional figure whatever ; look for example at the annexed 
diagram, representing a cross-section with an angular projection 



Fig. 3. 


and an angular groove. The synthetical calculation will clearly 
show a less displacement of the jelly in the neighbourhood of 
the projecting edge, and a greater displacement in the neighbour- 
hood of the angular groove, than over the rest of the circum- 
ference of the portion on which the force acts*. In the case in 

* If the portion acted on were rigid, a highly transcendental problem of 
analysis would have to be solved, to compel the displacement of the jelly to be the 
same as that of the boundary of the rigid ring, over the surface of meeting of the 
two substances. This problem has no special interest unless of a purely 
matical kind, and I refer to it only to show the significance of the condition (9$ 29— 
32 above), that the circuital portion of the jelly acted on by force has the aume 
rigidity as all the surrounding jolly within influential distance. 
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which the cross-section is circular, the applied force will clearly 
give the greatest displacement at or near the centre of the circle, 
and the plane circle of the undisturbed cross-section will become 
infinitesimally convex in the direction in which it is urged by 
the force (which, be it remembered, is in each part of the ring 
perpendicular to the cross-section). It will be proved in §34 
below that the convexity* in the case of parallel straight rods, 
acted on by equal contrari- wards forces, is the same in all parts 
of the cross-section, whatever be the shape of its boundary. 

The subject of these §§ 32 and 33 is the mechanical repre- 
sentation of an electric current flowing through a conductor of 
whatever shape of cross-section, for example that of the annexed 
diagram. We have hitherto supposed the force uniform in all 
parts of the cross-section ; and it is on this supposition, that 
the convexity produced by it is uniform in the case of the 
straight rods. But if the forces in different parts of the cross- 
section be different, thq electric-current system which is repre- 
sented is that of the unequal distribution of current in a con- 
ductor composed of different metals laid together parallel, so as 
to constitute one conductor of different conductivity in different 
parts of its cross-section, but of the same conductivity in corre- 
sponding parts of different cross-sections. When, through a 
conductor thus constituted, a continuous current is maintained 
by a dynamo or a voltaic battery, the current-density across 
different parts of the cross-section is in direct proportion to the 
electric conductivity, provided the radius of curvature of the 
circuit is large in comparison with diameter of cross-section. 

33. In §§ 31 — 32 we have considered a circular circuit. This 
has the simplicity of perfect homogeneousness all round the cir- 
cuit ; but on the other hand it prosents a problem of which the 
solution, even in its simplest case, of a very thin ring of circular 
cross-section can only be expressed in terms of elliptic trans- 
cendents. We shall now consider a mathematically much easier 

* By "the convexity of a surface ” I mean the sam of its ourvatures in mutually 
perpendicular normal cross-sections (the algebraic sum, of course, when the two 
curvatures are in opposito directions). In the present case the surface deviates 
very little from the piano cross-section of the ring, and any two planes perpendicular 
to it and to one another are approximately enough the “ two mutually perpendicu- 
lar normal sections ” of the definition. 
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case, — forces of equal total amounts applied longitudinally in 
opposite directions to two parallel cylindric or prismatic portions 
of an infinite homogeneous jelly. : the electric-current analogue is, 
equal and opposite currents in two straight parallel conductor's. 
Everything said in § 32 is applicable without change to this case ; 
and conversely the results of the simple mathematical treatment 
which we can now apply arc available to demonstrate the pro- 
position as to convexity, which was stated in § 32. 


34. Take OZ parallel to the portions of the jolly of which the 
forces arc applied ; so that with the notation of § 12, 

a = 0, v = 0, X = 0, Y= 0, and dp/dz = 0. 

As wc are at present concerned with equilibrium < Fwjdt 8 = 0, and 
thus (18) reduces to 

nV\o + Z=0 (50); 


.(51). 


and in the present case we have 

+ di '° 

dx * + dif 

This shows that V‘w is equal to the convexity of the disturbed 
cross-section, and therefore (50) proves all the statements of § 32 
regarding convexity. 


35. By (50) we see according to Poisson’s well-known theorem 
(Thomson and Tait’s Natural Philosoplig, 2nd Edition, § 494) 
that the displacement, w, is equal to the potential of an ideal 
distribution of positive or negative matter, of density numerically 
equal to Z/4i7rn. The displacement of any point of the jelly is there- 
fore calculable by mere summation without other mathematical 
work, whatever bo the forms of cross-sections of the two cylindric 
portions of the jelly acted on ; or generally whatever be the whole 
distribution of the force, supposing only that Z is given for every 
pair of values of x and y. The condition that the total amounts 
of force in the two directions arc equal (mathematically expressed 

by I I dxdy Z = 0), is imposed, because if it were not fulfilled. 
w would be infinitely great. 


36. Let now force be applied arbitrarily at every point of an 
infinite homogeneous elastic solid, which for a moment we may 
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suppose to be not incompressible. Let X, Y, Z denote its com- 
ponents, reckoned per unit of volume, at any point x, y, z. Sup- 
posing X, Y, Z to be arbitrarily given functions of x, y, z, we can 
find u, v, w synthetically (by mere addition) just as we solved the 
simpler problem of § 35 above. To prove this, take the equations 
of equilibrium, (18) and (19) of § 13 above, with the accclcrational 

d d 

terms of (18) omitted. Taking ^ of the first, of the second, 

ft 

, of the third of (18), and using (19), we find 




(52). 


Hence by Poisson’s theorem (Thomson and Tait, § 494), we sec 
that p is equal to the potential of an ideal distribution of matter 
of density equal to 


h (dX dY dZ\ . . 

n + k\dx dy dz) ^ 7r 

Thus determinatcly we find p by purely synthetical process (mere 
addition). Then using this value in equation (18) we find by 
another application of Poisson’s theorem u, o, to determinatcly. 


37. 


We have an exceedingly important case if we take 


dX + dY + dZ 
dx dy dz 


(54)*. 


A distribution of bodily force on matter (solid or fluid) continuously 
occupying space, I call a circuital forcive*f if it fulfils this condition 
(54) : because the forcive described in § 29 above is a particular 
case of it, and it on the other hand may be regarded as constituted 
of an infinite number of forcives applied along closed curves { 
according to the condition stated in § 29. 


* Seo footnote on Electrostatics and Magnetism , § 613. 

t Forcive is a word which has been introduced by my brother, Prof. James 
Thomson, to denote quite generally any system of forces such as, for example, a 
force or a number of forcos acting on a rigid body, or on any system of particles, or 
any distribution of bodily or surface force on an elastic or fluid body. 

% An example of a circuital forcive is, the triangle of forces or the polygon of 
forces, in elementary statics, by which 1 mean forces numerically equal to the sides 
of the triangle or polygon and applied in the lines of the sides, not as sometimes 
meant, forces applied in parallel lines through one point (Thomson and Tait’s 
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38. For the ease in which the given forcivc is circuital, (52) 
shows that p — 0 through all space and therefore equations (18) 
become 

nV*« + X = 0, nV 8 y + Y= 0, »V*w + Z — 0 (55). 

Henco in this case as in the sub-case in § 35 above, u, v, w arc 
equal to the potentials of distributions of matter, having their 
densities respectively equal to Xf-kmi, Yj4mn, Z/4nrn ; and it is 
interesting to remark that the clastic solid need not be incom- 
pressible ; the displacement at every point being the same, what- 
ever its compressibility may be, as if its resistance to compression 
were infinite. 


39. Thu completed mechanical representation of an electro- 
magnet consisting of any distribution whatever of closed electric 
currents, is as follows: — Let X, Y, Z denote components of electric 
current per unit of area and F, G, H the components of the mag- 
netic force at ( x , y, z) due to it : we have 


„ dv dw „ div du Ir du dv 

°=-<u-dz- <**»• 


where u, v, w are determined by equations (55) of § 38 from 
X, Y, Z, supposed given. 


40. From (56), with (20) we find 

dG_dir__ vt dll _ dF _ dF _dG 
dz dy U> dx dz dy dx 


-V*«/...(57), 


whence by (55), 


dG_dll = X 
dz dy n ’ 


dlT dF Y dF _dG _Z 
dx dz n ’ dy dx~n“' { 1 


Hence if an infinite homogeneous solid (compressible or incom- 
pressible) be in some part or parts acted on by a circuital forcivc 
or circuital forcives, we have throughout every part unacted on 
by force, 


F = 


d*. 

dx’ 




(59), 


hlemenU of Natural PhUnaophy, §g 411, 410). The polygon of forces (which need 
not be a plane polygon) applied to a rigid body, is reducible to a single eouple v 
whose component round any axis is equal to twice the area of the orthogonal pro- 
jection of polygon on a plane perpendicular to that axis. 
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where ^ denotes a function of x, y, z, which obviously must be of 
the “ many valued ” class (such as tan -1 y/x, or generally the 
apparent area of a circuit, as in § 43 below). In § 43 the fol- 
lowing rule for finding it will be proved. Divide all the space 
acted on by circuital forcivcs or forcives into infinitely thin linear 
portions separated by ideal interfaces, each constituted by endless 
lines of force ; so that each of these linear portions is endless, and 
may for brevity be called a ring. It is convenient to consider the 
cross-section of each ring as being an infinitesimal quadrilateral 
or an infiuitcsimal hexagon. The defining condition (54) of tho 
circuital forcive is equivalent to a statement*, that for different 
points of each one of the rings the cross-sectional area varies in- 
versely as the force per unit of volume. Perform the partitioning 
so that the cross-sectional areas are inversely proportional to the 
forces across them. Let q be the force per unit of volume, multi- 
plied by the cross-sectional area in any part of the solid which 
is acted on by force, and u the rigidity of the solid ; then 
^ = (f//47rn) x the sum of the apparent areas as seen from P of all 
the rings into which the part of the solid acted on by force is 
ideally divided. 

The function % thus determined is, in the electro-magnetic 
analogue, the magnetic potential at (x, y, z) of the electric current 
system (X, Y, Z). 


§§ 41 — 43. Synthesis of a circuital forcive from a single farce 
applied through a space comprised within an infinitely small dis- 
tance from a point in an incompressible elastic solid (jdly). 


Let P be the force, l, m, n the direction cosines of OK, its 
direction. The solution (ill.) of my old paper f (VoL I. Art. xxvn.) 
gives for the displacement at (x, y, z), 


Y / 1 d^lx + my + nz l ' 

u ~ \ 2 dx r rj 

n ( 1 d lx f my + nz m\ 

' , = C {-2dj ~r + 7) 

_/ 1 d Ix + my + n , »\ I 

m = C (~ldi r + r)\ 


.( 60 ), 


* See footnote on Electrostatics and Maifnetism , § 513. 

t See also Thomson and Tait, § 731. % In the reference to “ Mathematical and 
Physical Papers,” “ Stokes ” is written inadvertently instead of “ Thomson.” 
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where C denotes a coefficient which must bo determined to make 
the total force applied equal to the given amount P. A ready and 
easily understood way of doing this is to consider an infinite cylin- 
der of any finite radius, b, having its axis along OK. The jelly 
within this cylinder drags the jelly outside it with tangential 
traction, parallel to the axis of the cylinder, diminishing in inten- 
sity with distance from 0 in either direction, and is equal in total 
amount to P. To work this out in the easiest way take OK along 
OX. We have, l — 1, m = 0, n — 0, .and (56) give 


.(HI). 


* c x 'J 
2 6 ? 

1 n xz 

V) = A C -T, 


The tangential drag parallel to OX, in the plauc parallel to ZOX 
through any point (x, y , z), is as follows, 

(du dv\ „ Aa?q 

-“U + e)-“ o y> 

where n denotes the rigidity. 

Putting y — b, and z = 0, in this wo see that the tangential 
drag produced by the jelly within, upon the jelly external to 
the cylindric surface of radius r and axis OX, per unit length of 
the cylinder, is 

'Aba? 


2irbnG 


Hence we have. 


P = Girb'nC 


whence, 


i: 


( 5 * + ^)- ,/2 

a?dv 

{b* + a?fl* 


.(62). 


— 4‘irn6' (63), 


*-L 


.(64). 


42. Let us now find the displacements duo to a circuital 
forcive applied to an infinitely thin endless line, or ring, ABQDA, 
of the jelly. Let (•, rj, f be the coordinates of any point, Q, in 
this line, and ds an infinitesimal element of its length through Q. 
Ihen if q denote the force per unit of length of the circuit, so 
that the force on the element ds is qds, we may substitute this 
for P in (64) ; and the components of displacement at x, y, z 
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duo to this force will be given by (60) with x — g, y — y, z — £ 
substituted for x, y, z. Thus taking first one component only, we 
find 

contribution t »« - £* [j (* £+«*£ + » jj) ~ f + f] •••<«> i 

tho form of this expression being found from (60) by remarking 
that 

d x—^_ d x — % d y — y_ d x — £ 

dx r dtj r ’ dx r ~~ dy r ' 

d z— £ d x— g 
dx r ~ (l£ r 

• Remembering now that l, m, n are the direction-cosines of 
the length ds at the point (£, y, f) of the circuit, we see that, 
the first chief part in the second member of (65) disappears in 
integration round .the circuit ABQDA, and we find for the total 
of u, and similarly for those of v and w, 



where Ids denotes integration round the whole circuit ABQDA. 


43. Hence by (56) we find 

f ~ ji ( d S n < y - n) -” l<z - 0 , 

4firn J r 

47rn J 


Now from these wo verify immediately that 
Fdx + Gdy -I- Hdz 


is a complete differential ; and for its integral g according to 
notation of (59), we find 

’ /V [n (y -y)-m(z- £)] [(* - £) - »’] 

' [(y-^)‘+>-0> 




..( 68 ). 


Calling the points (x, y, z) and (f, y, ?), P and Q respectively, 
consider the conical surface traced by carrying Q all round the 
circuit ABQDA, and think of the* spherical area enclosed by it on 
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a spherical surface of unit radius, having P for its centre. By 
elementary geometry of three dimensions, the formula after f in 
(68) is seen to be equal to the portion of the area contained 
between the element of periphery corresponding to tin and planes 
through its extremities and P X, a line through P parallel to a\ 
Hence the complete integral is espial to the whole of the spherical 
area considered, and therefore, denoting this area by fl, we have 



ft is called the apparent area of tin* circuit as seen from P. 
This is the promised proof, of the rule for hiagnetic potential, 
and its analogue in the theory of elastic* solids which was givyn 
in § 40. 

44. We have now completed in §§ 20 — 43, the development 
which in my short article of forty- three years* ago, “ I reserved 
for a future paper.” Everything in this development is ap- 
plicable indifferently to our ideal substance which we have called 
‘ether’, and to an ordinary incompressible elastic solid (jelly). 
Why not then be satisfied with the ordinary solid for our 
mechanical representation i The {teen liar effect on lines of 
magnetic force due to “ inductive magnetisation," was not 
alluded to in my article of 1S47. It might be imagined that 
these effects could be included in the analogy by giving different 
rigidities to the jelly in different parts, to eorresjiond to their 
different magnetic permeabilities*. But this is not so; and 
it was the marvellous exigencies of an attempt to include in- 
ductive magnetisation *|*, in the mechanical representation, that 
compelled the assumption of a 'quasi-elastic force, depending 
on absolute rotation, and not otherwise on distortion ; and this 
compelled the introduction of the new ideal substance which we 
have been calling ‘ether’. The interfacial condition to be satisfied 
at the interface between two substances of different permeabilities 
in a magnetic field, is that the normal components of the mag- 
netic force are equal on the two sides of the interface, while 
the tangential components are to one another as the magnetic 
permeabilities of the substance on the two sides : the term 
magnetic force being here used according to what I have 

See Klectrontuticf and Magnetism, § 628. 

+ Him? Art. cn. l«j below. 
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called the electro-magnetic definition*. The magnetic force 
being in our analogy the rotation of the jelly, or ether, we see 
by § 20 above that the proper interfacial condition between sub- 
stances of different rigidity (n), is not fulfilled by the idly, and is 
fulfilled by the ether. 

45. We can now understand perfectly in our mechanical repre- 
sentation, the enormously greater energy of a bar electro-magnet 
with a soft iron core, than that of an equal and similar bar electro- 
magnet with the same strength of current but with no soft iron 
core. In the place of the soft iron core we must suppose ether 
of vastly less rigidity than that of the ether through the rest of 
space, whether copper or air. If wo suppose the copper which 
carries the electric current to lie in a thin cylindric shell of 
mean radius a, the mechanical analogue, for the case of no soft 
iron core, is the fully investigated case in §§ 26 — 28. Now, to’ 
represent the case of a soft iron core of permeability 300, suppose 
the value of n for the ether in the space corresponding to the 
soft iron core, to be 1/300 of its value elsewhere, and let the 
circuital forcive be the same as that in the former case. Remark 
that, within the cylinder and within the space around outside 
it, at distances from the axis small in comparison with distances 
from the ends, the equilibrium of the ether depends simply on 
the balancing of the sum of torques resisting the rotation of 
the ether, within the cylindric shell by the circuital forcive in 
the shell, there being no rotation, and therefore no contribution 
to the forcive balanced, in the ether outside the shell, except 
in the neighbourhoods of the ends. Hence in this case, the 
rotation, and therefore the energy of the ether within the shell, 
must be 300 times what it was in the former case, except near 
the ends. In the neighbourhoods of the ends we should have 
for the ether, the transcendental problem to solve which Green 
attacked and solved for magnetic induction, by a confessedly 
imperfect approximation in § 17+ of his now celebrated essay 

* That is to say, the magnetic force in the air in an ideal crevasse, perpendicular 
to the lines of magnetisation. To avoid circumlocutions I shall always use the 
term 44 magnetic force*' according to this definition, unless in any case it .is 
expressly stated, that the 41 polar definition,” or the magnetic force in air in an 
ideal crevasse tangential to lines of magnetisation is meant. See Electrostatics and 
Magnetism, footnotes on §3 516 and 517, aqd end of postscript to § 517. 

t See Green’s Math. Papers , p. 107. 
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on the application of mathematical analysis, to the theories of 
electricity and magnetism. 

Contrast this with the circumstances when we have ‘jelly’ 
instead of ‘ether’. There being no distortion (except in the 
neighbourhoods of the ends) within the cylinder, the greater or 
less rigidity of the jelly there makes no difference to the result. 
We might in fact suppose the jelly removed and a hollow space 
left within the cylinder. The irrotational motion through the 
jelly outside, except near the ends, would be the same as if the 
whole space were filled with homogeneous material. The seat 
of the energy is altogether outside the cylinder as was seen in 
(§ 27) above. The equilibrium of the jelly in these circum- 
stances is the balancing of the circuital forcive in the shell, by 
forcive of elastic resistance to distortion throughout the sur- 
. rounding jelly, with its irrotational displacement in the parts 
surrounding the middle of the cylinder, and ‘its rotational dis- 
placement corresponding to the lines of magnetic force in the 
neighbourhoods of the ends. 

46. It need scarcely be said that the ‘ ether ’ which we have 
assumed, is a merely ideal substance. It seems to mo highly 
probable however, that the assumed dependence of its forcive on 
absolute rotation, is at all events analogous to the truth of real ether. 
Even in the simple assumption of § 14 to which we were forced 
by the consideration alone of magnetic susceptibility, we tacitly 
adopted a property which goes straight towards explaining Stokes’ 
theory of aberration*, which is, that the earth and the other hea- 
venly bodies give only irrotational motion to the ether by their 
motions through it. This in fact is the case for the infinitesimal 
motions of smooth hard solids or plastic solids filling vesicular 
hollows in our ether. Generally our ‘ ether,’ whether extending to 
infinity in all directions, and having vesicular or tubular hollows, 
or a finite portion of it given with a boundary of any shape, pro- 
vided that only normal pressure act on the boundary ; takes pre- 
cisely the same motion for any given motion of the boundary, as 
does a frictionless incompressible liquid m the same space, showing 
the same motion of boundary. I need scarcely remind persons 
who know hydrokinetics, that the velocity of any part of the sub- 

• 

* Stokes, Math, and Phy*. Paper*, Vol. x. pp. 121, 153—150. 
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stance is always that which for normal component velocity, given 
at every part of the boundary, has minimum* kinetic energy. 

47. Hitherto our representation has been purely static. An 
obvious kinetic extension is expressed by the equations of motion 
(18) of § 12 above to any case in which the foreive ( X , F, Z) 
is applied to a limited portion of the jelly or ether, and is a 
periodic function of the time. We thus have simply the it adu- 
latory theory of. light, as an inevitable consequence of believing 
that the displacement of elastic solid by which, in my old paper, 
I gave merely a “ representation ” of the electric currents and the 
corresponding magnetic forces, is a reality. But to give anything 
like a satisfactory material realisation of Maxwell’s electro-magnetic 
theory of light, it is necessary to show electro-static farce in re- 
lation to the foreive (X, Y, Z) of my formulas; to explain the 
generation of heat according to Ohm’s law in virtue of the action 
of this foreive when it causes an electric current to flow through 
a conductor ; and to show how it is that the velocity of light in 
ether is equal to, or perhaps we should rather say, is, the number of 
electro-static units in the electro -magnetic unit of electric quantity. 
All this essentially involves the consideration of ponderable matter 
permeated by, or imbedded in ether, and a tertium quid which we 
may call electricity, a fluid go-between, serving to transmit force 
between ponderable matter and ether and to cause by its flow 
the molecular motions of ponderable matter which we call heat. 
T see no way of suggesting properties of matter, of electricity, or of 
ether, by which all this, or any more than a. very slight approach to 
it, can be done, and I think we must feel at present that the triple 
alliance, ether, electricity, and ponderable matter is rather a result 
of our want of knowledge, and of capacity to imagine beyond the 
limited present horizon of physical science, than a reality of 
nature. 

48. The following article is a contribution towards showing 
how a jointed framework subject to gyrostatic domination can 
fulfil the law of foreive which, without molecular hypothesis, and 
without any other suggestion as to ultimate cause, is assumed in 
§ 14 for our ether. See also Art. on. §§ 20 — 27. 

* See Thomson and Ta(t, Vol. i. § 817, Ex. 8. 


T. Til. 


SO 
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Art. C. On a Gyrostatic Adynamic! Constitution for 

‘ Ether.’ 

§§ 1...6 Translated from Comptes Rendu*, Sept. 16, 1889. 

§§ 7... 15 From Proceedings Royal Society of Edinburgh , Mar. 17, 1890. 

1. Consider the double assemblage of the red and blue atoms 
of § 69 of Art. xcvii. above. Annul all the forces of attraction 
and of repulsion between the atoms. Join each red to its blue 
neighbour by a rigid bar, as in the little model whioh I submitted 
to the Academy in my last communication. We shall thus have, 
abutting on each red atom and on each blue, four bars making 
between them obtuse angles, each equal to it — cos -1 J. 

2. Let us suppose that each atom be a little sphere, instead 
of being a point ; that each bar is provided at its extremities with 
spherical caps (as in § 70 of Art. xcvii.), rigidly fixed to it, and 
kept in contact with the surface of the spheres by proper guards, 
leaving the caps free to slide upon the spherical surfaces. We 
shall thus have realised an articulated molecular structure, which 
in aggregate constitutes a perfect incompressible quasi-liquid. 
The deformations must be infinitely small, and such deformations 
imply diminutions of volume, infinitely small and of the second 
order, or proportional to their squares, which we may neglect. It 
is because of this limitation that we have not a perfect incom- 
pressible liquid, without the qualification ‘quasi” But this 
limitation does not alter at all the perfection of our ether, so 
far as concerns its fitness to transmit luminous waves. 

3. Now to give to our structure the quasi-elasticity which it 
requires in order to produce the luminous waves, let us attach to 
each bar a gyrostatic pair composed of two Foucault gyroscopes, 
mounted according to the following instructions. 

4. Instead of a simple bar, let us take a bar of which the 
central part, for a third of its length for example, is composed of 
two rings in planes perpendicular to one another. Let the centre 
of each ring, and a diameter of each ring, be in the line of the bar. 
Let the two rings be the exterior ring's of gyroscopes, and let. the 
axes of the interior rings be mounted perpendicularly to the line 
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of the bar. Lot us now place the interior rings, with their planes 
in those of the exterior rings, and consequently with the axes of 
their flywheels in the line of the bar. Let us give speeds of 
rotation, equal, but in opposite directions, to the two flywheels. 

6. The gyrostatic pair thus constituted (that is to say, thus 
constructed and thus energised) has the singular property of 
requiring a Poinsot couple to be applied to the bar in order to 
hold it at rest in any position inclined to the position in which it 
was given. The moment of this couple, L, remains sensibly con- 
stant until the axes of the flywheels have turned through consider- 
able angles from their original direction in the primitive line of 
the bar; and is given by the following formula which is easily 
demonstrated by the theory of the gyroscope, 

i meaning the angle, supposed infinitely small, between the length 
of the bar in its deviated position and in its primitive position, m 
meaning the mass of one of the flywheels, meaning its moment 
of inertia, <a meaning its angular velocity, /x meaning the moment 
of inertia .about the axis of the pivots of the interior ring, of the 
entire mass (ring and flywheel) which they support. 

6. Our jointed structure, with the bars placed between the 
black and white atoms, carrying the gyrostatic pairs, is not now 
as formerly without rigidity ; but it has an altogether peculiar 
rigidity, which is not like that of ordinary elastic solids, of which 
the forces of elasticity depend simply on the deformations which 
they suffer. On the contrary, its forces depend directly on the 
absolute rotations of the bars and only depend on the deformations, 
because these are kinematic consequences of the rotations of the 
bars. This relation of the quasi-elastic forces with absolute rota- 
tion, is just that which we require for the ether, and especially to 
explain the phenomena of electro-dynamics and magnetism. 

7. The structure thus constituted, though it has some interest 
as showing a special kind of quasi-solid elasticity, due to rotation 
of matter having no other properties but rigidity and inertia, 
does not fulfil exactly the conditions of Art. XdX., § 14. The 
irrotational distortion of the substance or structure, regarded as 

30—2 
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a homogeneous assemblage of double points, involves essentially 
rotations of some of the connecting bars, and therefore requires 
a balancing forcive. For the ‘ether* of Art. xeix. no forcive 
must be needed to produce any irrotational deformation : and any 
displacement whether merely rotational, or rotational and de- 
formational, must require a constant couple in simple proportion 
to the rotation and round the same axis, fn a communication 
to the Royal Society of Edinburgh of a year ago, I stated the 
problem of constructing a jointed model under gyrostatic domina- 
tion to fulfil the condition of having no rigidity against irrotational 
deformations, and of resisting rotation, or rotational deformation, 
with quasi-elastic forcive in simple proportion to rotation. I 
gave a solution, illustrated by a model, for the case of points all 
in one plane; but I did not then see any very simple three- 
dimensional solution. After many unavailing efforts, 1- have 
recently found the following. • 

8. Take six fine straight rods and six straight tubes all of 
the same length, the internal diameter of the tubes exactly equal 
to the external diameter of the rods. Join all the twelve to- 
gether with ends to one point P. Mechanically this might be 
done (but it would not be worth the doing), by a ball-and-twelve- 
socket mechanism. The condition to be fulfilled is simply that 
the axes of the six rods and of the six tubes all pass through 
one point P. Make a vast number of such clusters of six tubes 
and six rods, and, to begin with, place their jointed euds so as 
to constitute an equilateral homogeneous assemblage of points 
P, P, ... each connected to its twelve nearest neighbours by a 
rod of one sliding into a tube of the other. This assemblage of 
points we shall call our primary assemblage. The mechanical con- 
nections between them do not impose any constraint : each point 
of the assemblage may be moved arbitrarily in any direction, 
while all the others are at rest. The mechanical connections exist 
merely for the sake of providing us with rigid lines joining the 
points, or more properly rigid cylindric surfaces having their axes 
in the joining lines. Make now a rigid frame 0 of three rods 
fixed together at right angles to one another through one point 0. 
Place it with its three bars in contact with the three pairs of 
rigid sides of any tetrahedron 

(PP', P"P'"), (PP”, P'"P'), (PP"\ F'P) t 
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of our primary assemblage. Place similarly other similar rigid 
frames G, G', &c., on the edges of all the tetrahedrons con- 
gener (Art. xcvii., § 13) to the one first chosen, the points 
0, O', O'O" &c. form a second homogeneous assemblage, related 
to the assemblage of Ps just as the reds are related to the blues 
in Art. xcvii., § 69. 

9. The position of the frame G, that is to say its orientation 
and the position of its centre O (six disposables) is completely 
determined by the four points P, P, P" , P" . (Thomson and 
Tait’s Natural Philosphy, § 198, and Elements, § 168.) If its 
bars were allowed to break away from contact with the three 
pairs of edges of the tetrahedrons, we might choose as its six 
coordinates, the six distances of its three bars from the three 
pairs of edges; but we suppose it to be constrained to preserve 
these contacts. And now let any one of the points P, P’, P", P" 
or all of them be moved in any manner, the position of the 
frame G is always fully determinate. This is illustrated by a 
model accompanying the present communication, showing a single 
tetrahedron of the primary assemblage and a single G frame. 
The edges of the tetrahedron are of copper wires sliding into 
glass tubes. The wires and tubes are provided with an eye or 
staple respectively, through which a ring passes to hold three 
ends together at the corners. Two of the rings have two glass 
tubes and one copper wire linked on each, while the other two 
rings have each two copper wires and one glass tube. 

10. Returning now to our multitudinous assemblage, let 
it be displaced by stretchings of all the edges parallel to PP 
with no rotation of PP or P’ P"' . This constitutes a homo- 
geneous irrotational deformation of the primary assemblage. The 
frames G, G', &c. experience merely translatory motions without 
any rotation, as we see readily by confining our attention to G 
an d the tetrahedron PP, P"P". Consider similarly five other 
displacements by stretchings parallel to the five other edges of 
the tetrahedron. Any infinitely small homogeneous deformation 
of the primaiy assemblage (§ 8 above), may be determinately 
resolved into six such simple stretchings, and any infinitely 
flimn.ll rotational deformations may be produced by the super- 
position of a rotation without deformation, upon the irrotational 
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deformation. Hence an infinitely small homogeneous deforma- 
tion of the primary assemblage without rotation, produces only 
trnuslatory motion, no rotation of the 0 frames : and any in- 
finitely small homogeneous displacement whatever of the primary 
assemblage, produces a rotation of each frame equal to, and 
round the same axis as, its own rotational component. 

11. It now only remains to give irrotational stability to the 
G frames. This may be done by mounting gyrostats properly 
upon them according to the principle stated in §§ 3 — 5 above 
and Art. cu. §§ 21 — 26 below. Three gyrostats would suffice but 
twelve may be taken for symmetry and for avoidance of any 
resultant moment of momentum of all the rotators mounted on 
one frame. Instead of ordinary gyrostats with rigid flywheels we 
may take liquid gyrostats as described below, § 12, and so make 
one very small step towards abolishing the qrude mechanism of 
flywheels and axles and oiled pivots. But I chose the liquid 
gyrostat at present merely because it is more easily described. 

12. Imagine a hollow anchor ring, or tore, that is to say an 
endless circular tube of circular cross-section. Perforate it in 
the line of a diameter and fix into it tubes to guard the per- 
forations as shown in the accompanying diagram. Fill it with 
frictionless liquid, and give the liquid irrotational circulatory 



motion as indicated by the arrow heads in the diagram. This 
arrangement constitutes the hydrokiuetic substitute for our me- 
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chanical flywheel. Mount it on a stiff diametral rod passing 
through the perforations, and it becomes the mounted gyrostat, 
or Foucault gyroscope, required for our model. Looking back to 
§§ 3 — 4 above we see how much its use would have simplified 
and shortened the descriptions there given, which however was 
given purposely as they were because they describe real 
mechanism by which the exigences of our model can be 
practically realised in a very interesting and instructive manner, 
as may be seen in Art. cil., §§ 21 — 23 below. 

13. Let XOX', YOY', ZOZ' be the three bars of the G 
frame : mount upon each of them four of our liquid gyrostats, 
those on XOX' being placed as follows and the others corre- 
spondingly. Of the four rings mounted on XX' two are to be 
placed in the plane of YY', XX', the other two in the plane 
of ZZ', XX'. The circuital fluid motions are to be in opposite 
directions in each 'pair. 

14. The gyrostatic principle stated in § 5 above, applied to 
our G frame, with the twelve liquid gyrostats thus mounted on 
it, shows that if, from the position in which it was given with 
all the rings at rest, it be turned through an infinitesimal 
angle « round any axis, it requires, in order to hold it at rest 
in this altered position, a couple in simple proportion to * ; and 
that this couple remains sensibly constant, as long as the planes 
of all the gyrostats have only changed by very small angles 
from parallelism to their original directions. Hence with this 
limitation as to time our primary homogeneous assemblage of 
points controlled by the gyrostatically dominated frames G, G' &c. 
f ulfils exactly the condition stated for the ideal ether of § 14 of 
Art. xeix. If the velocity of the motion of the liquid in each 
gyrostat be infinitely great, the system exerts infinite resistance 
against rotation round any axis; and if the bars and. tubes con- 
stituting the edges of the tetrahedron, and the bars of the G 
frames are all perfectly rigid, the primary assemblage is in- 
capable of rotation or of rotational deformation : but if there 
is some degree of elastic flexural yielding in the edges of the 
tetrahedron, or in the bars of the G frame, or in all of them, 
the primary assemblage fulfils the definition of gyrostatic rigidity 
of § 14 Art. xeix. without any limit as to time, that is to say 
with perfect durability of its quasi-elastic rigidity. 
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15. A homogeneous assemblage of points with gyrostatic 
quasi rigidity conferred upon it in the manner described in 
§§ 8 — 14 would, if constructed on a sufficiently small scale, 
transmit vibrations of light exactly as does the ether of nature : 
and it would be incapable of transmitting condensational-rare- 
factional waves, because it is absolutely devoid of resistance to 
condensation and rarefaction. It is in fact, a mechanical reali- 
sation of the medium to which I was led one and a half years 
ago*, from Green’s original theory, by purely optical reasons, 
in endeavouring to explain results of observation regarding the 
refraction and reflection of light. 

* Philosophical Magazine, Nov. 1888, On the reflection and refraction of light, 
by Sir \V. Thomson. 
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Art. Cl. On an Accidental Illustration of the Shallow- 
ness of a Transient Electric Current in an Iron Bar. 

[Read March 17, 1800.] 

I. After the recent meeting of the British Association at 
Newcastle, Lord Armstrong, in showing mo the appliances by 
which his house at Cragside is lighted electrically by water-power, 
1 old me of a very wonderful incident which he had recently ex- 
perienced. A bar of steel, which he was holding in his hand, 
was allowed accidentally to come in contact with the two poles 
of a dynamo in action. He instantly perceived a painful sensation 
of burning, and let the bar drop. He found his hand or fingers, 
where it had touched the bar, severely blistered. The bar itself 
was found immediately afterwards to be quite cold, or not per- 
ceptibly hot. This was a very marvellous incident. It proved 

(1) the outer surface of the steel to have been intensely heated ; 

(2) that not enough of heat was generated to sensibly warm the 
whole bar. The explanation, of course, was to be found in the 
known laws of diffusion of electric currents, through non-mag- 
netic conductors, considered in connection with the effect of 
magnetic susceptibility of unknown amount and law, in conductors 
of steel or iron. 

2. Lord Armstrong's accidental experiment seemed to me such 
a very instructive illustration of fundamental principles of electro- 
magnetic induction, that I wrote to him asking his permission to 
communicate it to the Royal Society of Edinburgh, at the same 
time inquiring as to some details. In reply I immediately re- 
ceived a letter, of date 7th March, kindly giving the desired 
permission, and containing the following very interesting state- 
ment : — 

« I S end you, by parcel post, the steel (not iron) bar which I 
“ held when it accidentally short-circuited the current. You will 
"observe two little hollows*, which were burnt out of the metal 

* The distance between the hollows isJS^cms., the bar is about a foot long, and 
itB diameter iH 14 mm. 
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“ at tho instaut of contact, ami these mark the distance between 
“ the points of contact. The bar was held by my fingers midway 
"between these two marks, and the burns were inflicted at the 
“ places where my fingers touched the metal. The sudden pain 
"caused me to dash the bar instantaneously to the ground, and 
“ an attendant immediately picked it up and found it quite cold. 
“ Three of my fingers and my thumb were blistered, and had the 
"injuries not been immediately treated by an expert who 
"happened to be present, they would probably have developed 
" into troublesome sores ; as it was, my arm had to be carried in 
“ a sling during the first day, and I was not able to hold a pen 
“ with comfort for many days afterwards. There was a great 
“ blaze of light from the two points of metallic contact, but the 
“ flame could not possibly have got under my fingers where they 
"touched the metal and were burnt. If the flame had done 
“ the injury, it would have taken effect upon*thc exposed parts 
“ of my hand, but nothing was scorched except the skin at the 
“ points of grasp. 

“The dynamo was of Crompton’s pattern, with compound 
“ winding. The speed was about 1300 revolutions per minute. 
"The dynamo was not employed in charging batteries, but in 
"the direct lighting of incandescent lamps. The duty of the 
" dynamo at the time would be about 85 amperes and the 
“ potential 103 volts. No check in the dynamo was perceived, 
" nor was it likely to be observable, seeing that the momentum 
“of the revolving parts would be enormously powerful to over- 
come any momentary increase of resistance. There being two 
" dynamos on one axis, both in motion, though only one was doing 
“ work, besides the turbine-wheel and the impinging jets, there 
“ would be a collective momentum of great energy for a momen- 
“ taiy effort.” 

3. The requisites for working out fully the theory of transient 
or periodic currents in conductors of any form, are included in 
Maxwell’s fundamental equations of electro-magnetic induction, 
and are given explicitly tor straight cylindric conductors of non- 
magnetic material in §§ 685 — 689 of his great work. Lord 
Rayleigh in his paper "On the Self-Induction and Resistance 
of Straight Conductors ” {Phil. Mag., May 1886) gives explicitly 
the proper formulas for transient or periodic currents, in straight 
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cylindric rods of iron, on the supposition of constant magnetic 
susceptibility. The details of this highly interesting and im- 
portant branch of the subject have Also been investigated by 
Heaviside in a very comprehensive manner. The tendency of 
periodically alternating currents to be condensed in the outer 
part of a cylindric conductor, while the current may be exceedingly 
feeble or quite insensible in the central parts, was discussed and 
explained by Lord Rayleigh in p. 388 of his article already referred 
to, and its aggravation in an iron conductor specially pointed 
out. The same considerations show that a transient current re- 
sulting from the application, tor a very short time, of the electro- 
motive force of a voltaic battery, or of electro-magnetic induction 
acting not directly on* the cylindric conductor considered, but 
on a conductor such as the inductor of a dynamo of any kind, 
momentarily in circuit with it, is only skin deep if the duration 
of the electromotive force be but short enough; and that the 
depth to which the current penetrates in a given very short time 
is much smaller for iron than for copper. This is certainly the 
explanation of Lord Armstrong’s wonderful experiment. 

4. To find something towards a mathematical solution for the 
increasing current at any instant during the electric contact of 
Lord Armstrong’s experiment, it is convenient first to solve the 
problem of finding the subsidence of current initially given in a 
circuit of two very long parallel bars connected by end bridges, 
or in a circuit of one long bar insulated within a conducting 
sheath except at its ends, which are in metallic connection with 
the sheath. 

o. In all cases of electric currents given in parallel straight 
lines, and left to subside “f*, without any other electromotive force 

* This oautiou is introduced to avoid leading any reader into an error into 
which I myself fell in the text, and corrected in footnotes, of an artiole in the 
Philosophical Magazine for March 1890, “On the Time-Integral of a Transient 
Eleotro-Magnetically Induced Current.” 

t The thermal analogue for a varying or constant electromotive force applied by 
a voltaic battery or dynamo substituted for one of the end-bridges is positive and 
negative sources of heat applied at the interfaces between the thermal analogues of 
electric conductor and electric insulator. The quantity of heat generated per nnit 
of area per unit of time, at any point of qpther interface in the thermal analogue, is 
equal to the rate of variation per unit of length along the eleotrio conductor of the 
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than that of their mutual clcctro-magnctic induction, the thermal 
analogy is exceedingly convenient. For electric conductivity, c, 
wc have thermal capacity divided by 4ir ; for magnetic permea- 
bility, the reciprocal of thermal conductivity; and for current- 
density, temperature multiplied by thermal capacity. Thus, if 
two infinitely long straight parallel conducting bars, separated 
by insulating material, be given with equal currents in opposite 
directions through them, and left to themselves, we have precisely 
the same mathematical problem to solve as if in every line of the 
thermal analogue, we hail initial temperature multiplied by 
thermal capacity given equal to the current-density in the corre- 
sponding line of the electro-magnetic problem, and the system left 
to itself, with the positive and negative temperatures in the two 
bars subsiding towards zero. 

6. The thermal analogue for the insulating material of the 
electro-magnetic problem is an ideal medium of zero thermal 
capacity. Thus in process of equalisation of temperature wo have 
diffusion of heat through the substance of each bar, according to 
Fourier’s original use of the term diffusion; while in the ideal 
medium taking the place of the electric insulator, we have merely 
conduction of heat, without any diffusion properly so called, that 
is to say, without any excess of heat conducted out of, above heat 
conducted into, any portion of the medium. 

7. If p denote the temperature at time t, in the thermal 
analogue, at any point, P ; 47 tc the thermal capacity per unit of 
volume; 1/w the thermal conductivity of the analogue to either 
of the electric conducting bars ; and 1 jvr the thermal conductivity 
of the analogue to the insulating medium : the equations express- 

electrostatic force in the insulator in contact with it in the electric analogue. 
Remark that, in the electric system the potential is uniform over each normal 
section of either conductor, and that the variation of potential within each con- 
ductor per unit of distance along its length, that is to say, the component electro- 
static force, in the direction of the length, is exceedingly small in comparison with 
the component electrostatic force perpendicular to the length, at any place in the 
insulator except close to the ends metallically connected by a bridge. The equa- 
tions in the text are unchanged, except the second interfacial condition; it beoomes 

r+ iri%±r*T 

• UhJ. w'LaJ’ 

where a denotes the quantity of heat generated per unit of time in tile nourve 
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ing all the conditions of the problem are 

4 "* * = i (i& + s„<) - t p - in either b ”i 

0 = 4- , [P, in the analogue to the insulating medium] : 

[p] = [pi 

1 I" dpi _ 1 [" dpi' * [P, in the interface] ; 

•a |_di/J -a r' [ dv\ 


where d/dv denotes rate of variation per unit length in the 
direction of the normal, at any point of the interface : and [ ], 
and [ ]' denote values infinitely near the interface outside and 
inside respectively. 


8. In the pqfticular case of one of the bars of circular cross- 
section, and the other a hollow circular cylinder surrounding it 
coaxially, the problem becomes groatly simplified, ft becomes 
still farther so if we suppose the electric conductivity, or in the 
thermal analogue the thermal capacity, of this outside sheath to 
be infinitely great. In this last case we have identically the same 
mathematical problem as that regarding a heated cylinder left 
to cool, which was presented and fully solved by Fourier in the 
sixth chapter of his great work (Thdorie analytique de la Chaletir). 
Instead of the bodily thermal conductivity divided by surface 
emissivity of Fourier’s problem, essentially a line which we shall 
denote by \, we have in the electro-magnetic problem. 


\ = 



6 

a 


9 


when «r and vr are the magnetic permeabilities of the conducting 
rod and insulating medium around it, and a and b the radii of 
the cross-sections of the rod, and of the inner surface of the en- 
closing conductor. 


9. Not considering for the present the interesting case sug- 
gested by Heaviside of an insulating medium composed of soft iron 
filings imbedded in wax or other ordinary insulating solid, we have 
practically w' = 1, whether the _ insulator be air or any ordinary 
insulating solid or liquid. 
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10 . Consider now two cases — a copper rod and a steel or iron 
rod, each of the same diameter, 1'4 cm. as Lord Armstrong’s steel 
rod, and suppose, for example, b equal to ten times a, we have 

X = 2‘3 a — 7 1'6 cm. for copper ; 

X = ot - 1 . 2'3« = «r _l . 1*6 cm. for steel or iron. 

If b, instead of being 7 cm., wore 70 cm. or 700 cm., A would be 
only doubled or tripled ; on the other hand, if b were very small 
in comparison with a, X - . b — a. Excluding this case, we see 
that for copper X is greater than a, or not incomparably less than 
a. We thus have a very fine and a very easy example for working 
out numerical results by Fourier’s solution. 

11 . On the other hand, for an iron or steel rod we have for vr 
some large number, possibly about 300; or if the currents and 
therefore the magnetic forces concerned are very small, we may, 
according to Lord Rayleigh’s important experimental investigation 
on the subject of magnetic induction* by very small magnetic 
forces, have w as small as 80 ; on the other hand, for moderately 
strong currents and correspondingly high electromotive forces, we 
may have vt greater than 3000-f*. We shall take it as 300 merely 
by way of example and illustration, but as the permeability 
varies enormously with the amount of the magnetising force, and 
in a manner desperately complicated by magnetic retentiveness, 
hysteresis according to Ewing’s designation, no accurate mathe- 
matical investigation is practicable with only our present know- 
ledge of the requisite data for the diffusion of electric currents 
through an iron or steel conductor. 

12. Taking for iron or steel w = 300, and, as above, a— 7, 
b — 7, we find \= 1/130 of a, or 1/187 of a centimetre. Now, 
because X is so small a fract ion as 1/130 of the radius of the rod, 
we see that the current-density at the surface (or surface-tempera- 
ture in the thermal analogue) drops nearly to zero, while there is 
still but a relatively small diminution of current density (or tem- 
perature in the thermal analogue) farther in from the surface than 
a distance of 1/10 of the radius. Hence, for the roughly approxi- 

* This collocation of words illustrates the exceeding inconvenience of Maxwell’s 
use of “magnetic induction” to designate the magnetic force in an air -crevasse 
perpendicular to the lines of magnetisation in magnetised steel or soft iron. 

t Rowland for one specimen of iron found the magnetio permeability as high 
as 8695 for magnetising force 1-317 (see Phil. Mag.,- Aug. 1878). 
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mate investigation with which we must be content, we may be 
satisfied with tho very simplifying supposition of \ = 0. 

13. If we take 10000 c.g.s., or square centimetres per second, 
as the resistivity* of steel or iron, we must divide this by 
300 x 4w to find the diffusivity for electric current (thermal 
diffusivity, or conductivity divided by thermal capacity of unit 
volume, in the thermal analogue), which therefore is 2‘7 square 
centimetres per second. This is only about 15 times the thermal 
diffusivity of heat in iron (which is *18 of a square centimetre 
per second). Hence in 1/4300 of a second (if X = 0), the 
state of things as regards falling off of the strength of current 
towards the final zero, at different distances from the surface, 
would be that represented by number 0‘1 curve of my diagram of 
laminar diffusion "f". That is to say, the diffusion curve would 
be curve number 1 with its vertical ordinates reduced to 1/10, or 
curve number 10 ‘with its vertical ordinates reduced to 1/100. 
Now by number 1 curve we see that at 1/2 centimetre from the 
initiational surface (supposed plane) the amount of the falling off 
is 16 per cent, of the whole. Hence in our iron or steel rod (on 
the supposition X = 0) the current at 1/4300 of a second from 
the beginning would have fallen off by 16 per cent, of its given 
amount. Thus we judge that during the first 1/4000 of a second 
the effect of the cylindric curvature is but slight, and the diffusion 
follows sensibly the law of plane laminar diffusion. 

14. The supposition of a circular cylindric sheath of infinite 
electric conductivity, coaxial with the rod considered, and 
separated from it by the insulating material, which we have 
adopted for the sake of simplicity and definiteness, may be 
departed from, and instead we may substitute any conductor 
parallel to the rod considered, provided that the distance between 
the two is a considerable multiple of the greatest diameter of 
either. In virtue of this proviso, the distribution of current- 
density is necessarily but very little disturbed from the equality 
at equal distances from the axis of the rod, which was provided 

* This seems to me a much better word than specific resistance to denote the 
resistance per centimetre of length of a bar of a square centimetre of cross-section 
of any substanoe. The resistivity of Lord Armstrong’s steel bar, I have found by 
measurement to be about 14000 o.g.s. 

+ Bee BritUh Association Report, Bath, 1888, p. 671 ; or Art. xcvm. § 7 of the 
present Volume. 
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for by the supposition of a cylindric sheath. If the second con- 
ductor is of the same diameter and of the same material as the 
first, and placed at a distance 2a from it, the expression for X will 
be the same as that given above. 

15. Now, instead of the great simplicity of a current, gener- 
ated (no matter how), and given initially jus a steady current, 
through the circuit of two long parallel conductors and the end- 
bridges between them ; suppose the conductors and one end-bridge 
to be given with no current, and let a voltaic battery be suddenly 
applied instead of the other end-bridge. If the difference of 
potentials maintained by the latter between the ends to which 
it is applied be absolutely constant, the rise of the current through 
the parallel conductors from its initial zero to its ultimate steady 
amount will follow nearly the same law as the fall from the initial 
steady current to the final zero in our former simple case : exactly 
the same law of the quantity of positive electricity on one con- 
ductor, and of negative electricity on the other, called forth ac- 
cording to electro-static law, in virtue of the gradient of potential, 
is nothing in comparison with the quantity flowing through the 
circuit. The quantity of electricity required for the static electri- 
fication is not negligible in a large variety of telegraphic and 
telephonic problems*. In the ocean cable problem it is of 
paramount importance ; and the electro-magnetic induction with 
which we arc now occupied is negligible. In shorter cables and 
high-speed action both the electro-static and electro-magnetic 
induction must be taken into account, and both have been very 
practically taken into account by Heaviside in the mathematical 
theory of the telephone. 

16. In a vast variety of laboratory experimental arrangements 
the currents required for the static charges are quite negligible. 
In such a case as that of Lord Armstrong’s experiment the quantity 
of electricity required for producing or changing the electrification 
of every part of the circuits or of the conductors concerned is 
clearly quite insensible in comparison with the quantity which 
must have flowed through the bar to produce the observed heating 
effect. 

17. But although we are not troubled with any difficulty in 
respect to electro-static charge, y/e have in Lord Armstrong's case 

* Papers, Vol. n. Arts. 72—77 and 80—83. 
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circumstances of such extreme complexity that it is of 110 use to 
attempt to work out a complete mathematical theory. It seems 
probable, however, that the solution indicated above, and repre- 
sented by iny diffusion diagram, fairly illustrates the circumstances 
of the current which actually flowed through the steel bar, though 
scarcely with any approach to quantitative correctness. At all 
events we have a very striking illustration of what really took 
place, and ample explanation of the intensity and suddenness 
of the effect perceived by Lord Armstrong, by working out the 
result numerically of what would tako place if a difference of 
potentials of 100 volts were suddenly instituted, and forcedly 
maintained constant during one or two or three ten-thousandths 
of a second between two points of the bar 15^ centimetres 
asunder. This with any reasonable assumption as to the 
magnetic permeability of the iron or steel bar, and its diffu- 
sivity for electric > currents, is easily done on the supposition 
X = 0, and the solution conveniently represented by the diffusion 
diagram. 


18. We must not, however, suppose that the difference of 
potentials between the two points of the steel bar touched by the 
main electrodes of the dynamo was in reality constant at 103 volts, 
even for so long a time as two or three ton- thousandths of a second. 
What was really coustant must have been the strength of the 
current through the electrodes leading from the complex circuit 
of dynamo-armature and of shunt and series coils of the electro- 
magnet, to the external permanent electric lighting circuit and 
temporary circuit through the steel bar. The difference of 
potentials between the two points of the steel touched must have 
been at first 103 volts, and must have fallen very rapidly, while the 
current which it produced in the steel rose from 0 to 85 amps, 
against ohmic resistance sinking from infinity towards '00037 
of an ohm (this being the actual resistance of Lord Armstrong’s 
bar, to a current running full-bore through it, as I have found by 
measurement). 

19. The immense quasi-inertia of each partial circuit within 
the dynamo forbids the supposition that there can have been 
any great augmentation of the outgoing current during the few 
hundredths of a second of the short-circuiting by the steel bar ; 

31 


T. III. 



482 ACCIDENTAL ILLUSTRATION OF SHALLOWNESS AND [Cl. 

and, probably with no practical error, wo may suppose that 
current to have been constant during the whole time. Hence, 
at each instant the electric lighting circuit must have lost just 
as much current as that which was passing through the steel 
bar. Hence, considering the smallness of the quasi-inertia of the 
electric lighting circuit, the 85 amperes through it before the 
accident must, after two or three ten-thousandths of a second, have 
been very nearly annulled : aud, therefore, veiy nearly a constant 
current of 85 amperes must have passed for the rest of the time 
through the outer skin of the steel bar*. We have thus no 

* This suggests an interesting and happily an easy problem regarding electro- 
magnetic induction in rectilinear electric currents in a conductor surrounded by an 
insulator. Let the electromotive action, whatever its kind, be so regulated that the 
integral amount of current crossing the normal section of the conductor is kept 
constant. The mathematical statement of this condition according to the notation 
of § 7 above, is • 

§iff dA P= 0 , 

where // dA denotes surface integration over the cross section of the conductor. 
From this, by the first equation in § 7, we have 

Now, as is well known, and very easily proved, we have in every case 

where fds denotes integration all round the border of the cross-section. Hence, the 
condition for constant total amount of current is simply 

fds$=0. 

For the case of circular cross-section with uniform electric conductivity in all parts 
of it; and with the circuit -completing conductor either a coaxial cylindric sheath, 
or a conductor of any form whatever, provided only that no part of it is near enough 
to the considered part of the given conductor to sensibly disturb the distribution of 
the current through its circular cross-section from being of equal current-density at 
equal distances from the axis, the condition for constancy of total current becomes 
simply, 



at the boundary of the conductor, where r denotes distance from the axis. The fiill 
numerical solution of this problem from the instantaneous commencement of a 
current of given total strength (which must neoessarily be in the very outer skin, and 
must require an infinite current-density for the first instant) through the whole time 
until the current becomes as nearly as may be uniform, throughout theoross-seotion, 
is particularly easy but must be reserved for a future communication. It is identi- 



Cl.] INTENSITY OP TRANSIENT CURRENTS IN IRON. 483 

difficulty in understanding that there should have been amply 
sufficient current through an exceedingly thin shell of the bar to 
produce very suddenly the high temperature of the surface which 
Lord Armstrong perceived, and yet that the total amount of heat 
generated was insufficient to heat the bar to any sensible degree 
after the second or two required for the thermal diffusion (difiusi- 
vity *18 of a sq. cm. per sec.), to spread it nearly uniformly through 
the body of the bar. The heat lost outside the bar by surface 
emissivity (which is about 1/4000 of a gramme water thermal 
unit per second per sq. cm, of surface per degree of excess) would 
be quite ineffective to considerably diminish the whole quantity 
in the time required for diffusion to nearly equal temperature 
throughout the bar. If the dynamo had been doing no work 
externally at the time of the accident, the time required to get 
up a strong enough current out of the dynamo to produce much 
heating effect would have been very much longer than it was. 
The result to Lord Armstrong might not have been very noticeably 
different from what it was, but the attendant’s fingers would have 
been burned also. 

cal with the following particular case of Fourier’s thermal problem : Let a given 
quantity of heat be initially distributed uniformly through an infinitely thin 
surface-layer of a solid oylinder, coated with an impermeable surface varnish ; it is 
required to find, for any subsequent time, the temperature at any distance inwards 
from the surface of the oylinder. 
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Art. CII. Ether, Electricity, and Ponderable Matter. 

[Part of the Presidential Address to the Institution of Electrical Engineers, 
Delivered January 10, 1889.] 

1. The demand for something like a mechanical explanation 
of electrical phenomena is not new, but it is growing in intensity 
every year. The proceedings of recent meetings of the British 
Association — and especially of the last meeting of the British 
Association — illustrate the growing desire to know something 
below the surface; to know something of the internal relations 
connected with the wonderful manifestations of force and energy 
which are put before us in the action of the magnet, in the 
working even of a common electrical machine, and in electro- 
magnetic phenomena. The Addresses of Past-»Presidents of the 
parent Societies of Telegraph Engineers, and Telegraph-Engineers 
and Electricians, illustrate also the growing desire to know some- 
thing of the molecular theory or the dynamical theory of 
electricity and magnetism. Mr Preece, in his Address of 1880, 
pointed out how Maxwell had shown the velocity of light to be 
related to electricity in such a way that we can scarcely doubt 
but that the propagation of electro-magnetic disturbance through 
space, which we have every reason to believe does exist — which, 
in fact, from known laws we may say certainly does exist — is 
effected with a velocity equal to that of light, and that the 
propagation of electrical disturbance and of light may be identical. 
In support of these remarks, Mr Preece alluded to the dis- 
turbances at the sun’s surface and the simultaneous magnetic 
disturbances which had been observed in the telegraphs and in 
other operations of an electro-magnetic character on the surface of 
the earth. 

2. In 1883 Mr Willoughby Smith described shortly some 
experiments, very beautiful and very instructive, with which he 
was then engaged. Those experiments demonstrated and illus- 
trated the screening effect of sheets of different kinds of metal 
upon electro-magnetic and electrostatic inductions. Electric in- 
duction, simply, we may say, because we begin to fail to dis- 
tinguish between electrostatic induction and electro-magnetic 
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induction. In Willoughby Smith’s subsequent work ho gave an 
exceedingly beautiful set of experimental investigations of the 
screening effect of lead, copper, and iron, of which, as I have 
said, a slight sketch was given in his Presidential Address. A 
little earlier the subject was mathematically worked out with 
great power by several mathematicians, but perhaps most notably 
by Horace Lamb. I feel it almost invidious to mention names 
when there are so many thorough workers who touched upon 
the same subject very closely. Charles Niven*, three years 
earlier than Lamb*f*, went through very much the same kind 
of work — in fact, obtained the same solutions of some important 
and interesting problems regarding electric currents in spherical 
conductors. I specially mention Lamb's name because the subject 
of screening is more particularly developed in his mathematical 
paper. 

3. In the memorable Presidential Address of Professor 
Hughes, another allied branch of electro-magnetic induction was 
very admirably illustrated by experiments which are now more 
or less familiar to us all, but which have been of an immensely 
suggestive and stimulating character, both to mathematicians 
and to experimental workers. The very criticisms by mathe- 
maticians upon some of the experiments and modes of statement 
by Professor Hughes have, with Professor Hughes’s own ex- 
periments, given a large body of electric knowledge and electro- 
magnetic knowledge which, without such stimulus and such 
mathematical and experimental scrutiny as it has led to, might 
have been wanting for many a year. 

4. One of the earliest problems in which electric induction 
had to be considered was that of the submarine telegraph. The 
subject of induction in telegraph wires presented itself in a 
peculiarly perplexing way to the first workers in that depart- 
ment. There was the general knowledge of electro-magnetic 
induction between two wires, which had been worked out by 
Faraday and Henry in a very full manner. That was the only 
kind of induction which was thought of by some of the pioneers 

• “On the Tndn«*«mi of Eleotrio Currents in Infinite Plates and Spherioal 
Shells,” Phil. Trans. Roy. Soc., 1881, p. 807 (read Jan. 29th, 1880). 

t “ On wiaatrinal Motions in a Spherical Conductor,” Phil. Trans. Roy. Soc., 
1888, p. 519 (read April 5th, 1883). 
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of submarine telegraphy. Another kind of induction was more 
thought of by others. That was the electrostatic induction due 
to the Leyden-jar charge of the insulated wire. Faraday, in this 
department, as in the other department, was the origin of nearly 
all that we now know. He explained in a very beautiful and 
clear way the electrostatic charge of the submarine cable, and 
showed how the electricity conducted through the cable from one 
end, to give what of potential is necessary in the middle or the 
other end of the cable — in the middle of the cable for any mode 
of working, at the other end of the cable for modes of working in 
which the other end is insulated — gave rise to the Leyden-jar 
charge. He pointed out (without going into any of these details, 
however) the doctrine of the conduction of electricity through 
the wire to supply the Leyden-jar charge which the wire must 
have, in the course of working, in order to be raised to the 
difference of potential from the earth required* to cause the signal 
current to pass through it. Cromwell Varloy made very im- 
portant advances in that direction. At the meeting of the 
British Association in 18;>4, at Liverpool, he brought forward 
some important developments of Faraday’s doctrine. And then 
came on the great Atlantic Cable question. I always remember 
how that question came upon me. I see in Professor Stokes’s 
presence with us this evening a reminder of the circumstances. 
I was hurriedly leaving the meeting of the British Association, 
when a son of Sir William Hamilton, of Dublin, was introduced 
to me with an electrical question. I was obliged to run away 
to get to a steamer by which I was bound to leave for Glasgow, 
and I introduced him to Professor Stokes, who took up the subject 
with a power which is inevitable when a scientific question is sub- 
mitted to him. Ho wrote to me on the subject soon after that 
time, and some correspondence between us passed, the result of 
which was that a little mathematical theory was worked out, 
which constituted, in fact, the basis of the theory of the working 
of the submarine cable. In that theory, electro-magnetic in- 
duction was not taken into account at all. The leaving it out of 
account was justified by the speed of signalling which the circum- 
stances of a cable exceeding 200 or 300 miles in length dictated. 
Sor a- cable more than 200 or 300 miles long the speed * of 
working was essentially limited, by these electrostatic considera- 
tions limited so much that the electro-magnetic induction 
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certainly could have no sensible effect. But the possible speed 
of working in a cable of 20 miles or 50 miles, or even 100 mileq 
was so great that, in short lengths like that, the electro-magnetic 
induction might well come into play. I worked out the subject 
partially myself. I found it necessary to do so to satisfy myself 
that the doctrine upon which the Atlantic Cable project, then 
growing up, was ultimately founded, was thoroughly trustworthy, 
I found it necessary to investigate the question of electro- 
magnctic induction. This question was further forced upon me 
by communications that I had with my friends, Lewis Gordon, 
and the two brothers, Charles Wm. Siemens and Werner Siemens, 
with reference to Mediterranean cables. It was imagined that 
electro-magnetic induction alone was operative — that embarrass- 
ment in working through the submarine cable was due to 
electro-magnetic induction alone. On its being demonstrated by 
me that electro-magnetic induction could have no sensible effect 
on the signalling through proposed Mediterranean cables, the 
proposal to have two thin wires close together in order to ob- 
viate inductive embarrassment, was given up. Experiments in 
Germany had shown considerable electro-magnetic induction on 
short lengths of cable, and it had been supposed that there would 
be embarrassment from this cause in the working of the cables, 
which would be diminished by using wires very close together. 
But this diminution of the electro-magnetic inductive influence • 
would produce a corresponding increase in the electrostatic in- 
ductive influence ; and when it was pointed out that the electro- 
magnetic inductive influence would be absolutely imperceptible 
at the highest speeds of working of the proposed cables, and that 
it would be the electrostatic induction which would limit the 
speed, the idea of making them of thin twin wires — two pairs of 
wires close together in metallic circuit — was given up, and the 
present type of submarine cables was adopted. 

5. But now it is very interesting to us to find that old 
question revived. I had myself laid it aside in some corner of 
my mind and in some slight corners of my note-books for forty 
years. Within the last forty days I have really worked it out 
to* the uttermost, merely for my own satisfaction. But in the 
meantime it had been worked out in a very complete manner 
by Mr Oliver Heaviside; who has pointed out and accentuated 
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this result of his mathematical theory — that elertro-magnctic 
induction is a positive benefit : it helps to carry the current. 
It is the same kind of benefit that mass is to a body shoved 
along against a viscous resistance. Suppose, for instance, you had 
a railway carriage travelling through a viscous fluid. Take a boat 
not floated but partially supported on wheels, so that when loaded 
more heavily it will not sink deeper in the fluid. Take a boat 
on wheels in a viscous fluid. We will shove off two boats with a 
certain velocity — the boats of the same shape ; but lot one of 
them be loaded to ten times the mass of the other: it will take 
greater force to give it its impulse, but it will go further. That 
is Mr Heaviside’s doctrine about electro-magnetic induction. It 
requires more electric force to produce a certain amount of 
current, but the current goes further. It is a very crude way 
in which I am putting it. T am not doing justice, of course, 1 
know, to his statement in one short sentence. The whole 
question is treated by him in the most complete mathematical 
wav. The effect of electro-magnetic induction and electrostatic 
induction taken together (and they cannot be separated) is fully 
worked out. One thing that was known of old is made a point 
of in Mr Heaviside’s treatment of the cable problem — that is, 
the beneficial effect of leakage in respect to clearness of signals. 
Old telegraphists remember that. They always used to say three 
or four good leaks in a cable, if they would but kindly remain 
constant, and not introduce extra trouble by earth currents, would 
make the signalling more distinct. That used to be well known, 
and the reason used to be fairly well known ; mathematical theory 
had pointed it out. Now Mr Oliver Heaviside has taken up that 
subject again and included it in his work. It is a practical 
point of importance that the question of clearness of signals is 
not simply or even very importantly this — How much is the 
current attenuated at the remote end of the cable ? how much 
is the amplitude of the electric current in one mode of working, 
or of the variation of electric potential in another mode of 
working, altered in transmission through a thousand miles or 
two thousand miles of cable ? A certain range is given at the 
sending end ; and what is the range at the receiving end ? That 
is an important question, but it is not the most important 
question with reference to clearness of signalling ; in fact, we 
might almost say it is not an important question at all. It is 
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not the smallness of the signals at the receiving end that is the 
real difficulty in a submarine cable just now at all ; it is the 
running of one signal into another ; it is the want of corre- 
spondingly definite distinctions of single signals or of a group 
of signals at the receiving end and at the sending end. 

(i. Now in the mathematical theory there are two things to 
bo considered in respect to the distortion (as Heaviside called it) 
of the signals in passing through the cable. One thing to be 
considered is the retardation of phase ; another is the diminution 
of amplitude. If the retardation of phase were the same for 
alternating currents of all periods, then this retardation of the 
phase would be of no consequence whatever — it could not diminish 
the distinctness at all. Again, if the diminution of the amplitude 
were precisely in the same proportion for alternating currents of 
all periods, then when we come to make non-periodic signals 
we should find that the signals would be transmitted with 
perfect sharpness. If wo compare the transmission of electric 
signals through a wire with the transmission of sound through 
air, we have in the course of transmissions of sound through air 
great attenuation by distance — inversely as the square of the 
distance, in fact — but the same for all notes ; and, again, retarda- 
tion of phase depending upon the velocity of sound, the same for 
all notes. The result is that speaking, and musical performances, 
and signals of all kinds in air, lose none of their clearness by 
distance. It is just a question whether at the very greatest 
distance at which a sound can be heard there is any want of 
clearness due to different attenuations of the different notes or of 
the different elements forming the compound sound, or to difference 
of retardations of phase. 1 must not occupy you too long with 
this subject, but it is ono of large practical importance. Heaviside 
points out tha t electro-magnetic induction causes a less great dif- 
ference in the attenuation of signals of different periods than there 
is without it; and that electro-magnetic induction (as we knew 
forty years ago) tends to reduce the retardation of phase to the 
same for all different notes — that is, to the retardation equal to 
what would depend on a velocity not very different from the 
velocity of light — if the signals have but sufficient frequency.' 
That velocity was then and is still known as the velocity which 
is the conductance in electrostatic measure, and the resistance 
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in electro-magnetic measure of one and the same conductor. But 
its relationship to the velocity of light was brought out in a 
manner by Maxwell to make it really a part of theory which it 
never was before. Maxwell pointed out its application to the 
possible or probable explanation of electric effects by the in- 
fluence of a medium, and showed that that medium — the medium 
whose motions constitute light — must be ether. Maxwell’s 
“electro-magnetic theory of light” marks a stage of enormous 
importance in electro-magnetic doctrine, and I cannot doubt but 
that in electro-magnetic practice we shall derive great benefit 
from a pursuing of the theoretical ideas suggested by such con- 
siderations. In fact, Heaviside’s way of looking at the sub- 
marine cable problem is just one instance of how the highest 
mathematical power of working and of judging as to physical 
applications, helps on the doctrine, and directs it into a practical 
channel. * 

7. The telephone — one of the added subjects of the In- 
stitution of which we are members — illustrates very splendidly 
these developments of the theory of the transmission of signals 
through the submarine cable. The telephonic signals have, in 
fact, sufficient frequency to make elcctro-magnetic induction 
very seusibly influential. The frequencies in telephony corre- 
spond to from 250 periods per second, up to four, or five, or six 
times that; being the frequencies involved in speaking in the 
human voice — tenor and soprano — and in the quality of the 
voice as affected by the over-tones. I say frequencies of from 
250 per second to 1,000 or 1,500 periods per second, are con- 
cerned in the fundamental notes, and in the characterising over- 
tones, of the sounds transmitted by the telephone. Now there 
seems no doubt but that the clearness of the telephone through 
great distances is to a large degree due to the circumstance 
which Heaviside has pointed out — that we have much less of 
difference of attenuation and difference of phasal retardation, for 
different notes, with the actual frequencies of the notes in sounds 
transmitted through the telephone wire, and the practical dimen- 
sions of the telephone wire, than we should have without electro- 
magnetic induction. 

8. Leaving all questions of submarine telegraphy, and of 
telegraphy or telephony, in which — whether from tho greatness 
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of the distance through which the communications are made, or 
smallness of distance between insulated conductor and sheath, 
or between the twin wires when insulated metallic circuit is 
used, tlic clfects of electrostatic capacity give rise to sensible 
difference of strength of current in different parts along the 
length of the conductor — I wish to call your attention to the 
differences of current-density across different parts of the cross 
section, which are produced when alternate currents are sent 
through a wire. Consider a copper wire, and a copper tube 
surrounding it for return. Or considor what is, after all, one 
of the very simplest cases — two parallel copper wires. If the 
distance between them is a large multiple of the diameter of 
each, as is generally the case in telegraphy and telephony, the 
problem is the same as the problem of a single copper wire in 
the centre of a cylindrical tube of infinitely conductive metal, 
and of radius equal to the distance between the wires. The 
distribution of current within the solid conductor depends only 
on the period of the alternations, and on the diameter and the 
specific resistance of the metal; and is quite independent of 
the surroundings, provided only they be symmetrical all round, 
or provided, if the case be that of two parallel wires, the distance 
between the two wires be a large multiple of the diameter of 
each, so that the current in each is not sensibly disturbed, by 
the influence of the other, from being arranged in co-axial 
cylindric layers of equal current-density. For this problem the 
mathematical theory gives us a remarkably interesting and very 
useful practical result ; and I really, in proposing to speak upon 
sucli a very abstruse subject as “ Electricity, Ether, and Ponder- 
able Matter,” wish to try to give one little piece of practical 
information to-night. Here is the solution, expressed in a 
formula, and a table of numerical results calculated from it. 
[The demonstration is given in §§ 29 — 35 below.] 

9. Alternate Currents through a Straight Conductor of Bound 
Bod of Non-Magnetic Material. 

Let a denote the specific resistance in square centimetres per 
second (or the “specific resistance C.G.S.”) ; 

a the radius of the wire ; 
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R (8) denote the value of <rl 4- ira* [or the resistance (in centi- 
metres per second) of any length ( l ) of the 
wire, with steady current through it] ; 

iJ(iV') „ the effective ohmic resistance* of the same 
length (l), with alternate current of ^periods 
per second through it. 

c (N) „ the current-density at distance r from the axis, 

and at time t. 

C (A r ) „ the current-density in the axis at time t. 


We have c (iV) = G (A r ) (her q cos 6 - bei q sin 0), 


where 


q denotes 



99 

99 


0 „ (27riV) t ; 


ber and bei denote two functions defined as follows : — 


ber q= 1 


7 * 


2* 4* 2* 4* 6*8’ 


— &c. 



£ 

2* 4* 6 a 


+ &c. 


And if p denote the value of 7, with r — a, we have 

R ( N ) _ j ber p bei' p — bei p ber' p 
R(8) ~* p (ber' p)* + (bei' p)* ’ 

where the accents denote differential coefficients. 


The following table of numerical results has been calculated 
for me by Mr Magnus Maclean, official assistant to the Professor 
of Natural Philosophy in the University of Glasgow : — 


* This expression I have introduced to designate (in contradistinction to Mr 
Heaviside’s impedance) the coefficient by which the time-average of the square of 
the total current must be multiplied to find the time-average of the work done in 
maintaining the current, or of the dynamical value of the heat which the current 
generates, per unit of time, in the conductor. See § 20 below. 
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For copper we have a = 1,610 square centimetres per second. 
Hence, with K = 80 we find 

? =l-98r==2r; 

thus in respect to the ohmic resistance of the whole wire, we may 
for copper take the column headed q as the diameter of the wire, 
and in respect to the distribution of the current through the wire 
(expressed by the her bei formula above) we may take q the 
diameter of the cylindric shell in which the current-density is to 
be calculated. 

10. Take, for example, 80 periods per second as the frequency 
— that is about what is adopted in the alternate-current system 
of distribution for electric light ; at all events in one great system 
I know, the Grosvenor Gallery installation, that is the frequency 
of the period; and I believe it is pretty much the same gene- 
rally. First, consider copper wire of 1 centimetre diameter : the 
ohmic effective resistance is greater than for steady current 
through the same wire, but only about per cent greater. 
Take, now, copper wire of 1J centimetres diameter : the ohmic 
effective resistance is 2£ per cent, greater than the resistance 
for steady current. Next, take copper wire of 2 centimetres 
diameter: the ohmic resistance is 8 per cent, more for the 
alternating current than for the steady current. In round copper 
rod of 4 centimetres diameter, the ohmic resistance is 68 per cent, 
more for the 80 periods per second alternate currents than for 
steady currents. In round copper bar of 10 centimetres diameter, 
the ohmic resistance is 3*8 times what it would be for the steady 
current. In a solid copper cylinder of 100 centimetres diameter 
the ohmic resistance is 35 times greater than for steady currents. 
From 10 centimetres diameter upwards the ohmic effective con- 
ductance — that is, the reciprocal of the ohmic effective resistance 
— increases scarcely more than as the diameter simply, and not 
as the square of the diameter. The conductance for steady 
currents is as the square of the diameter for all sizes. The 
effective conductance for alternate currents follows a law which 
can only be expressed by aid of Fourier-Bessel functions till 
we get to very great diameters. When we get to so great a 
diameter that the shell, or outer portion, of the wire into which 
the current is practically confiped, is moderate or small in pro- 
portion to the diameter of the wire, then, for diameters exceeding 
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that, you can all see perfectly without calculation, that the con- 
ductance is in simple proportion to the circumference, and there- 
fore in simple proportion to the diameter. This very imperfect 
explanation of the results may give some idea which, I think, is 
of rather an interesting and important kind, but the figures speak 
for themselves. With quadruple frequency, the same figures apply 
to wires of half diameter. There we get the telephone problem. 
Four times 80 is 320, which is among the frequencies for tele- 
phonic notes; and for the 320 frequency, take the figures I 
have given, but with half the linear magnitudes. Thus, for 
instance, for copper wire of 1 centimetre diameter, transmitting 
musical notes of 320 periods per second, the ohmic resistance is 
8 per cent, greater than the resistance for steady currents; for 
a copper wire 2 centimetres diameter, and frequency of musical 
note 320 per second, the ohmic resistance is 68 per cent, greater 
than the resistance for steady currents ; and so on. 

11. In respect to electro-magnetic theory; we have a very 
fine analogy with viscous fluid motion, which has been obvious, 
more or less, from the time the known laws of electro-magnetic 
induction were put into formulae in the beautiful manner in which 
Maxwell put them, — we have a very fine analogy, I say, with the 
diffusion of laminar motion into a viscous fluid, and its analogue 
in the diffusion of heat by conduction through a solid, first 
pointed out by Professor Stokes. The actions concerned in the 
distribution of alternating electric current through a conductor 
such as copper, and the distribution of the motion of water in 
a viscous fluid disturbed by periodical tangential motions of its 
surface, follow identically the same law. Mr Heaviside, referring 
to this, has well said that this analogy is very useful, because we 
can see the motions in a viscous fluid, and understand them, and 
picture them to our minds, while it is much more difficult to 
fancy we see the distribution of electric current in a wire. 
Take now definitively, this analogy for the distribution of electric 
current in a round copper wire through which alternate currents 
of electricity are sent. Take a viscous fluid in a tube, in place of 
the conductor: move the tube to and fro with a regular 
alternating motion — a simple harmonic motion. In order that 
we may fulfil at all approximately what I am speaking of, the 
length of the tube must be very great in comparison with the 
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diameter, and the place iu which we consider the motion of the 
fluid must be at a distance of many diameters from the ends, 
which we may suppose to be closed by frictionless pistons, 
limiting the fluid at. its two ends. In the first place, if the fluid 
were not viscous — if it were perfectly liquid — you might move 
the tube to and fro, but the fluid inside of it would remain at 
rest. Water, however, would move ; oil would move ; the more 
viscous the fluid is, the more liable it would be to experience 
motion in that way. Now there is a perfect analogy between 
the alternating motion of the fluid transmitted inwards from 
the surface, and the distribution of the electric current in a wire 
through which the effect of the alternating current machine is 
being conveyed. 

12. Another very interesting analogy in which exactly the 
same law holds, is the change of temperature of a conducting 
solid, due to variations of external temperature*. Imagine a 
column of rock or stone or metal, and let the atmosphere around 
it be periodically varied in temperature : the law of the inwards 
progress of changes of temperature, the law of the maximums 
and minimums and zeros of temperature, is identical with the 
law of the corresponding features of electric currents ami of 
viscous fluid motion. In each case we have a propagation in- 
wards, with diminishing amplitude. In each case the rate of 
diminution of amplitude corresponds to the retardation of phase 
according to exactly the same law. I need not attempt at 
this time to state the law — mathematicians know it perfectly 
well -f\ 

13. Now take another case. Here the thermal analogy ab- 
solutely fails ns, but the fluid motion analogy still holds. Take 
a tube of fluid and give it an alternating motion — a periodically 
varying motion round its axis which gives a tangential drag to 
the fluid in the inside. Now you can all sec that the inwards 
penetration of the tangential drag, if the alternations of the 
motion be very quick, will follow the same law for the to and 
fro motion of the cylinder and for the rotatory motion of the 
cylinder. The question is this, Does the variation penetrate 
sensibly to a large distance in, from the outside or not ? If, for 

* See foot-note on § 5 , Art ; ci. of the present Volume. 

t See § 11 of Art. xcm. 
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example, it penetrates in only the one-hundredth of the radius, 
then it is obvious that we shall have sensibly, the same law of 
penetration inwards for the disturbance, whether for the case 
of the rotatory motion of the cylinder round its axis, or of 
longitudinally to and fro motion. Exactly the same thing holds 
with reference to electro-magnetic induction. The one case of 
electro-magnetic induction that I mentioned first is the most 
important, being the telegraph and telephone case ; but another 
very interesting case, and not at all without practical importance, 
is the penetration of induced currents into a copper or other 
metallic core within a solenoid. Take a common helix or 
solenoid : send an alternating current through its coil — you know 
what it does. It produces alternating magnetic force, with lines 
of force parallel to the axis, in the interior of the solenoid. But 
alternating longitudinal magnetic force, in the copper bar, induces 
electric currents in circles perpendicular to the direction of the 
force. Thus we have currents induced, as you all very well 
know, in a solid metal core of a solenoid. A metallic core other 
than iron, is a subject for investigation of an exceedingly easy 
kind. The Fourier- Bessel functions come in here just as they 
do in the other cases in which we are concerned with circular 
cylinders. If we have, instead of copper, an iron core, we must 
take into account its inductive magnetisation. This presents no 
mathematical difficulty if we suppose the magnetic susceptibility 
constant ; and the same law of amplitudes and phasal retardation 
holds as for copper or other non- magnetic metal. The difficulties, 
both experimental and mathematical, to take into account, are 
the enormous differences of the inductive quality of iron with 
different degrees of magnetisation, and with reversals of mag- 
netisation. The great complications of the inductive effects 
on account of the “ magnetic friction ” in the iron, introduce 
corresponding complications in the theory of the induced 
currents, and they are complications of a kind that are veiy 
formidable. 

14. Now I can only just go on to say two or three words 
about an extension of that viscous fluid theory that allows us 
to take into account all that goes on both in air and in metal, 
and in different metals, whether in contact with one another 
or separated by air. For illustration, consider our two simple 
T. III. 32 



498 ETHER, ELECTRICITY, AND PONDERABLE MATTER. [CII. 


cases — parallel wires with alternating currents through them, and 
the cylinder rotated with a periodic motion of rotation alternately 
in opposite directions. The analogy is simply this : To represent 
different metals, densities of fluid in simple proportion to the 
electric conductivities must be taken ; the viscosity must be the 
same in all. The representative of an insulator in this analogy 
is a massless fluid. By “ massless ” I mean devoid of inertia — 
perhaps I ought to say an “inertialess” fluid, because people 
attach other ideas to “mass” sometimes than “inertia,” but in the 
strictest dynamical language “mass” is taken as the measure 
of inertia. An inertialess viscous fluid must take the place of 
air or other non-conductor; a viscous fluid of a certain density, 
but the same degree of viscosity, must take the place of lead. A 
fluid of twelve times the density of lead would take the place of 
copper, the conductivity of copper being, say, twelve times the 
conductivity of lead. . 

15. Time does not allow me to pursue the subject further 
in the way of illustration at present, but I must return to the 
second case later on, because I am going to speak of iron and 
rotation. 

Now, with reference to the electrostatic effect, the hopeless — 
I must not say “hopeless:” that is too large a word; we are 
never without hope in science — I was going to use another word, 
“ despair ” — well, I feel it desperately difficult ; I feel the pro- 
bability of my seeing the solution of it is hopeless. To merely 
introduce into the analogy electrostatic effect is very simple. 
Simply imagine an interface between the two fluids, and give 
it such stiffness against change of shape as is required to cause 
it to fulfil the conditions which electrostatic knowledge and our 
knowledge of the laws of electric and electro-magnetic influence, 
dictate to us. I say, put in at the interface the requisite normal 
force, and you can extend the analogy to include the complete 
problem of the submarine cable, in which electro-magnetic and 
electrostatic induction are both taken into account. But it is 
only by putting in, and in an arbitrary manner, a force at the 
surface to fulfil the requisite conditions, that we can complete 
the analogy. 

16. The analogy I have jus$ sketched cannot be considered as 
being in any respect a physical analogy. In it the analogue to 
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electric current is not velocity of the liquid; it is not the mole- 
cular rotation of the liquid. It is the rotation of a second liquid 
whose translational velocity is, at every point, equal to and in 
the direction of the axis of the rotation of the first liquid. This 
is too difficult a subject to explain fully at present : but I may 
illustrate it by an example. Take, in the viscous fluid analogue, 
what corresponds to the steady current in a wire. Think of the 
tube with viscous fluid and pistons as before. At one end of 
the tube press a piston in with a uniform motion, continued 
long enough to cause the fluid throughout the tube to come to 
a state of steady motion. In the neighbourhood of the piston 
the motion is disturbed by the rigidity of the piston ; but go to 
a distance of ten or twenty diameters from the piston, and 
the motion of the fluid takes a perfectly regular character, 
[. Illustrating on blackboard as Fig. 1.] Suppose that to be the 
inner surface of the tube. This dotted line represents a portion 
of the liquid which at one time is plane. A little later, while 
the fluid in contact with the containing surface remains unmoved, 
in the doctrine of viscous fluid as given by Stokes there is ab- 
solutely no slip at the containing surface. This portion of the 
fluid which was plane becomes the paraboloid of revolution, which 
you see shown in axial section in the diagram. The velocity 
of the fluid is nothing at the hounding surface, and it is a 
maximum at the centre. Well, we have two functions derivable 
from the consideration of that distribution of velocity. The 
first is the rate of shearing of the fluid ; the second is the rate 
of change per unit change of distance from the axis of the rate 
of shearing*. The rate of shearing represented graphically 
is equal to the tangent of the inclination (T P N) of this 
curvo to the transverse surface, the inclination of the curve 
being the angle which is represented by the letter i. Now 
the rate of change from point to point of the rate of shearing is 
the analogue to the strength of the current, and that is uniform. 

* Suppose the parabola in the drawing to represent the fluid which lay along 
the dotted line a unit of time earlier. The distance of P from the dotted line is 
equal to the velocity of the fluid (u) at the distance (r) of P from the axis. We 
have u=c(a a -» J ), where a denotes the radius of the tube and co 3 the fluid velocity 

along its avia- We have ~^=2cr, which is the rate of shearing; and =2c, 

which iB our representative of the electric-current density. The whole strength of 
the electric current is 2c . va 9 . 


32 — 2 
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So in this analogy of a viscous fluid forced through a tube, we 
have not the fluid velocity equal to the electric current, but some- 
thing else, quite intelligible ; and the reason for it, in our analogy, 
is clear enough. But there is something interesting, perhaps, in 
this idea — that we have a super-subtle mathematical definition 
of electric current which is not fluid velocity. Well, now, perhaps 



Fig. 1. 


some one will say, “ Had not we better get an analogy in which a 
"fluid velocity is equal to the velocity of the electric flow?” Well, 
I do not say whether we had better do so or had better not, but 
we do not, otherwise than in the way I have defined, get the 
working analogy ; and there is an advantage in this analogy. It 
gives us a motion of which the rotation is the magnetic force. 
This is what Maxwell calls “ vector-potential.” I think it is 
an unhappily chosen name ; but Maxwell’s use of the thing is 
most happy and most instructive, as it seems to me. Maxwell 
does not translate this into realities of motion, but he puts down 
in his formulas, as the foundation from which one step leads to 
magnetic force and the next step to electric current, something 
which, translated into realities of motion, gives us a motion of 
which the rotation is the magnetic force; and here it seems to 
me that if we are ever to have a real theory it must be founded 
upon this view. The hand of the clock warns me time is going 
on so rapidly that we must leave this viscous liquid analogy 
absolutely unfinished. Perhaps ^it is well to be obliged to leave 
it now, because the more we look at it the less we like it, if 
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we wish to see and to like a true mechanical explanation of 
electro-magnetism. The work is done in the wrong place. 
Throughout the liquid, work is done and heat generated in 
proportion to the square of the rate of shearing. In the electric 
reality no heat is generated in the surrounding insulator ; and 
the work is dono and heat generated uniformly throughout the 
conductor. In the viscous analogue we have work done and 
heat generated in the massless fluid taking the place of the 
insulator. We must discredit that absolutely; but the reason 
for judging the analogy worth so much notice as even it has 
had to-night, is that it is a perfect mathematical working analogy, 
aud an exceedingly useful and instructive kind of analogy, and a 
very potent one to help us in guessing out, and in thinking out, 
and estimating results in practical problems of electro-magnetic 
induction in dynamos aud in alternate-current machines, and in 
telephones and in electric instruments of great varieties of shape 
and mutual relations. 

17. But now there is another lino of thought in connection 
with this subject, and that is the clastic solid idea. Will you 
allow me to read a very short statement which was published 
in the Cambridge and Dublin Mathematical Journal for the 
year 1847*? It is dated Glasgow University, November 28th, 
184C. It was written after I had been twenty-eight days at 
work in my professorship, and it is as follows : — “ Mr Faraday, 
“in the 11th series of his ‘Experimental Researches on Elec- 
“ ‘ tricity, ’ has set forth a theory of electrostatical induction which 
“ suggests the idea that there may be a problem in the theory of 
“elastic solids corresponding to every problem connected with 
“ the distribution of electricity on conductors or with the forces 
“ of attraction and repulsion exercised by olectrified bodies. The 
“ clue to a similar representation of magnetic and galvanic forces 
“is afforded by Mr Faraday’s recent discovery of the affection 
“ with referenco to polarised light, of transparent solids subjected 
“ to magnetic or electro-magnetic forces. I have thus been led 
“to find three distinct particular solutions of the equations of 
“equilibrium of an elastic solid, of which one expresses a 
“ state of distortion, such that the absolute displacement of a 


* Papers , Vol. i. Art. xxvn. 
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“particle in any part of the solid represents Iho resultant 
“ attraction at this point produced by an electrified body. An- 
“ other gives a state of the solid in which each element has a 
** certain rcsultaut angular displacement, representing in mag- 
nitude and direction the force at this point produced by a 
“magnetic body; and the third represents in a similar manner 
“the forces produced by any portion "of a galvanic wire; the 
“directions of the force in the latter cases being given by the 
“axes of the resultant rotations impressed upon the elements 
“of the solid.” Then come the mathematics, in three pages, 
and then conies the last sentence : “ 1 should exceed my present 
“ limits were I to enter into a special examination of the state's 
“ of a solid body representing various problems in electricity, 
“ magnetism, and galvanism, which must, therefore, be reserved 
“ for a future paper.” As to this last sentence, I can say now, 
what I said forty-two years ago — “ vinst be reserved for a future 
“ paper. * ! ” I may add that I have been considering the subject 
for forty-two years — night and day for forty-two years. I do 
not mean all of every day and all of every night ; I do not mean 
some of each day and some of each night ; but the subject lias 
been on my mind all these years. 1 have been trying, many 
days and many nights, to find an explanation, but have not 
found it. 

18. Let there be an elastic solid body of exceedingly small 
density, and let there be a tubular portion of it porous, but 
with the same aggregate rigidity as that of the continuous 
clastic matter round it. Let the pores be filled with a dense 
viscous fluid, and let this fluid be forced, by aiil of a piston 
or otherwise, to move through the tube. The pull of the fluid 
upon the porous solid will produce static rotational displace- 
ment exactly proportional to the continued rotatory motion 
which we had in the case of the viscous fluid. Some of the 
most interesting practical problems of electro-magnetic induction 
can be dynamically realised, as it were, in model, by following 
out this idea ; in fact, if we had nothing but electricity and 
ether, the thing would be done. If it were not for the gross 
ponderable matter that wo are forced to cousider, 1 should be 

* The paper which waB "future" iu lp46 and 1889, appears at last in §§ 29—48 
of Art. xeix. of the present Volume. 
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perfectly satisfied with the problem of electro-magnetic induc- 
tion, by taking the electricity as a viscous fluid, and ether an 
elastic solid, porous in some places, and continuous or non-porous 
elsewhere. 

19. Now, if you will pardon me, though it is very late for 
introducing another topic on which to speak. I shall confine 
myself to one, and that is magnetism. I must return to the 
rotational case. Imagine this (Fig. 2 ov Fig. 3) to be the section 



ALTERNATING CURRENT CONTINUOUS CURRENT 

Fig. 3. Fig. 2. 

of an ordinary helix or solenoid with a solid copper core. 
Imagine a continuous electric current (Fig. 2) or an alternating 
electric current (Fig. 3) of electricity sent through the solenoid, 
shown in section by the outer circle. Whatever the current of 
electricity may be, I believe this is a reality : it does pull the 
ether round within the solenoid. I do not think this is a dream 
of electro-magnetic theory; difficult as the idea is, I believe it 
to be a reality. Whatever ether is, we move through it — the 
earth moves through it. Astronomers and opticians do not cry 
out and -make their lives miserable because of the aberration 
of lig ht. Fresnel and Professor Stokes have done all that man, 
up to the 9th of January, 1889, has been able to do, to explain 
the dynamics of the aberration of light. It may be not beyond 
man’s range to complete the solution — how the earth can tear 
through this elastic solid ether and yet the waves of light be 
propagated through it as they are. The aberration of light is 
still an absolute mystery. Yet’people who deal with optics and 
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astronomy are uot expected to be miserable for life because 
they have that difficulty ever before them. Well, are we to be 
absolutely unhappy because, while we see a mobile wire caused, 
in virtue of an electric current through it, to move by electro- 
magnetic force, we cannot see any possibility of explaining how 
a medium capable of the “magnetic stress” can allow it to 
move ? After all, great us the mystery there is, there is a 
mystery greater than that. An act of free-will is, with reference 
to the laws of matter, a greater mystery than anything that 
has ever been suggested or imagiued in the dynamics of ether, 
and electro-magnetism, and light. Somehow or other, however it 
is, the ether is pulled round, the ether does got a turning motion 
in the iuterior of a solenoid ; somehow or other the electric 
current through the surrounding wire, does give a turning motion 
to ether in our supposed copper core and in the air between it 
and the wire through which the current is flowing. 

20. But now' for the iron. And now, instead of an alternating 
current through the helix, take a constant current through it. 
What can it do ? One thing or the other it docs : cither a 
constant current through this helix drags the ether round and 
round inside, or it drags it round to a certain angle propor- 
tionate to the strength of the electric current, and brings it to 
static equilibrium so turned. It docs either one or other of 
those thiugs. Now, how can iron differ, in the principle of the 
interfacial law', from copper ? Our interfacial law depending on 
equal viscosities is quite clear, but when you introduce iron you 
introduce an interfacial difference depending on rotation, with- 
out anything that could possibly be a cause of any viscous action, 
or a cause of any elastic action. Elastic action (unless of com- 
’jsi'iwsvo'w or rarefaction, and these are not of our present subject) 
requires distortion. You have no elasticity of an incompressible 
clastic solid without distortion. Now if, by applying a tangential 
force all round the space within a cylinder, you keep turning the 
circumference, you will keep turning the contents. Ultimately 
the whole fluid within will go round with the same angular 
velocity as the circumference in contact with the cylinder. Thus 
our viscous fluid analogue works out perfectly well for the mag- 
netic force within a solenoid haying any non-magnotic material 
within it, and illustrates the fact that it is the same for conducting 
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and non-conducting 1 matter. But with iron the case is some- 
thing quite different. Our viscous fluid analogue is called on 
to give us a greater permanent rotational velocity,- or a greater 
static rotational displacement, in the space occupied by iron in 
the magnetic analogue, thau in this surrounding space! Thus 
the primary phenomenon of the magnetisation of a bar of iron 
within a helix, absolutely leaves us behind, cuts the ground from 
under us, both as to our viscous fluid analogy and our elastic 
solid analogy. If it is to be a fluid going round and round, we 
must have an action between the portions of fluid on the two 
sides of the interface, depending, not on distortion, but on 
rotation: Or if we take our elastic solid analogue, we must have 
static equilibrium of the elastic cylinder, with the inner part 
turned through a greater angle than the rotational part of the 
displacement of the surrounding matter. An irrotational circular 
displacement of the outer part added to this, procures fulfil- 
ment of the no slip condition at the interface. Hence we 
must have an arrangement of matter in which a constant 
torque produces a constant angular displacement in a body, 
and does not produce continued rotation. The only thing that 
can do that is an inherent rotation existing in the molecules 
of matter. This seems the only thing that can do it, and this 
can do it certainly. But consider this — that the gyrostat shows 
us the thing done ; and I will just conclude, if you will allow 
me, with a simple gyrostatic experiment — a very well-known old 
gyrostatic experiment — which I bring before you because I want 
to accentuate the application of it. 

21. I am going to show by this illustration with reference to 
the idea of a medium, a medium which has the properties of an 
incompressible fluid, and no rigidity except what is given to it 
gyrostatically. Here is, so to speak, a molecular skeleton that 
can give us such a fluid— a set of rigid squares with their 
neighbouring corners joined by endless flexible inextensible 
threads, running frictionlessly through holes in the corners, or 
round pulleys mounted in the corners (Fig. 4). Here is a model 
thus constructed — sixteen rigid squares and nine endless cord 
segments connecting the corners in this pattern, forming a kind 
of web. Now, if we take an ordinary cloth web, and pull it in 
different directions : in the direction of the warp and the direction 
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of the woof, you cannot stretch it ; but at 45 decrees from the 



warp and woof you can stretch it very freely. We all understand 
that. You know how the surgeons take advantage of it in their 
diagonally cut bandages. Now here is a web which is equally 
easily stretchable in all directions, and yet which is of constant 
area — a constant area for infinitesimal displacements, not a con- 
stant area for very great displacements. The circumference of 
each rigid and of each flexible square is given. Well, now, if you 
infinitesimally alter the square into a not-squarc rectangle, or into 
a rhombus, the area remains sensibly unchanged. The first change 
of the area is a diminution in whatever direction you stretch it ; 
but that is proportional to the square of the strain, so that you 
may say, in language of infinitesimals, the area is unchanged. 
The constancy of the periphery, then, of each of these figures 
gives rise to and entails the condition of an approximate constancy 
of the area. Here, then, we have in this skeleton a two- 
dimensional working model of a medium which is unchangeable 
in area, but is freely extensible in any direction, provided you 
allow it to shrink proportionately in the perpendicular direction. 
Well, now, let us put a gyrostat into each of those squares 
(Fig. 5), and you have all that is wanted to fulfil the strange — 
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almost inconceivable — condition for a dynamical model of electro- 
magnetic induction in iron which I have put before you. I will 



l<’iR. 5 . 

just make an experiment illustrating that, if it is not occupying 
too much time. [£/*V William Thomson then spun the gyrostat .] 
I turn azimuthally the square frame by which I hold it — first in 
one direction, and the red end of the bearing of the axle of the 
fly-wlieol turns up ; I turn the other way, and up comes the blue 
end. The gyrostat is mounted in a square frame, as you see, 
which I hold in my hand. The rigid case bearing the axle of the 
fly-wheel is, as you see, free to turn round the axis of these 
trunnions, mounted horizontally on bearings in opposite sides of 
the square frame which I hold in my hand. The axis of these 
trunnions is perpendicular to the axis of the fly-wheel. I shall 
walk round and round to right, to keep the red side up ; I walk 
round to the left, and it keeps the blue side up. It is a curiously 
interesting experiment. There are three little objects on a tray, 
as it were. Imagine this to bo a butler’s tray, with wine-glasses 
on it represented by these india-rubber corks. As long as I turn 
ever so litUo to my left all goes well ; if I go straight forward, it 
is doubtful ; but if I turn by an infinitesimal angle to my right, 
over it goes and everything falls off it. 

22. Look, now, at the gyrostat resting in this position on its 
trunnions, the axes of the trunnions and of the fly-wheel being 
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both at present horizontal. The outer square frame .seems im- 
movable in azimuth. When 1 apply a couple tending to move 
it in azimuth it does not move. It does not. move in azimuth 
till the gyrostat turns round its trunnion axis ami brings its 
Hy-wheel axis to bo perpendicular to the plane in which 1 am 
trying to turn the square frame. And 1 must apply a couple 
whose time-integral is equal to double the moment of momentum 
of the Hy-wheel, before 1 can get. tin* gyrostat from the position 
with the blue end tip, to the position with the red end up. 

23. This closed brass case, wit li a rapidly rotating fly-wheel 
mounted on bearings inside it, is called a gyrostat, because in 
virtue of rotation it stands, however you place it, with any of its 
edges resting on a hard, smooth table. You see, place it as I 
will, it cannot fall. If 1 place it with its centre of gravity above 
the supporting point, it stands at rest. With its centre of gravity 
not vertically over the bearing point, it goes “round in azimuth, 
but it does not fall. 

24. Now imagine mounted in each one of the rigid squares 
of this web a gyrostat exactly as this one is in the square frame 
which I hold in my hand. If the fly-wheel speed be great enough, 
each of those rigid squares is practically immovable in azimuth. 
I do not say it is immovable, but I say you may make it practically 
immovable by making the velocity of the fly-wheel sufficiently 
great. 

25. Thus we have a skeleton model of a special clastic solid 
with a structure essentially involving a gyrostatic contribution to 
rigidity. Now do not imagine that a structure of this kind, gross 
as it is, is necessarily uninstructive. Look at the structures of 
living things ; think of all we have to explain in electricity and 
magnetism; and allow, at least, that there must be some kind of 
structure in the ultimate molecules of conductors, non-conductors, 
magnetic bodies, and non-magnctic bodies, by which their wonder- 
ful properties now known to us, but not explained, are to be 
explained. We cannot suppose all dead matter to be without 
form and void, and without any structure ; its molecules must 
have some shape; they must havo some relation to one another. 

26. So that I do not admit that it is merely playing at theory, 
but it is helping our minds to think of possibilities, if by a model, 
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however rough and impracticable, we show that a structure can 
be produced which is an incompressible frictionless liquid when 
no gyrostatic arrangement is in it, and which acquires a peculiar 
rotational elasticity or rigidity as the effect of introducing the 
gyrostats into these squares. Imagine a corresponding model in 
three dimensions, with rigid cubes instead of the rigid squares 
which you see in the model before you. Instead of the endless 
flexible cords which you see, you may imagine elastic threads 
stretched between neighbouring corners of the cubes. In each 
cube mount three gyrostats, with their trunnion axes perpendi- 
cular to the three pairs of its faces. The gyrostatic domination 
thus provided, causes the cubes to be practically immovable in 
rotation, but leaves them perfectly free to take translatoiy motion. 
There you have a body, then, that you could not distinguish from 
an ordinary elastic solid in respect to any irrotational distortion, 
or in respect to translational motion of the whole, but which if 
you try to turn it, will resist. It will not be immovable in respect 
of the turning, but it will be balanced by a constant couple with 
a constant degree of rotatory displacement. [See Art. C. § 5, 
above.] Thus upon this solid, the effect of a constant couple is 
not to produce continued rotation, but to produce and balance a 
constant displacement ; and that balance might last for any time, 
however long, if the rotational moment of momentum of the fly- 
wheels is but great enough. 

27. Now, lastly, I should just explain briefly that this rota- 
tional rigidity of ether must be equal in copper and all other non- 
magnetic metals, and in air and other non-conductors; but that 
it must be enormously less in iron. These conditions fulfil exactly 
what we want for the relation of ether between air and iron 
inside the helix of an electro-magnet*. But, alas ! we are only 
led on to inscrutable difficulties. How much does our elastic 
solid go towards the explanation, when in the very fundamental 
fact of the mutual motions by which electro-magnetic forces are 
made manifest to us, we have a force as of a strained solid be- 
tween the bodies (magnets or wires) whose motions revealed to 
CErsted and Ampbre the existence of electro-magnetic force? 
Why is it that those strains do not simply balance themselves in 


* See 9 46, Art. xoix. of the present Volume. 
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the solid ? How can there be a solid capable of giving rise to that 
wonderful condition which we have in the air between the poles 
of an electro-magnet — for instance, such that a piece of copper 
will fall down through it at the rate of, perhaps, a quarter of a 
centimetre per second ? Look on the subject, as engineers, and 
think of the “strength of materials” wanted for ether in air, 
with the molecules of the air itself tearing through it in all 
directions at speeds averaging 500 metres per second, or more or 
less according to temperature. Think of the forces, amounting to 
110 kilogrammes weight per square centimetre, with which two 
bars of iron magnetized to 1,700 C.G.S., with faces separated by a 
thin space of air, and with Ewing’s 4d,000 C.G.S. of magnetic 
force in the air around the bars, are urged towards one another. 
How can it. be that these prodigious forces are developed in ether, 
an elastic solid, anil yet ponderable bodies be perfectly free to 
move through that solid? Now I simply say, # all that has been 
done to think out this subject merely gives us a dynamical theory 
on one part of it.. I have absolutely — not ignored, because I have 
spoken of it two or three times — but 1 have left out in the cold, 
the electrostatic part, the thing we knew first. Our first love 
was electrostatics. That is absolutely left, out in the cold; we do 
not touch it. We do not get near to explaining the mutual force 
between two electrified bodies, in any of these illustrations or 
attempted explanations; we do not eveu get near the mutual 
attraction between the iron of an electro-magnet, or the steel of 
a permanent magnet, and its armature or keeper; we do not get 
near to explaining the possibility of the motions of the bodies 
that demonstrate the forces. We only try to explain for a qui- 
escent system of conductors and insulators, the variable distribu- 
tions of electric currents which from mathematical theory and 
experimental observation we know to exist 

28. And here, I am afraid, I must end by saying that the 
difficulties are so great in the way of forming anything like a 
comprehensive theory, that we cannot even imagine a finger-post 
pointing to a way that can lead us towards the explanation. That 
is not putting it too strongly. I only say we cannot now imagine 
it. But this time next year, — this time ten years, — this time one 
hundred years, probably it will^ be just as easy as we think it is 
to understand that glass of water, which seems now so plain and 
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simple. I cannot doubt but that these things, which now seem 
to us so mysterious, will be no mysteries at all; that the scales 
will fall from our eyes ; that we shall learn to look on things in 
a different, way — when that which is now a difficulty will be the 
only common-sense and intelligible way of looking at the subject. 

I ask you to pardon me for leading you up to so impotent a 
conclusion as that we really know nothing below the surface of 
this grand subject which constitutes the province of the Insti- 
tution of Electrical Engineers. 

29 — 35. [Added May 13, 1890.] Effective ohmic resistance. 

29. The definition of this expression given in the foot-note 
on § 9 above, is applicable to any portion B of a conductor having 
a zone, Z, of its surface in contact with insulating material all 
round, and the two thus separated parts 8, "S' of its surface in 
contact with other* conducting matter through which electricity 
flows so as to traverse it either with constant or with periodically 
varying flow. Let 

a be the resistivity at any point, P ; 

dB, an infinitesimal element of bulk at P ; 

p, the current density at time t, and place P ; 

dA, an infinitesimal clement of area of any surface Q edged by 
the zone; 

q the normal component of p, at dA ; 


y, the total current across Q ; 
w the rate of total work at time t. 

We have 

w =fffdBtrp * (1), 

and 7 =ffdAq (2), 


where fffdB denotes integration through the whole volume, B, 
and ffdA integration over the whole surface, Q. 

30. To include every case of periodically varying current, let 
p = resultant of 

[ P 0 + -Pi 008 wt + sin mt + 008 2at + P * sin 2w< + &c 'l 

Q« + Qi c °s art + Qi sin at + Qt 008 2arf + Q* “ n 2tt>< + '(®)» 

B 0 + -K, cos art + R' sin wt + R t coS 2a>« + R,' sin 2 wt + &c. 
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where P e , Q 0 , R 0 , P t , &c. denote functions of (x, y, 2 ). Wo find 
time-average of 

p’=p. , +Q:+B'+np,'+pr+Q, , +Q,-+i , :+p. n +-'>-(*)- 

Hence 

time aver, of w = jjjdBtr [P* + Q* + 11* + 1 (P* + &c. )*)... (5). 
Again, let 

q — G 0 +G l cos cat + G/ sin cat + G a 00s 2o >t + G B ' sin 2 cat 4- &c.. . .(C). 


We find, from (2), 
time-average of 7* = (ffdAG 0 )* 

+ * {(ffdAG,)* + (ffdAG')* + (ffdAG,)* + &c.) (7). 

The required “effective ohmic resistance,” as defined in the 
footnote on § 9 above, is the quotient of (5) divided by (7). 

31. In the important practical case of rectilineal flow in a 
straight conductor,* of whatever form of cross-section, these for- 
mulas become greatly simplified. Thus if we fake OZ parallel to 
the length of the conductor, the first two lines of (3) vanish, and 
if we take, for the surface Q, a plane cross-section perpendicular 
to the length, we have 

q — p) and therefore G 0 = R 0 , G, = 22,, G,' = 22,', &c (8); 

and each of these quantities is a function of ( x , y). For the very- 
important particular case of purely “ alternate ” current according 
to the simple harmonic law, all the G’s vanish except G t and G,' ; 
and, if we take for B the bulk between plane cross-sections with a 
length l of conductor between them ; 

time-average of w — ffdA . a (G® + G'®) (9), 

and time-average of 7* = ^ {(ffdA G)* + (ffdA G')*} (10). 


32. Going back to (3) and (8), we now have 


p = G cos at + G' sin cat (11); 

and, by Maxwell’s fundamental equations of electro-magnetic in- 
duction, we have, as in Art. Cl. § 7 above 

< 12 >; 


where 


K 


a 

4mr 


and V* denotes 


d® d* 
dtf + dy* 


(13). 


Hence by (11), 


G = - - V®G' ; jlxlA G' * - V»G (14). 

to to 
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Hence, and by well known integrations, with the notation of 
the foot-note on § 19 of Art. cr., above, 


■ /*") 
and similarly ffdAG' = ^ fds ^ J 

and 

ffdA (G™ +G a )=^JJdA (G'V*G - GV'G') 

= * fds (g 1 ^ — G ~r~) 

to J \ dv dvJ 


By (11), (8), (2), and (15) we find, as the expression for the 
total current at time t, 

f 008 " < /*5r + ™ “*/*«) (17)i 

whence * 

time-average of 7* = * (~) {(/ ds dG ) + (fds } (18). 

And by (9) and (16), 

time-average w = \<rl ^ Jds (g' ^ — G (19). 

Lastly, dividing (19) by (18), we find effective ohmic resist- 

[ds(G'j G --G d /’) 

,<*>J \ dv dv / 

■' s <W*(H0 

33. For the case of a conductor of circular cross-section (of 
radius a), with symmetrical surroundings, or with any surround- 
ings such as to render G and G' functions of distance, r, from the 
centre, we have fds = 2r ro, and d]dv = (d/dr) r=a . 

Hence (20) becomes 


1 , to 

* 


V d °-G d ° 

dr dr 


.( 21 ). 


The solution of (14) in ascending powers of r, used in (11), 
and in (21) divided by trlftra*, yields the expressions given in § 9 
above. The calculations for the Table were of course made by aid 
of the somi-convergent series in descending powers of r, for values 
t. hi. 83 
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of r so large as to render the convergence of the converging series 
inconveniently slow. The designations her q and bei q were given 
because three letters are convenient (after the pattern of sin, cos, 
tan, &c.) for designating determinate functions, and the series so 
designated are respectively the real part and t~ l of the imaginary 
part, of the Fourier - Bessel function «/ # (iq). 


34. For a conductor of any form of cross-section, the greator 
the frequency of the alternation, the less is the depth inwards 
from the boundary, within which there is any sensible intensity of 
current. That this must be so we see by taking to exceedingly 
great in equations (14). The determinate solution of these equa- 
tions for great or small values of to, with proper determining 
boundary conditions for practical problems, is an exceedingly 
interesting and practically important question for mathematical 
treatment. For the present consider the case of to so great that 
the thickness of the shell of sensible current is very small in 
comparison with the radius of curvature at the most curved part 
of the cross-section, and in comparison with the distance from the 
nearest centre of curvature of any other conductor or conductors 
insulated from it. Let OX be the inward normal through any 
point 0 of the bounding surface. For distances from 0 consider- 
able in comparison with the radius of curvature at this point, 
but large in comparison with the thickness of the shell of sensible 
current, G and G' do not vary sensibly with distance from OX : 
that is to say they are functions of x ; and therefore (14) become 


r __« #G' 

to dx* 


G' = 


k d?Q 


to 


.( 22 ). 


The appropriate solution of these equations, that is to say the 
solution for simple harmonic alternation in period 2tt /to with 
amplitude diminishing as x increases, is 


G = gcos(xj£)e *^ 2 *, G'=gsm(xj£)e 


(23), 


where g denotes an arbitrary constant; and using these in (11) 
we have 


— I— 

p = g cos (x - tot) 6 * * 8 * (24). 

This is Fourier’s solution for the variation of underground tem- 
perature due to a simple-harmonic variation of surface-tempera- 
ture, which was stated verbally ‘in Art. xcm. § 11, above. 
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With (23) for Q and O' we find 

„ dO' n ,dG , /m _* /" 

B TS-°1S-Ws e * / * (25 > ! 

and from this, remarking that djdv = — d/da?, and that x = 0 at the 
surface of the conductor; and that g, though a constant with 
reference to x, is not generally constant round the circumference 
of the conductor, we have 

time-average of w = \<rl \J J (26). 

Similarly by (18) we find 

time-average of 7 * = (27). 

Lastly, dividing (26) by (27) we find 


effective ohmic resistance 




{fdsgf 


.(28). 


35. When the surroundings (the neighbouring conductors 
insulated from the given conductor) are such that g is constant 
all round the cross-section, (28) becomes, if we denote the circum- 
ference by c, 

'*\/e <29) ' 

which shows that the effective ohmic resistance of the given con- 
ductor for a simple-harmonic alternating current of period 2w/o>, 
is the simple ohmic resistance for constant current through an 
outer shell of thickness V(2 */&>) of the given conductor supposed 
insulated from the conducting matter within. I therefore call 
V(2*/o>) the mhoic effective thickness, or simply the mhoic thick- 
ness, of the alternate current stratum. With m = 503, or fre- 
quency 80 periods per second, it is 2'48 cm. for lead, # 714 cm. for 
copper ; and would be "104 cm. for iron if its diffusivity for electric 
currents were 2*7 square centimetres per second as calculated from 
w = 300 in § 13 of Art. Cl. above. 

For the case of circular cross-section of radius a, we have 
c = 2-rra ; and (29) divided by arljira * becomes 

1 1 /a> 

V2 - 2 ® V * * 

which proves the last entry of the Table of § 9, above. 

33—2 
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Art. CII1. Professor T ait’s experimental results regard- 
ing THE COMPRESSIBILITY OF FRESH WATER AND SEA WATER 
AT DIFFERENT TEMPERATURES ; COMPRESSIBILITIES AT SINGLE 
TEMPERATURES OF MERCURY, OF GLASS*, AND OF WATER WITH 
DIFFERENT PROPORTIONS OF COMMON SALT IN SOLUTION; 
BEING AN EXTRACT FROM HIS CONTRIBUTION TO THE REPORT 
ON THE SCIENTIFIC RESULTS OF THE VOYAGE OF H.M.S. 

Challenger, Vol. II. Physics and Chemistry, Part IV. 
(PUBLISHED IN 1888). 

The pressures employed in the experiments ranged from 
160 to 450 atm., so that results given below for higher or lower 
pressures [and enclosed in square brackets] arc extrapolated. 
A similar remark applies to temperature, the .range experiment- 
ally treated for water and for sea-water being only 0° to 15° C. 
Also it has been stated that the recording indices are liable to 
be washed down the tube, to a small extent; during the relief of 
pressure, so that the results given are probably a little too small. 

Compressibility of Mercury, per atmosphere, 0’0000036*f* 

„ „ Glass, . . . 0’0000026 

* Tait’s determinations of the Compressibility of Glass were made by direct 
observation of the diminution of length of a glass rod subjected to pressure equal in 
all directions (water pressure from 150 to 450 atmos), according to a method first 
described by J. Y. Buchanan in the Transaction* of the Royal Society of Edinburyh 
for 1880, pp. 589 — 598. Thoy are interesting as having been thus obtained directly, 
instead of by the very indirect method of calculation of observations of Young’s 
Modulus and the Rigidity Modulus as described above in §§ 45 — 47 of Art. xcn. 

t Tait appends to the description of liis own determination of the compressi- 
bility of Mercury the following remarks on the discordant results obtained by 
experimenters who came after Regnault: “It is well to remember that though 
“ Grassi, working with liegnault’s apparatus, gave as tho compressibility of mercury 

0*00000295, 

41 which Amaury and Doscamps afterwards reduced to 

0*00000187, 

44 the master himself had previously assigned the value 

0*00000352. 

44 Had Grassi’s result been correct, I should have got only about half the displace- 
44 monts observed: had that of Amaury and Descamps been correct the apparent 
44 compressibility would have had the opposite siyn to that I obtained, so that the 
44 index would not have been displaced.” 
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[Bulk Moduluses.] 

Iii Atmospheres In Grms. p. Sq. Cm. In Dynes p. Sq. Cm. 

278000 280x10® 281x10" 

385000 307 x 10® 389 x 10® 

Average compressibility of fresh water : — 

[At low pressures (520 — 3*5 St + 03^*)10 -7 ] 


For 1 ton = 152*3 atm. 

504 

3*60 

*04 

2 „ =304*0 „ 

490 

3*65 

*05 

3 „ =456*9 „ 

478 

3*70 

*06 


The term independent of t (the compressibility at 0° C.) is of 
the form 10~ 7 (520 — 17p + p a ), 

where the unit of p is 152 ‘3 atm. (one ton- weight per sq. in.). 
This must not be extended in application much beyond p = 3, for 
there is no warrant, experimental or other, for the minimum which 
it would give at p — 8‘5. 

The point of minimum compressibility of fresh water is 
probably about 60° C. at atmospheric pressure, but is lowered 
by increase of pressure. 

As an approximation through the whole range of the experi- 
ments we have the formula : — 

0 00186 / 3< < a \ 

36 +p V 400 + 10,000/’ 

while the following formula exactly represents the average of all 
the experimental results at each temperature and pressure : — 
[(520 - 17p + p a ) - (3 55 + -05 .p)t + (’03 + ‘01 .p) < a ] . 10^. 
Average compressibility of sea-water (about 0 92 of that of 
fresh water): — 


[At low pressures 

(481 - 

3*40f 4- 

*030 • 10 -7 ] 

For 1 ton 

462 

3*20 

*04 

2 „ 

447*5 

3*05 

•05 

3 „ 

437*5 

2*95 

•05 


Term independent of t : — 

10 -7 (481 - 21*25p 4 2*25p a ). 

Approximate formula : — 

000179 / t f \ 

38 4 p V 150 + 10,000/ ' 

Minimum compressibility point, probably about 56° C. at 
atmospheric pressure, is lowered l5y increase of pressure. 
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Average compressibility of solutions of NaCl for the first 
p tons of additional pressure, at 0° C.: — 

000186 
36+p + s’ 

where s of NaCl is dissolved in 100 of water. 

Note the remarkable resemblance between this and the formula 
for the average compressibility of fresh water at 0° C. and p + s 
tons of additional pressure. 

Various parts of the investigation seem to favour Laplace’s 
view that there is a large molecular pressure in liquids.- In the 
text it has been suggested, in accordance with a formula of the 
Kinetic Theory of Gases, that in water this may amount to about 
36 tons-weight on the square inch. In a similar way it would 
appear that the molecular pressure in salt solutions is greater than 
that in water by an amount directly proportional to the quantity 
of salt added. • 

Six miles of sea, at 10° C. throughout, are reduced in depth 
620 feet by compression. At 0° C. the amount would be about 
663 feet, or a furlong. (This quantity varies nearly as the square 
of the depth.) Hence the pressure at a depth of 6 miles is 
nearly 1000 atmospheres. 

The maximum-density point of water is lowered about 3°C. 
by 150 atm. of additional pressure. 

From the heat developed by compression of water I obtained a 
lowering of 3° C. per ton-weight per square inch. 

From the ratio of the volumes of water (under atmospheric 
pressure) at 0° C. and 4° C., given by Despretz, combined with my 
results as to the compressibility, I found 3° *17 C.: — and by direct 
experiment (a modified form of that of Hope) 2° '7 C. The circum- 
stances of this experiment make it certain that the last result is 
too small. 

Thus, at ordinary temperatures, the expansibility of water is 
increased by the application of pressure. 

In consequence, the heat developed by sudden compression of 
water at temperatures above 4° C. increases in a higher ratio than 
the pressure applied; and water under 4° 0. may be heated by the 
sudden application of sufficient pressure. 

The maximum density coincides with the freezing-point at 
- 2° *4 C., under a pressure of 214 tons. 



Art. CIV. Velocities op Waves of different character; 

AND CORRESPONDING MODULUSES IN CASES OF WAVES DUE 

to Elasticity : being Appendix to Art. XCII., § 51. 

1. Velocities, Lengths, and Periods, of Deep-water* Waves. 

(Gravity) g — 981 centimetres per second per second. 
(Surface-Tension) T = *075 grammes weight per centimetre 
— 73*6 dynes per centimetre. 

Case A. Gravitational ; when l > 30 cms., and therefore 
surface-tension may be neglected 

f =V7' 


Velocity 

Length 

Period 

In Nautical 

i In feet 

in feet 

in seconds 

miles per hourf 

per second 



2 

3-38 

2-23 

*659 

3 

5 07 

501 

*989 

4 

6-76 

8-91 

1*32 

5 

8-45 

13-9 

1*65 

6 

101 

19-9 

1*97 

7 

11-8 

27-2 

2*30 

8 

13-5 

35-6 

2*63 

9 

15-2 

45-1 

2*97 

10 

16-9 

55-7 

3-30 

11 

186 

67-5 

3*63 

12 

20-2 

79-6 

3*94 

13 

22 0 

94-4 

4*29 

14 

23-6 

109 

4*60 

15 

25-4 

126 

4-96 

16 

27-0 

142 

5*27 

17 

28-7 

161 

5*60 

18 

30-4 

180 

5*93 

19 

321 

201 

6*26 

20 

33-8 

223 

6*59 

22 

37-2 

270 

7*26 

24 

40-4 

318 

7*88 

26 

440 

378 

8*58 

28 

47-2 

435 

9*21 

30 

50-8 

501 

9*91 

35 

59-2 

684 

11*5 

40 

67*6 

891 

13*2 


* Rigorously this means water infinitely deep; but if the depth be as small 

as half the wave-length, the velocity is less by only e"*”, or 1/536, of what it 
is in infinitely deep water. Hence the error is less than 1/6 per cent, on the 
velocity if we calculate for infinitely deep water, when the depth is anything 
more than half the wave-length. 

t The Nautical Mile is taken, according to the English Admiralty Rule, as 
6086 feet, being the mean length of one minute of longitude at the Equator. 
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Case B. Gravitational-Cohesional *, when l < 30 centimetres, 
and > 1 -72730, or *0986 of a centimetre. 



Velocity 


In Nautical 
miles per honr 

•446 

•452 

•485 

•528 

•573 

•779 

1-33 


In centimetres 
per second 

23 (min’") 
23-3 

250 . 

27-2 

29-5 

40-1 

68-5 


Wave-length 
in centimetres 


1*72 
/ 20 
\ 1-45 
/ 30 
\ -963 
; 40 
•723 
: 50 
•578 
100 
•289 1 
30-0 
•096 1 


Period I 

in seconds j 


0750 * 

•0860 
•0622 
•120 
•0385 
•147 
•0265 
•169 
* -0196 

•249 
•00721 1 
•438 
•00140 1 


Case C. Cohesional*; when l < ‘0986 of a centimetre and 
therefore gravity may be neglected. 


r “ V l ’ " "V 27rr - 


Velocity in centimetres 
per second 

Lengtht 
in centimetres 

Period f 
in seconds 

71-7 

•090 

•001256 

96-2 

•050 

•000520 

215 

•010 

•0000465 


For theoretical investigation of these waves, and experimental determination 
the minimum wave-velocity of deep-water waves, see Phil. Mag. Nov. 1871. (Sir 
William Thomson, “Hydrokinetic Solutions and Observations.”) 

t These wave-lengths and periods are those of the standing vibrations, seen on 
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2 . Velocity of “ long waves ” in water of given depth 

V ^JgD. 
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Depth 
in Fathoms 


Velocity in Nautical 
miles per hour 


1 

2 

5 

10 

100 


8-23 

11*63 

18-40 

2602 

82-28 


the surface of water in a thin wine-glass, or tumbler, or finger-glass, when caused to 
sound a note by sliding a wetted finger round the rim; but they are, in the most 
easily observed cases, of double the period of the exciting vibration of the glass, as 
was first noticed sixty years ago by Faraday (“On a Peculiar Class of Acoustical 
Figures,” Phil . Trans . 1831; Appendix “On the Forms and States assumed by 
Fluids in contact with vibrating elastic surfaces;” republished in Faraday's Volume 
of “Experimental Researches in Chemistry and Physics”). This curious and 
surprising result is thoroughly explained in Lord Rayleigh's dynamical investigation 
of “ Maintained Vibrations ” (Phil, Mag . 1883, first half year) and is experimentally 
illustrated in his article “On the Crispations of a Fluid resting on a vibrating 
support” (Phil. Mag . 1833, second half year). The whole subject of Tables B and 
C has been subjected to a very searching experimental examination by L. Matthiessen 
(Wiedemann’s Annalen , 1889, Vol. xxxvm.), in which such telling quantitative 
verifications of the dynamical theoiy are found, with values for the surface-tension 
of water, alcohol, sulphuric ether, bisulphide of carbon, and mercury, taken from 
generally accepted results of static capillary measurement, that conversely 
Matthiessen’s measurements of wave-lengths for given short enough periods might 
be used for determining the surface-tensions of the liquids experimented on. This 
principle has been used by Prof. Michie Smith (Royal Society of Edinburgh, 
Mar. 17, 1890), to determine the surface-tension of mercury; and it may prove to 
be a useful method in many cases for the determination of the surface-tension of 
this and other liquids; as for instance water with its surface either pure, or eoated 
with molecularly thin layers of oil as in Lord Rayleigh’s interesting and important 
investigation communicated to the Royal Society of London, March 27, 1890. (See 
Proc. JJ. 8. for that date, or Sir W. Thpmson’s Popular Lectures and Addresses , 
Vol. i., Second edition, where Lord Rayleigh’s paper is reprinted by permission.) 
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3. Velocity of Elasticity-waves in Kilometres per second. 

1 Kilometre = ‘6214 English Statute mile 
= *5391 Nautical mile. 


Distortional 



Condensational- 
rarefractional in 
infinite solid or fluid 



Longitudinal 
in free rod 



Iron ... 

318 

5-72 

5-08 

Copper 

2-24 

506 

3-72 

Brass .. 

2-15 

4-38 

3-53 

Glass .. 

2-82 

4-95 

4-48 

Water. 

0 

1-43 

0 

Etlier.. 

300,000 




4. Moduluses in dynes per square centimetre. 






Resistance to 



Rigidity 

Resistance to 
compression 

Young’s M 
\)nk 

simple longi- 
tudinal ex- 

Density 



* 

~~ 'dk+n 

tension 

P 

Iron 

770 x 10® 

1459 x 10® 

1964 x 10® 

2486 x 10® 

7-6 

Copper 

447 „ 

1683 „ 

1231 „ 

2279 „ 

8-9 

Brass 

370 „ 

1042 „ 

997 „ 

1535 „ 

8-0 

Glass 

Fresh water 

239 „ 

415 „ 

601 „ 

734 „ 

30 

at 10° 

Sea water 

0 

20-5 „ 

0 

20-5 

10 

at 10° 

0 

22-2 >, 

0 

22-2 

1-027 

Ether 

9 x IQ» P 




p 

*9 

^0-09 ! 



unless p>10 -aa * 


* See Papers, Vol. u., Art, Lxvn. p. 82. 
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Caloric, 120 
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Contraction of rooks in cooling, Bischof s 
experiments, 309—311 
Cooling, Dulong and Petit’s Law of, 245 
—249 

„ of the Earth, secular, 295—311 
Cork, Compressibility of, 19 
Cornu, 245 

Coulomb’s torsional vibrator, use of, 24 
„ Law, 56, 61 

“Critioal Temperature,” Andrews’, 20, 
409 
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INDEX. 


Crystal Hno structure, 895 
Crystals, conclusions regarding elastici- 
ties in natural, 108 ion 
Current density, 47«, 470. 401 

Davy, 133, 135 

Deduction of conductivities, 280 — 200 
Delaunay, 330 — 341 

Density, augmentation of, by drawing 
a copper wire and compressing gold, 
3 — 4, 73 

Density changed by manipulation, 3 
Despretz, 201 
Deville’s Pyrometer, 165 
Diffusion, diagram of laminar, 432 
„ of heat, 204—207, 430 

„ Fourier’s Law of, 428, applied 

to closed electric currents, 
429, Electric potential, 431, 
motion of a viscous fluid, 
129, substances in solution, 
430 

Diffusivities, Tables of, 207, 208, 226 — 
228 

Dissipation of Energy, 296 
Distillation, Effect of, in Liquid ther- 
mometers, 141 — 143 
Distortion, St Venant’s conclusions re- 
garding, 62 — 63 
Dufour, 340 

Dulong and Petit’s Law of cooling, 
245—249 

Dynamical theory of Electricity, 484 

Earth, Consolidation of, Limits of time 
for, 300 

„ clastic yielding of the, Amount 
due to tides, 326 — 329 
„ clastic yielding of the, Effect on 
Precession and nutation, 320 — 
324 

„ elastic yielding of the, Effect on 
tides, 315—319, 326—329 
„ Irregularities as a timekeeper, 
833—335, 337—350 
„ Rigidity of the, 312 — 329, 379 — 
383 

. „ Thermodynamic ac- 

celeration of the, 
341—350 


Earth’s rotation, Tidal retardation of 
the, 337—341, 349, 
350 

Earth, secular cooling of the, 295—311 
„ Sliiftings of Instantaneous axis 
of rotation, 329- 333 
,, solidification of the, 309—311, 
324—326 

„ Solidity of the, 31 2, 320—324 

Effective Ohmic Resistance, 473, 492, 
511—515 

, , mhoic thickness of al ternating 

current in straight con- 
ductor, 515 
Elastic Isotropy, 34, 35 
„ Fatigue, 5, 22, 32 
„ solid, General theory of the 
equilibrium of, 387 — 394 
„ sphere of incompressible liquid, 
384—387 

„ spheroidal shells of incom- 

pressible liquid, 351 — 393, 395 
„ spheroids of incompressible 

liquid, 351 — 383 

Elasticity in natural crystals, 108 — 110 
„ defined, 3—7 

„ Limits of, 7 — 18, 18 — 21 

„ Mathematical theory of, 84— 

112 

„ Modulus of, defined, 31, 32 

,, Narrowness of limits of, 18 — 

21 

„ of bulk, 3, 7—9 

„ shape, 7 

„ „ Examples, 9 

„ perfect and imperfect, 4 — 7, 27 

„ two limits of, 16 

Electric insulator, analogue for, 476 
„ potential, Diffusion of, 439 
Electrical law of diffusion, 428 

„ Alternate currents, 475, 491 

EmiBsivity for heat, 223, 239—249, 483 
Energy, Differential equation of, 103, 104 
„ Dissipation of, 296 
„ of stressed ether, 446 
» i, jelly, 448 

Entropy, 167 

Equilibrium, Equation of, 104 

„ of temperature, convective, 

255—260 



INDEX. 


525 


Equilibrium of a homogeneous assem- 
blage of points, 423 — 
427 

** n ii solid, 387 — 394 

„ of au elastic piano plate, 361, 

367—370 

n ii „ sphere, 384 — 

387 

,i „ „ spheroidal shell, 

351—367,370 
—379 

,, „ „ spheroidal ap- 

plication to 
rigidity of 
Earth, 379 — 
383 

„ „ the Ether, 442 

Ether, Elastic solid with Gyrostatic con- 
tribution, 509 

,, Electricity and Ponderable 
Matter, 484 * 

„ Plquilibrium or motion of the, 
442 

Ewing, 478 

Expansion by heat, 179—182 

„ ,, „ Cubical, Tables, 

214—217 

„ „ „ Linear, Tables, 

209—213 

Faraday, 485, 486 
Fatigue, elastic, 5, 22, 26, 32 

„ ,, Effect of rest on, 22, 26 

Ferrel, 337 
Fick, 432 

Flexural rigidities, of a beam, 50, 61 
„ „ „ rod, 50, 61 

„ „ Principal, 51 — 53 

Flexure, Principal planes of, 51 — 53 
,, of a beam or of a rod, 9 — 10, 
48—50 

Fluid, Definition of, 3 
Forbes, 195, 203, 261—295 
Force, sense of, 249 — 255 
Fourier, 120, 267, 268, 476, 477, 478 
Fourier’s equation, 282, 301, 302 

„ Law of diffusion, applications 
of, 429—435 

Freezing point, Effect of pressure on, 21, , 
308 


Friction, Molecular, 23, 26 
Frictional resistance, 23 

Graduation of constant pressure Ther- 
mometers, 170 — 182 
, , Thermometers, 148 — 151 

Gray, And., 83 
„ Thos., 83 
Green, 424 

Gyrostatic adynamic constitution for 
Ether, 466 

Harmonic Functions, 261 — 265 
Heat, Diffusion of, 204—207 
,, Emissivity for, 223, 239 — 245 
„ Expansion by, 179 — 182, 209 — 
217 

,, Sense of, 115, 128 — 132, 249 — 
255 

„ Specific, 189 
„ Transference of, 190—207 

„ „ by conduction, 190, 

192—204 

„ „ „ radiation, 190, 

191, 239—249 

„ Latent, 116, 119—120, 231 
„ Underground, Leibnitz’s hypo- 

thesis, 300 

„ „ Poisson’s hypo- 

thesis, 299 

Heaviside, Oliver, 429, 475, 477, 480, 
487, 488 
Henry, 485 

Herschol, Sir John, 108 
Hodgkinson, strength of materials, 15 — 
16 

Hopkins, solidity of Earth, 312, 320 — 
324 

Homogeneous assemblage, Bravais, 410 
„ „ of Ellipsoids, 

414 

„ „ of points, E- 

quilibrium 
of, 423— 
427 

Homogencousness, 29 — 30, 395 
Hooke’s Law, 28—29, 43, 82 
„ models of crystals, 398 
Hughes, Prof., 485 
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Huyghens, 421 
Hysteresis, 478 

Ice calorimeters, 120, 121 
„ Modulus of, 82 

Iceland spar, Artiticial twinning of, 
420 

Induction, Electro-magnetic, 484, 485 
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